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Abstract: This In this paper, we determine the coverage probability of the standard quantile estimator for the 

Burr Type XII distribution. The analysis is conducted under the assumptions of negative dependence and 

independence and identical distribution (i.i.d.) between observations, and is based on large deviations theory. 

Numerical results are provided for various parameter settings and quantile levels, illustrating the estimator’s 

convergence properties as the sample size increases. Our findings improve the understanding of the 

estimator’s performance in the context of heavy-tailed distributions relevant to insurance and finance. 
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1. INTRODUCTION 

The estimation of high quantiles plays a crucial role in many fields, particularly in risk management, finance, 

and insurance. High quantiles — such as the 95th or 99.5th percentilesare — are especially important in 

extreme value analysis and are commonly used to define risk measures, such as the widely accepted Value-at-

Risk (VaR). Accurate quantile estimation is essential for developing reliable statistical models to evaluate 

extreme events.  

Most of the literature on quantile estimation focuses on symmetric or moderately skewed distributions 

(Miljković, Causey, and Jovanović, 2022). However, in practice, insurance and financial loss data often exhibit 

extreme skewness and heavy tails. This is particularly relevant for lines of insurance prone to catastrophic 

claims, such as property, aviation, and marine insurance. The Burr Type XII distribution — a three-parameter, 

heavy-tailed distribution (Burr, 1942) — has gained attention as a suitable model for such loss data (Beirlant 

et al., 2001; Cummins et al., 1990; Miljković and Grün, 2016; Venter, 1983). Despite its practical relevance, 

theoretical results on high quantile estimation under the Burr Type XII distribution, especially in the presence 

of dependence structures, remain limited. 

The main goal of the paper is to derive the upper bound for the probability P {|𝑥𝑝(𝑛) − 𝑥𝐩|  ≥  ε}, which we 

will denote as η. However, the probability of the true quantile value 𝒙𝒑 belonging to the random interval 

|𝑥𝑝(𝑛) − ε, 𝑥𝑝(𝑛) + ε |, i.e. the ”coverage probability” is equal to 1 − η. The quantity η can be understood as 

the convergence rate (in probability) for any fixed ε > 0. We analyze the upper bound for the convergence rate, 

or, equivalently, the lower bound for the coverage probability, for a given ε, of the standard quantile estimator 

for the Burr Type XII distribution. The analysis is based on large deviations theory (Jin and Fu, 2007), and is 

conducted under the assumptions of independence and identical distribution (i.i.d.) between observations, 

however the results may be used in the case of negatively dependent variables as well. We also complement 

the theoretical results with numerical results to illustrate the impact of parameter settings and sample size on 

convergence. 

2. SOME DEFINITIONS AND PRELIMINARIES 

Let (𝑋1, 𝑋2,...,𝑋𝑛) be a sample from a random variable 𝑋 with a nondegenerate distribution 𝐹(𝑥). The empirical 

distribution function of 𝑋 is given by: 

𝐹𝑛(𝑥) =
1

𝑛
∑ 𝐼

𝑛

𝑘=1

{𝑋𝑘 ≤ 𝑥},  𝑥 ∈ 𝑅, 

where 𝐼{𝑋𝑘 ≤ 𝑥} denotes the indicator function of the event {𝑋𝑘 ≤ 𝑥}. 

 

413

file:///C:/Users/Marija/Downloads/jelena.stanojevic@ekof.bg.ac.rs
file:///C:/Users/Marija/Downloads/marija.koprivica@ekof.bg.ac.rs


➢ Definition 1. The 𝑝-th quantile 𝑥𝑝 of the distribution 𝐹(𝑥) is defined as:

𝑥𝑝 = inf{𝑥: 𝐹(𝑥) ≥ 𝑝},   𝑝 ∈ (0,1). (1) 

In this paper, we consider the case of the direct-simulation quantile estimator, which is the standard quantile 

estimator in the literature, and obtain the main result for this setting. 

➢ Definition 2. The direct-simulation quantile estimator of 𝑋 is defined by the formula:

𝑥𝑝(𝑛) = inf{𝑡: 𝐹𝑛(𝑡) ≥ 𝑝},   𝑝 ∈ (0,1), (2) 

where 𝐹𝑛(⋅) is the empirical distribution function of 𝑋.

Another important concept in this paper is negative dependence. 

➢ Definition 3. Random variables 𝑋1, 𝑋2, …, 𝑋𝑛 are said to be negatively dependent if the following two

inequalities hold for all 𝑥1, 𝑥2, . . . , 𝑥𝑛:

𝑃{𝑋1 ≤ 𝑥1, . . . , 𝑋𝑛 ≤ 𝑥𝑛} ≤ 𝑃{𝑋1 ≤ 𝑥1} ⋅. . .⋅ 𝑃{𝑋𝑛 ≤ 𝑥𝑛},
and 

𝑃{𝑋1 ≥ 𝑥1, . . . , 𝑋𝑛 ≥ 𝑥𝑛} ≤ 𝑃{𝑋1 ≥ 𝑥1} ⋅. . .⋅ 𝑃{𝑋𝑛 ≥ 𝑥𝑛}.

An auxiliary result used in this paper is the following theorem, which is the main result in (Jin and Fu, 2007) 

➢ Theorem 4. If the distribution 𝐹 is strictly increasing and the sequence {𝑋𝑛, 𝑛 ≥ 1} consists of negatively

dependent random variables, then

𝑃{|𝑥𝑝(𝑛) − 𝑥𝑝| ≥ 𝜀} ≤ 𝑒−𝑛𝛥+(𝜀,𝑛) + 𝑒−𝑛𝛥−(𝜀,𝑛),  for all   𝜀 > 0, (3) 

where 

𝛥+(𝜀, 𝑛) = 𝑠𝑢𝑝
−∞<𝜆≤0

(𝜆𝑝 −
𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆 ∑ 𝐼𝑛

𝑖=1 {𝑋𝑖 ≤ 𝑥𝑝 + 𝜀}))

𝑛
) ,

𝛥−(𝜀, 𝑛) = 𝑠𝑢𝑝
0≤𝜆<+∞

(𝜆𝑝 −
𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆 ∑ 𝐼𝑛

𝑖=1 {𝑋𝑖 ≤ 𝑥𝑝 − 𝜀}))

𝑛
) .

Moreover, the rate is improved by negative dependence in the sense that 

Δ+(ε, 𝑛) ≥ sup
−∞<𝜆≤0

(𝜆𝑝 − ln𝐸 (exp(𝜆𝐼{𝑋 ≤ 𝑥𝑝 + ε}))) > 0,

Δ−(ε, 𝑛) ≥ sup
0≤𝜆<+∞

(𝜆𝑝 − ln𝐸 (exp(𝜆𝐼{𝑋 ≤ 𝑥𝑝 − ε}))) > 0,

where the "sup" on the right-hand side denotes the appropriate supremum and represents the rate for i.i.d. 

samples. 

3. THE MAIN RESULT

In this section, we investigate a specific case of the Burr distribution and calculate the upper bound for the 

convergence rate of the standard quantile estimator 𝑥𝑝(𝑛) to the true quantile value 𝑥𝑝, or, equivalently, the

lower bound for the appropriate coverage probability. 

Similar results for various forms of the Pareto distribution, including the Generalized Pareto Distribution 

(GPD), were presented in. 

We consider the Burr Type XII distribution, also known as the Singh–Maddala distribution (sometimes 

referred to as the generalized log-logistic distribution), with the distribution function given by: 

𝐹(𝑥) = 1 − (
𝜃

𝜃 + 𝑥𝜏
)

𝛼

,   𝑥 ≥ 0, 

with appropriate parameters 𝛼, 𝜃, 𝜏 > 0. We obtain the following result. 

Let {𝑋𝑛, 𝑛 ≥ 1} be i.i.d. random variables with a common Burr Type XII distribution, given by 𝐹(𝑥) =

(
𝜃

𝜃+𝑥𝜏)
𝛼

= 𝜃𝛼(𝜃 + 𝑥𝜏)−𝛼, 𝑥 ≥ 0, where 𝛼, 𝜃, 𝜏 > 0. The upper bound for the convergence rate of the standard

quantile estimator 𝑥𝑝(𝑛) to the true quantile value 𝑥𝑝, is given by the following inequality:
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𝑃{|𝑥𝑝(𝑛) − 𝑥𝑝| ≥ 𝜀} ≤ (
𝑝(1−𝑝+)

𝑝+(1−𝑝)
)

−𝑛𝑝
⋅ (

1−𝑝+

1−𝑝
)

𝑛
+ (

𝑝(1−𝑝−)

𝑝−(1−𝑝)
)

−𝑛𝑝
⋅ (

1−𝑝−

1−𝑝
)

𝑛
, (4) 

where 𝑝+ and 𝑝− are: 𝑝+ = 1 − 𝜃𝛼(𝜃 + (𝑥𝑝 + ε)𝜏)−𝛼 and 𝑝− = 1 − 𝜃𝛼(𝜃 + (𝑥𝑝 − ε)𝜏)−𝛼.

Proof. The Burr Type XII distribution is strictly increasing, and in the case where {𝑋𝑛, 𝑛 ≥ 1} are negatively

dependent, we can apply Theorem [brzina con]: 

𝑃{|𝑥𝑝(𝑛) − 𝑥𝑝| ≥ ε} ≤ 𝑒−𝑛Δ+(ε,𝑛) + 𝑒−𝑛Δ−(ε,𝑛),  for all   ε > 0,

where 

𝛥+(𝜀, 𝑛) = 𝑠𝑢𝑝
−∞<𝜆≤0

(𝜆𝑝 −
𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆 ∑ 𝐼𝑛

𝑖=1 {𝑋𝑖 ≤ 𝑥𝑝 + 𝜀}))

𝑛
) ,

𝛥−(𝜀, 𝑛) = 𝑠𝑢𝑝
0≤𝜆<+∞

(𝜆𝑝 −
𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆 ∑ 𝐼𝑛

𝑖=1 {𝑋𝑖 ≤ 𝑥𝑝 − 𝜀}))

𝑛
) .

In the case where {𝑋𝑛, 𝑛 ≥ 1} are i.i.d., from the same theorem we also have the following result:

𝛥+(𝜀, 𝑛) ≥ 𝑠𝑢𝑝
−∞<𝜆≤0

(𝜆𝑝 − 𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆𝐼{𝑋 ≤ 𝑥𝑝 + 𝜀}))) ,

𝛥−(𝜀, 𝑛) ≥ 𝑠𝑢𝑝
0≤𝜆<+∞

(𝜆𝑝 − 𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆𝐼{𝑋 ≤ 𝑥𝑝 − 𝜀}))) .

Let us denote the right-hand sides of the previous inequalities by Δ+ and Δ−, respectively, and it is:

𝛥+ = 𝑠𝑢𝑝
−∞<𝜆≤0

(𝜆𝑝 − 𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆𝐼{𝑋 ≤ 𝑥𝑝 + 𝜀}))) ,

𝛥− = 𝑠𝑢𝑝
0≤𝜆<+∞

(𝜆𝑝 − 𝑙𝑛𝐸 (𝑒𝑥𝑝(𝜆𝐼{𝑋 ≤ 𝑥𝑝 − 𝜀}))) .

If we denote: 

𝑝+ = 𝑃{𝑋 ≤ 𝑥𝑝 + 𝜀} = 𝐹(𝑥𝑝 + 𝜀) = 1 − 𝜃𝛼(𝜃 + (𝑥𝑝 + 𝜀)𝜏)−𝛼,

𝑝− = 𝑃{𝑋 ≤ 𝑥𝑝 − 𝜀} = 𝐹(𝑥𝑝 − 𝜀) = 1 − 𝜃𝛼(𝜃 + (𝑥𝑝 − 𝜀)𝜏)−𝛼 ,

𝑝 = 𝑃{𝑋 ≤ 𝑥𝑝},

then our goal is to derive expressions for Δ+ and Δ−.

The distribution of the indicator 𝐼{𝑋 ≤ 𝑥𝑝 + ε} is given by

𝐼{𝑋 ≤ 𝑥𝑝 + 𝜀}: (
0 1

1 − 𝑝+ 𝑝+
), 

and we can compute: 

𝛥+ = 𝑠𝑢𝑝
−∞<𝜆≤0

(𝜆𝑝 − 𝑙𝑛(𝑒𝜆𝑝+ + 1 − 𝑝+)).

The supremum of the above function is attained at 𝜆 = ln
𝑝(1−𝑝+)

𝑝+(1−𝑝)
(note, 𝜆 is always negative since 𝑝 < 𝑝+).

Consequently, we have: 

𝛥+ = 𝑝𝑙𝑛
𝑝(1 − 𝑝+)

𝑝+(1 − 𝑝)
− 𝑙𝑛

1 − 𝑝+

1 − 𝑝
.

Similarly, the distribution of the indicator 𝐼{𝑋 ≤ 𝑥𝑝 − ε} is given by

𝐼{𝑋 ≤ 𝑥𝑝 − 𝜀}: (
0 1

1 − 𝑝− 𝑝−
), 

and we can compute: 

𝛥− = 𝑠𝑢𝑝
0≤𝜆<+∞

(𝜆𝑝 − 𝑙𝑛(𝑒𝜆𝑝− + 1 − 𝑝−)).

The supremum of the above function is attained at 𝜆 = ln
𝑝(1−𝑝−)

𝑝−(1−𝑝)
(note, 𝜆 is always positive since 𝑝 > 𝑝−).

Consequently, we have: 

𝛥− = 𝑝𝑙𝑛
𝑝(1 − 𝑝−)

𝑝−(1 − 𝑝)
− 𝑙𝑛

1 − 𝑝−

1 − 𝑝
. 

Finally, 

𝑃{|𝑥𝑝(𝑛) − 𝑥𝑝| ≥ ε} ≤ 𝑒−𝑛Δ+ + 𝑒−𝑛Δ−

= (
𝑝(1 − 𝑝+)

𝑝+(1 − 𝑝)
)

−𝑛𝑝

⋅ (
1 − 𝑝+

1 − 𝑝
)

𝑛

+ (
𝑝(1 − 𝑝−)

𝑝−(1 − 𝑝)
)

−𝑛𝑝

⋅ (
1 − 𝑝−

1 − 𝑝
)

𝑛

,
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where 𝑝+ = 1 − 𝜃𝛼(𝜃 + (𝑥𝑝 + ε)𝜏)−𝛼 and 𝑝− = 1 − 𝜃𝛼(𝜃 + (𝑥𝑝 − ε)𝜏)−𝛼, and the proof is completed. ◻

Note, the proof of the above theorem is conducted using the result of upper bond for the convergence rate for 

the i.i.d. case. Although the bound still holds for the negatively dependent variables, it is looser than the bounds 

Δ+(ε, 𝑛) and Δ−(ε, 𝑛), and those refinements are not utilized for the case which we consider here.

4. APPLICATION OF RESULTS

In this section, we present an application of the main theorem from the previous section along some numerical 

calculations. All results are obtained for two sets of parameter values — 𝛼, 𝜃 and 𝜏 — of the Burr Type XII 

distribution. For each set, we consider four probability levels: 𝑝 = 0.005, 𝑝 = 0.05, 𝑝 = 0.995 and 𝑝 = 0.95, 

representing both low and high quantiles. Additionally, for each set of values, two different 𝜖 values are 

considered. 

Using Theorem [burr] and the corresponding formula ([burr formula]), for each set of parameter values we 

calculate the upper bound for the convergence rate of the standard quantile estimator 𝑥𝑝(𝑛) to the true quantile

value 𝑥𝑝, or, equivalently, the lower bound for the appropriate coverage probability. Figure 1–4 summarize

these results. 

The following two graphs present the coverage probability depending on the sample size, for the Burr Type 

XII distribution with parameters 𝛼 = 5.1, 𝜃 = 590, 𝜏 = 4.5, focusing on one low quantile (𝑥0.005) and one

high quantile (𝑥0.995), and two fixed values for 𝜖.

Figure 1: Coverage probability vs sample size, for the low quantile with 𝑝 = 0.005 and 𝑥0.005 = 0.886
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Figure 2: Coverage probability vs sample size, for the high quantile with 𝑝 = 0.995 and 𝑥0.995 = 4.719

The Figure 1 and 2 show the coverage probability of the standard quantile estimator 𝑥𝑝(𝑛) for the true

quantile value 𝑥𝑝, as a function of sample size and fixed other parameters. It is evident that the coverage

probability increases with increasing sample size. For the low quantile 𝑥0.005 sample sizes ranging from 2,000
to 15,000 provide appropriate results, while for the high quantile 𝑥0.995, suitable results are obtained with

sample sizes between 20 to 110, for considered two cases. 

The following two graphs present the coverage probability depending on the sample size, for the Burr Type 

XII distribution with parameters 𝛼 = 46, 𝜃 = 470, 𝜏 = 3.2, focusing on one low quantile (𝑥0.05) and one high

quantile (𝑥0.95), and two fixed values for ε.

Figure 3: Coverage probability vs sample size, for the low quantile with 𝑝 = 0.05 and 𝑥0.05 = 0.817

Figure 4: Coverage probability vs sample size, for the high quantile with 𝑝 = 0.95 and 𝑥0.95 = 2.943

The Figure 3 and 4 show the coverage probability of the standard quantile estimator 𝑥𝑝(𝑛) for the true quantile

value 𝑥𝑝, as a function of sample size and fixed other parameters. It is evident that the coverage probability

increases with increasing sample size. For the low quantile 𝑥0.05 sample sizes ranging from 1,000 to 4,000
provide appropriate results, while for the high quantile 𝑥0.95, suitable results are obtained with sample sizes

between 60 to 150, for considered two cases. 

417



5. CONCLUSION

This study provides both a theoretical framework and empirical evidence for evaluating the coverage 

probability of the standard quantile estimator under the Burr Type XII distribution, and it is conducted under 

the assumptions of i.i.d. between observations; however the results may be used in the case of negatively 

dependent variables as well. By applying large deviations theory, we derived upper bound for the convergence 

rate, that describe the rate at which the estimator converges to the true quantile. The results confirmed that 

convergence improves with increasing sample size, in the sense that coverage probability increase with 

increasing sample size, and is influenced by the shape of the distribution and the quantile level. The Burr Type 

XII model demonstrated strong performance across parameter configurations that reflect realistic insurance 

loss scenarios, reinforcing its practical relevance. These results offer valuable insights for improving the 

reliability of quantile-based risk measures such as Value-at-Risk. Future research may explore similar bounds 

for alternative estimators or dependence structures, thereby broadening the applicability of this approach in 

actuarial and financial practice. 
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