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A b stract The irregularity Sombor index ISO is a recently introduced measure

for graph irregularity, defined as the sum over all pairs of adjacent vertices u, v of the term

|d2 — d2|, where d,, is the degree of the vertex u. Some basic mathematical properties of
IS0 are established.
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1. Introduction

In this paper we are concerned with connected simple graphs. Let G be such a
graph. Its vertex and edge sets are V(G) and E(G), respectively. The degree d,, of
the vertex u € V(G) is the number of vertices adjacent to u. The edge connecting
the vertices v and v is denoted by uv.

A graph whose all vertices have mutually equal vertices is said to be regular.
Graphs that are not regular are said to be irregular. An important and long-time
studied problem is to find a criterion for how irregular a graph is [3]. Usually, one
speaks of measures of irregularity or irregularity indices.

If a real number Z = Z(G), associated with the graph G, is a candidate for an
irregularity index, then it must be
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(a) Z(G) = 0 if and only if G is a regular graph,

(b) Z(G) > 0if G is irregular.

In the current literature, a large number of irregularity measures have been con-
sidered; see the recent papers [1, 4, 5, 6, 8, 9, 16] and the references cited therein.
Among them, the oldest and most thoroughly examined is the “Albertson index”
[2,7,12]

Alb = AID(G) = Y |dy—dy.
weE(G)

Short time ago, a vertex-degree-based graph invariant, called “Sombor index”

SO=50(G)= > Va2 +d?

weE(G)

was put forward [10] which soon attracted much attention [11]. Within the study of
the Sombor index, its variant

ISO=1S0(G)= > /|d2—d?]

weE(G)

was also put forward [15]. Clearly, ISO(G) may be viewed as an irregularity index.
We call it irregularity Sombor index. Recently, it found applications in computer
network theory [13, 14].

In this paper we determine some basic mathematical properties of the irregularity
Sombor index.

2. Relations between 1SO and Albertson index

Theorem 2.1. If G is a connected graph of order n, then
Alb(G) < ISO(G) < a Alb(G), 2.1

where « = /2n — 3 if G is a general (connected) graph, and o = /n if G is a
tree. Equality on the left-hand-side holds if and only if G is regular. Equality on the
right-hand side holds if and only if G is either regular or is the 3-vertex path.

PROOF. Evidently, equality on both sides of (2.1) holds if G is a regular graph.
Assume, therefore, that G is not regular, i.e., that for at least one of its edges, d,, # d,.
Then

\/|d12/, _d121| = \/(du +dv)|du - dv| > \/|du - dv”du - dv| = |du _dv|
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which implies ISO(G) > Alb(G).
In order to verify the right-hand side of inequality (2.1), we need to determine

a such that \/|d2 — d2| < «|d, — d,| holds for all edges of the underlying graph.
Without loss of generality, assume that d,, > d,,. Thus, it must be

dy + d,
(du + dy)(dy — dy) < a*(dy — dp)* <= a> y fd

Since d,,, d,, are vertex degrees of a graph of order n (which differs from the complete
graph K,), the greatest possible value of d,, + d,, is (n — 1) + (n — 2) = 2n — 3,
whereas the minimum possible value of d,, —d,, is 1. Therefore, the maximal possible

value of o is v/2n — 3.

The only graph whose all edges have property d,, +d, = 2n—3and d,, —d, = 1
is the 3-vertex path. Therefore, the equality ISO(G) < v/2n — 3 Alb(G) holds only
for the 3-vertex path (plus, of course, for all regular graphs).

For any edge uv of a tree, d,, + d,, < n. The only tree whose all edges have the
property d,, + d, = n and d,, — d,, = 1 is (again) the 3-vertex path. Therefore, for
trees, & = y/n and ISO(G) < /n Alb(G) holds only for the 3-vertex path (plus, of
course, for the 2-vertex path, which is regular).

Theorem 2.1 suggests that the irregularity indices /SO and Alb should be linearly
correlated. That this, indeed, is the case is illustrated in Fig. 1.
Let M;(G) be the first Zagreb index, defined as

Mi(G)= Y di= > (dutdy).

ueV(G) weE(G)
Theorem 2.2. If G is a connected graph of order n, then
ISO(G) < /Mi(G) Alb(G) . 2.2)
Equality holds if and only if G is either regular or a complete bipartite graph.

PROOF. Recall the Cauchy—Schwarz inequality,

(£e0) < (54) (5)

in which equality holds if and only if a; = Ab;, 7 = 1,2,...,n, for some real
number \.
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Figure 1: Correlation between SO and Alb in the case of 10-vertex trees (The cor-
relation coefficient is 0.9925)

Applying this to ISO, we get

2

ISO(G)?

2
Yo ViE-al) = Y Vdutdy]di—dy|

weE(Q) weE(Q)

IN

Z (du + dv) Z |du - d'u| = Ml(G) Alb(G)

uweE(G) uweE(G)

and inequality (2.2) follows.

Equality in (2.2) will happen if the end-vertices of all edges uv have the property
dy = x, d, = y for some fixed values of z and y. If x = y, then G is a regular
graph. If x # y, then G must be the complete bipartite graph K, .

It is worth noting that the upper bound for ISO, Eq. (2.2), is reasonably well
linearly correlated with 1S0O. A characteristic example is depicted in Fig. 2.
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Figure 2: Correlation between IS0 and and its upper bound, Eq. (2.2), in the case of
10-vertex trees (The correlation coefficient is 0.9945)

3. Trees with extremal 1SO-value

In this section we are concerned with trees. The n-vertex path and star will be
denoted by P, and S,,. The trees with n = 1, 2, 3 are unique and those withn = 1,2
are regular. No tree of order n > 3 is regular. If n = 3, then the unique tree
is P3 = S3. There are exactly two trees with n = 4, which are just P, and Sy.
Therefore, in what follows we assume that n > 5.

Theorem 3.1. Let T), be a tree of order n > 5, different from the path P, and the
star S,,. Then

ISO(P,) < ISO(T,) < ISO(S,) .

PROOF. An edge connecting a vertex of degree a with a vertex of degree b, will
be referred to as an (a,b)-edge. If @ = 1, then the respective edge is said to be
pendent. The contribution of a pendent edge (1,b) to ISO is vb*> — 1. Evidently,
this contribution will be minimal if b = 2.

In order that SO be minimal, we seek for a tree in which
(a) all pendent edges are of (1, 2)-type,



36 I. Gutman, V. R. Kulli, I. RedZepovi¢

(b) there are as few as possible such pendent edges,
(c) all non-pendent edges are of (x, z)-type, preferably for x = 2,
provided such a tree does exist.

The path P, and only this tree, satisfies all the three above conditions. Therefore,
among all n-vertex trees, P, has the minimal /50O-value.

The maximal possible contribution of an (a, b)-edge to ISO is if a + b = n and
la — b] = n — 2, which happens for a = 1, b = n — 1. All edges of the star .S,,, and
only of this tree, have this property. Therefore, among all n-vertex trees, S, has the
maximal ISO-value.

Remark 3.1. The tree with second-minimal /SO-value is obtained by attaching
two pendent edges to a pendent vertex of P,,_o. The tree with second-maximal IS5O-
value is obtained by attaching a pendent edge to a pendent vertex of S,,_1.

The trees with third-minimal ISO-values are obtained by attaching a pendent
edge to a vertex (any vertex) of P, that is not pendent and not adjacent to a pendent
vertex of P,_;. The tree with third-maximal /SO-value is obtained by attaching two
pendent edges to a pendent vertex of .S, _o.

REFERENCES

[1] H. Abdo, D. Dimitrov, I. Gutman, Graph irregularity and its measures, Appl. Math.
Comput. 357 (2019), 317-324.

[2] M. O. Albertson, The irregularity of a graph, Ars Comb. 46 (1997), 219-225.
[3] A. Ali, G. Chartrand, P. Zhang, Irregularity in Graphs, Springer, Cham, 2021.

[4] A.R. Ashrafi, A. Ghalavand, Note on non-regular graphs with minimal total irregular-
ity, Appl. Math. Comput. 369 (2020), #124891.

[5] L. Buyantogtokh, E. Azjargal B. Horoldagva, S. Dorjsembe, D. Adiyanyam, On the
maximum size of stepwise irregular graphs, Appl. Math. Comput. 392 (2021), #125683.

[6] S. Dorjsembe, L. Buyantogtokh, I. Gutman, B. Horoldagva, T. Réti, Irregularity of
graphs, MATCH Commun. Math. Comput. Chem. 89 (2023), 371-388.

[7] G. H. Fath-Tabar, I. Gutman, R. Nasiri, Extremely irregular trees, Bull. Acad. Serbe
Sci. Arts (Cl. Math.) 153 145 (2013), 1-8.

[8] A. Ghalavand, I. Gutman, M. Tavakoli, Irregularity measure of graphs, J. Math., in
press.

[9] A. Ghalavand, T. Sohail, On some variations of the irregularity, Discrete Math. Lett. 3
(2020), 25-30.



Irregularity Sombor index 37

(10]

(11]

[12]

[13]

(14]

[15]

[16]

I. Gutman, Geometric approach to degree—based topological indices: Sombor indices,
MATCH Commun. Math. Comput. Chem. 86 (2021), 11-16.

I. Gutman, Sombor index — one year later, Bull. Acad. Serbe Sci. Arts (CI. Math.) 153
(2020), 43-55.

I. Gutman, T. Réti, Note on irregular graphs, Bull. Acad. Serbe Sci. Arts (Cl. Math.)
151 (2018), 5-16.

K. Hamid, M. W. Igbal, Q. Abbas, M. Arif, A. Brezulianu, O. Geman, Discovering
irregularities from computer networks by topological mapping, Appl. Sci. 12 (2022),
#12051.

K. Hamid, M. W. Igbal, S. U. Bhatti, N. Hussain, M. Fatima, S. Ramzan, Irregularity
investigation of certain computer networks empowered security, J. Jilin Univ. 41(12)
(2022), 75-93.

V. R. Kulli, New irregularity Sombor indices and new adriatic (a,b)-KA indices of
certain chemical drugs, Int. J. Math. Trends Technol. 67(9) (2021), 105-113.

Z. Lin, T. Zhou, X.Wang, L. Miao, The general Albertson irregularity index of graphs,
AIMS Math. 7 (2022), 25-38.

Faculty of Science

University of Kragujevac
P. O. Box 60

34000 Kragujevac
Serbia

e-mail: gutman@kg.ac.rs

Department of Mathematics
Gulbarga University
Kalaburgi 585 106

India

e-mail: vrkulli@gmail.com

State University of Novi Pazar

Novi Pazar
Serbia

e-mail: iredzepovic@np.ac.rs



