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The problem of solving generalized systems of Boolean equations is
open. One part of this problem is to solve the system of k Boolean
inequations. In this paper we give all the solutions of the system of k
Boolean inequations.

Boolean equations have an important role in intelligence problems, artificial
intelligence, electrical engineering and mathematical programming. Their
role in propositional logic and theoretical computer science is well-known.
Certain problems of optimization in databases reduce to the solution of sys-
tem consisting Boolean equations and Boolean inequations. Generalized sys-
tems of Boolean equations are built using conjunctions and disjunctions of
Boolean equations and Boolean inequations. The methods for finding the
solutions of generalized systems of Boolean equations are very important for
the development of the above mentioned fields. The problem of solving gen-
eralized system of Boolean equations is only partially resolved. Some results
can be found in Rudeanu’s books [5, 6]. Bankovi¢ has recently described
all the solutions of Boolean inequation, the system of Boolean equation and
inequation and the system of two Boolean inequations in [2, 3, 4].

Let (B, N, U,’, 0, 1) be a Boolean algebra and n be a natural number.

Definition 1. Let x € B. Then
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2 ULFETA MAROVAC
IfX=(Xy,....,%) € B"and A= (ay, ..., a,) € {0, 1}" then
XA=x8n...nxd.

In the sequel N will be omitted.

Let u4+v =u'v U uv’, whereu, v € B. One can provethat u = v & u+
v = 0. For the following theorems, see e.g. Rudeanu [5].

Theorem 1. The function f : B" — B is Boolean if and only if it can be
written in the canonical disjunctive form

f(X) = f(AXA
A

Let f : B" — B be a Boolean function. The relation f(X) =0 is called a
Boolean equation.

Theorem 2. Let Xq, ...Xn, &, be(C € {0, 1}" € B") be elements of a Boolean
algebra (B, U, -,’,0,1); put X = (X1, X, ..., Xn). The following relation
holds:

(Ue 2 XU be X) = (U ache X°).

1 GENERALIZED SYSTEMS OF BOOLEAN EQUATIONS

Definition 2. The generalized systems of Boolean equations (GSBE's for
short) over a Boolean algebra are defined recursively as follows:

(i)  everyBoolean equation f (X) = 0 isa GSBE;

(ii) the negation, logical conjunction and logical disunction of any
GSBE'sisa GSBE;

(iii) every GSBE is obtained by applying rules (i) and (ii) finitely many
times.

The problem of solving GSBE’s reduces to a particular case of it.

Definition 3. An elementary GSBE is either a Boolean equation f(X) =0
or the system of the form

fi(X)#0 A A f(X)#0 @
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SYSTEMS OF Kk BOOLEAN |NEQUATIONS 3
or of theform
gX)=0A fi(X)£20 A--- A fr(X) #£0. 2

If k=1 we will say that the GSBE is atomic. An atomic GSBE of the form
f(X) # 0 will be called a Boolean inequation.

Theorem 3. The set of solutions of any GSBE is the union of the sets of
solutions of several elementary GSBE's.

The previous two definitions, Theorem 3, and more on generalized systems

of Boolean equations can be found e.g. in Rudeanu [6]. In this paper we
describe all solutions of the GSBE of the form (1).

2 BOOLEAN EQUATIONS

To solve a Boolean equation f(X) = 0 means to determine all such X € B"
that f(X) = 0 holds i.e. to determine the set S= {X|f(X) =0 A X € B"}.

Theorem 4. (Theorem 2.3 in [5]) Let f : B" — B be a Boolean function.
The equation f(X) = 0 hasa solution if and onlyif [T, f(A) =0.

LetT = (ts, ..., tn).

Definition 4. Let f, Fy,..., Fy: B” - B be Boolean functions and F =
(F1, ..., Fy). Theformula

X = F(T),
or in scalar form
Xi=Fi(t1,...,tn), (i:l,...,n)

expresses a general solution of the Boolean equation f(X) = 0 if and only
if, for every X € B"

f(X) =0 @T)X = F(T).

Definition 5. Let f, Fy, ..., F,: B" x B™ — B be Boolean functions and
F = (Fy,..., F). Theformula

X =F(T,Y),
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4 ULFETA MAROVAC
or inscalar form
X =F(y,....t,Y), (i=1,...,n)

expresses a general solution of the Boolean equation f (X, Y) = 0 by Xif and
only if, for every X € B"andevery Y € B™,

f(X,Y)=0«& (3SeB"f(SY)=0A@3T € BYX = F(T,Y).
In accordance with Theorem 4 the previous formula can be written as

f(X.Y)=0« ] f(AY)=0A@ET e BY)X = F(T.Y).
A

Lemmal. (Lemma2.2in[5]). SQuppose that the equation

axUbx' =0
has a solution (ab = 0). Then
axUbx =0« (3t)(x =a't ubt’) (3)
axUbxX =0 b<x<ad 4)

for all x € B.

Theorem 5. (Theorem 2.11 in [5]) Let P be a particular solution of the
Boolean equation f (X) = 0. Then the formula

X =Pf(T)UTF(T)
expresses the reproductive general solution of f(X) = 0.

Theorem 6. (Bankovic [1]) Let f : B" — B be a Boolean function. If
f (X) = 0 isconsistent then, for every X € B"

k

FX) =06 @NX = [JI(AA U FA) T (AA, U FA)T(A) T (A)A,
i=0
U U F(A) FA) F(AL) - F(AL) (A A)TA

where, for every i € {0,1,...,Kk}, A, Ay, ..., A is a permutation of
{0, 13",
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SYSTEMS OF K BOOLEAN INEQUATIONS 5
3 BOOLEAN INEQUATIONS
We shall use the following obvious equivalence
f(X) #0 < @p)(p#0A f(X)=p). (®)
Let f : B" — B be a Boolean function. The relation
f(X)#£0

is called a Boolean inequation.

To solve a Boolean inequation f (X) £ 0 means to determine all such X e
B" that f (X) # 0 holds.

Theorem 7. (Remark 10.5in[5]) Let f : B" — B be a Boolean function.
Theinequation f(X) # 0 hasasolution if and only if  J, f(A) # 0.

Theorem 8. (Theorem 5in [3]) Let f : B" — B be a Boolean function.
Then

F(X) # 0 & @p)(p # 0 A [J(F(A) + p)X*) =0).
A

Theorem 9. (Theorem 6 in [3]) Let f : B" — B be a Boolean function.
Suppose that the inequation f(X) # 0 has a solution. Let X = ®(T, p)
expresses the general solution of the equation

Ut + pxh =o.
A
Then, for every X € B",
f(X)# 0« @PAT)(P#O0A]] F(A) < p= | (A AX=a(T, p).
A A

4 SYSTEMSOF K BOOLEAN INEQUATIONS
In this section we shall consider the system
f(X)#0 Ao A (X)) #0

where fq, ..., fx : B™ — B are Boolean functions.
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6 ULFETA MAROVAC
Theorem 10. (Theorem 7 in [4]) Let P be a particular solution of the sys-

tem fi(X) £ 0 A -+ A f(X) # 0, where fy, ..., fx : B" — B are Boolean
functions. Then, for every T € B",

X =(fi(T) - f(T)PU f(T) - fu(T)T = f1(X) O A - A fk(X) #0.
Lemma?2. Let fq,..., fx : B" — B be Boolean functions. Then
fi(X)#0 A A f(X) #0 & (6)

3p1)---@PJ(PL # O A - A e # OA ((FL(X) + p) U -+ U (fi(X) +
) = 0).

Proof. By using (5) we get

f(X)#0 A - A f(X)#0
< @p)(pr # 0 A fi(X) = p1) A~ A EFPJ(Pk # 0 A fi(X) = pi)
< (@p) - @API(PL #OA (X)) =pr A~ AP # O A fi(X) = pi)
< (@Ap) - @APIPLZOA - AP AEOA F(X)+ pr=0A- A fi(X) + pc = 0)
& (3p1)- - @APJ(Pr #OA - AP # 0 A (Fi(X) + pr) U--- U (fu(X) + px) = 0).

Lemma3. Let fy,..., fx : B - B beBoolean functionsand py, ..., pk €
B. Then

[ J((F2(A) + pr) U -+ U (f(A) + po) = (7)
A

U e p&E (%A U--- U fi(A).
A

(c1,..-,C)e{0, 1}k
Proof. Let F be the Boolean function defined by

F(Py - P = [ JUCR(A) + p) U - U (f(A) + pi))-
A

Then, by Theorem 1,

Fpr,...pd= |J % p&Fle,. .0

D401i-MVLSC' V1 6



SYSTEMS OF K BOOLEAN INEQUATIONS 7

Since fi(A)+c¢ = fi(A) = fi%(A) for ¢ =0 and fi(A)+¢ = f/(A) =
fi%(A) forc =1, foreveryi e (1, ..., k) it follows that

Flp....p) = |J m® - pSJ(h%A) U U i &(A)).
A

(c1,....cx)€{0,1}%
LetC| = (Cl’ e, CI)

Lemmad4. Let fq,..., fx : B" — B be Boolean functions. Then the equa-
tion

[ J((f2(A) + p1) U+ U (fi(A) + pi)) = 0 ®)
A
in pi,..., px hasa solution.

Proof. By using Lemma 3 the equation (8) can be written as

U e p&J(REA) U U f&(A) =0.
A

Cke{0,1}k

This equation has a solution if and only if

[T TTthaAU---U f&(A) =0

Cref0,1}k A

by Theorem 4. Let G(A) = (f1(A), ..., f(A)). Since | Y = 1 for every
natural number n and every Y € B", it follows that

Uc(GA)® = Ucg o (fi(A), ..., f(A)
= Uceoap(fr(A)® - fil(A)®) = 1.

If we apply the negation on the last equality we get

[T (h9AU--- U f&(A) =0. )

Cie{0,13%

Then

[T [1 (h@u---ua&A)= [] [[haAU-- U f&@A) =0

A Cye{0,1}% Cyef0,1}k A

because of (9). Therefore the equation (8) has a solution.
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8 ULFETA MAROVAC

Lemmab. Let fy,..., fx : B — B beBoolean functionsand py, ..., pk €
B then

TTaCf(A) + P U--- U (fu(A) + p)) = 0 &

Ue s P&~ Per® TIAR(A) U+ U fEH(A) U i(A))

< P < Ucypeoaer P P Ua(FH(A) -+ £ (A) f(A)
A TTACR(A) + pr) U+ U (fiea(A) + pees)) = 0.

Proof. By using (7) we have
[J((F(A) + p) U U (F(A) + pi)

A
= U popE A U---U £E(A)
A

Cke{0,1}k

=pl U e pea® [IOA U U A (A U R(A))
A

Cr_1€{0,1}k-1
up U et IO A U U AR U f(A)) = 0.
A

C-1€{0,1}«1

Let us introduce the following notation

a = ([ popa [J(RA) U U B2 A U HA))
Ci-1€{0,1}k1 A

b = ( U ;o pa JJEIA U U fE 1A U f(A)).
A

Ci-1€{0,1)«1

Then by applying Theorem 2 where n =k — 1 and X = (p1, P2, - - -, Pk-1)
we get

ab= Ug, ,corps P% - pea® ([Ta(FHA) U U fE2(A) U L(A))
[TACFEA) U--- U B3 (A U f(A).

By using the equality (x U y)(x U y') = X, we get

(S U U REA) U RANE(A) U+ U 155 (A) U F(A)
— £5(A)U--- U £55(A).
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Thus

ab= | poepea® ([JUEA U U B3 (A)).
A

Ci_1€{0,1}k-1

In accordance with Lemma 3 we have

ab= J[a((fL(A) + p1)U--- U (fi1(A) + pe-1))-

The equation apy U bp, = 0 has a solution if and only if ab = 0, by Lemma
1. The equality ab = 0 can be written as

[TCfA +p) U U (fca(A) + per) =0.
A

This equation has a solution, by Lemma 4. In accordance with Lemma 1, the
equation ap U bp, = 0 is equivalenttob < py < &', i.e.

U e pea® T[] (A U U fE AU f(A)
Cy_1€{0,1)k-1 A

<= U ope et USRS (A f(A)).
A

Ci_1€{0,1}k1
Theorem 11. Let fq, ..., fc: B" — B be Boolean function. Then
fi(X)£0A - A f(X) #0 &
@py)--@APJET) P #OA - AP #OA X =d(py, ... P, T)
A TTa f1(A) < pr = Ua f2(A)
A PLTTA(F(A) U F2(A) U py [Ta(f2(A) U f2(A))

< P2 = prUA(f1(A) f2(A) U pL UA(FL(A) F2(A)

Uc oy P& D%t TTA(FH(A) U - U BEE(A) U i(A))

< P < Ueseoaper 1+ Pt UA(F(A) - R (A) f(A)),
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10 ULFETA MAROVAC

where X = ®&(py, ..., Pk, T) expresses the general solution of the equation
(f2(X) + p) U... U (fi(X) + p) = 0.

Proof. By Lemma 2 equivalence (6) holds. Let X = &(py, ..., p«, T) be a
general solution of the equation

(f2(X) + p) U -+ U (fu(X) + p) = 0. (10)
Then, by Definition 5,
(fl(X) + p) U - U(f(X) + p) =0 & (11)

[TCRA +p)U-- U (A +P) =0 A @T)X = (pr, ..., P, T).
A

The condition

[ J((F2(A) + p) U -+ U (f(A) + pe)) =0
A

is an equation in pg, ... px- This equation is consistent by Lemma 4 and
according to Lemma 5 it is equivalent to the following conjunction

Ue, seoges P& - Pea® TTAE(A) U+ U & (A) U f(A))
< P = U, yeqoaper 1%+ plik:i Ua(f(A) - flffll(A) f(A))
A TTA(F(A) + p) U - U (Fea(A) + pe-a)) = 0.
Similarly, according to Lemma 5 it follows that
[TA((f2(A) + p) U - U (F1(A) + p-1)) = 0 &
Uc, ero.ayez P14 -+ P22 [T a( flci(A) U..-u fkdflz(A) U fio1(A)
< Pt < Ue e P Bes UA(FE(A) -+ £ (A) fiea(A)

A TTA((F2(A) + pr) U - - - U (fe2(A) + pr-2)) = 0.
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By applying (k — 1) times Lemma 5 we get [ [ 5(f1(A) + p1) = 0, which can
bewrittenas [, f;(A)p1 U [], f1(A)p; = 0. This equation in p; has a solu-
tion because [, f{(A) [ f1(A) = 0 and the solutions are determined by

l_[ fi(A) = p =< U f1(A).
A A
From (6), (11) and the previous conditions for py, ..., px we get Theorem 11.

Letm = 2" — 1. According to Theorem 6 the general solution of the equation
(10) can be obtained as follows:

®(p1, - - P T)) = [JUF(A) + pr) U -+ U (fu(A) + p)) A (12)

i=0
U((f2(A) + p1) U U (F(A) + pO)(F(AL) + o) U U (R(AL) + P)) AL
U((f2(A) + p) U=+ U (Fi(A) + p)((FL(AL) + p) U -+ U (F(A) + P)) -
((fi(A, L) + ) - U (fk(AL D) + P AL U (T (A) + p)U---U

(fi(A) + ) - (Fu(AL) + P U - U (F(AL) + POY AL TA

where for every i € {0,...,m}, (A, A,,..., A,) IS a permutation of
{0, 1}".

Examplel. Leta, b, c,d, e f € B. Solvethe system
axUbx #£0AcxuUdx #£0AexU fx #£0.

By applying Theorem 11 and (12) wherek = 3 and h = 1 we get
axubx #0AcxUudx £0AexU fxX £0 &
@P)Ea)@EN)E)(P#0Aq#0AT #0rab<p<aUb
Ap@Uc)(bud)up(auc)bud) <q< p(acUbd)uU p'(@cu b'd)
A pg@E@UcUeg(buduUf)upg@uUcueb udu flu
pgl@aucuebuduf)upqgaucue(budu f)
<r < pg(aceUbdf)U pg'(aceubd f)uU p'gq(@aceubdf) U pg'(@ceub’d f)

Ax=(@+puc+quU(e+r)tu(b+pud+ag)u(f+r)t).
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12 ULFETA MAROVAC
Example2. Let B ={0,1, m, 1, k, m',l’, k'}. Solve the system
mx' # 0A mx#0A mxUIX #£0.

In accordance with Example 1 we havea =0,b=m',c=m',d =0,e=
m, f =1 and

mx # 0A MX#A0A mxUIX #£0 <&
@EP)ENENE)(P#0Aq#OAT #0A0<p<m Ampump <g<mp
A pquUKpg Umpqum'p'q’ <r <Ipq umpq’
Ax=(pPUM+quUm+r))tu(m +p)uqu+r)r).

Theconditionsp#0and0 < p<m'givep e {l,k, m}.

If p=1I,itfollowsthatk <q <kandl <r <kKieqg=kandr e{l,k}.
Ifp=Il,g=kandr =1,weget x = kt Ukt = k.

Ifp=Il,g=kandr =k',wegetx =1"tUl’'t’ =1".

If p=k,itfollowsthatl < q <l and0 <r < m. Then we have
g=Ilr=mandx =ktukt =k.

If p=m,wegetq#0andqg=0. Snce conditionsg #0 and q =0 are

contradictory, in this case we do not have any solution Xx.

The set of all the solutions of the systemm'x’ £ 0A MX#0A mxU
IX£0inB={0,k, I, mKkK,I",m, 1}is{k, 1", k'}.

Example3. Let B ={0,1, m, I, k, m',l’, k'}. Solve the system
IX# 0OA Kx#0A Ixumx #0. (13)

In accordance with Example 1 we have a=0,b=1,c=k',d =0,e=
I, f =mand

IX# 0OA KX#£0A IXUMX #£0 <
@EPENE)E)(PAOAG#AOAT Z0A0<p<IlAl'pUlp <q=<kp
A pquUl’pgUumpquk'p'q <r <lp'qump'q’

AX=(PUK+qUI+r)tu(@+p)ugum+r))t).
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SYSTEMS OF k BOOLEAN INEQUATIONS 13

The conditions p % 0and 0 < p < | imply p = |. The conditionsq # 0 and
0 < g <mimply g =m. Consequently 0 <r < 0 which is oppositetor #
0. Then there is no r which satisfy the conditions from Example 1, i.e. the
system (13) hasno solutionin B = {0, 1, m, |, k, m', I’, K'}.
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