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In this paper we consider the system of Boolean inegations f(X) #
0 A g(X) # 0. We give the formula which determines all the solutions
of this system.
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Boolean equations were researched by many authors . The basic facts and var-
ious forms of the solutions of Boolean equations can be found in Rudeanu’s
book [3]. The results published after 1974 were presented in Rudeanu’s book
[4] (Chapter 6).

Boolean inequations were considered by Schroder [5]. Bankovi€ recently
described all the solutions of Boolean inequations [2].

The problem of solving system of inequations and/or equations in Boolean
algebras is far from being solved in a satisfactory manner. Some results can be
found in Chapter 10 of [3] and Chapter 6 of [4]. This paper is a contribution
to the solving the mentioned problem.

Let (B, N, U,’, 0, 1) be a Boolean algebra and n be a natural number.

Definition 1. Let x € B. Then

IfX=(Xg,..., %) € B"and A= (ay, ..., a,) € {0, 1}" then

A a
XA =xn-nxd.
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In the sequel N will be omitted.

Let u+ v =uU'v U uv, where u, v € B. One can prove that u=v <
u+v=0.

Theorem 1. (Rudeanu [3], Corollary 1). The function f : B" — B is
Boolean if and only if it can be written in the canonical disjunctive form

f(X)=J F(AXA.
A

1 BOOLEAN EQUATIONS
Let f : B™ — B be a Boolean function. The relation
f(X)=0

is called a Boolean equation.
To solve Boolean equation f (X) = 0 means to determine all X € B" such
that f(X) = 0 holds i.e. to determine the set S= {X|f(X) =0 A X € B"}.

Theorem 2. (Theorem 2.3 in [3]) Let f : B" — B be a Boolean func-
tion. The equation f(X) =0 is consistent (has a solution) if and only if

[Ta f(A) =0.
Let T = (ts, ..., t).
Definition 2. Let f, Fy,..., Fy: B" — B be Boolean functions and F =
(F1, ..., Fn). Theformulas
X =F(T),
or in scalar form
X =Fy,....x)), (i=1...,n)

express a general solution of Boolean equation f(X) = 0 if and only if the
equation is consistent and for every X € B"

f(X) =0 & @T)X = F(T).

Definition 3. Let f, Fy,..., Fy 1 B" x B™ — B be Boolean functions and
F = (F1,..., Fn). Theformula

X =F(T,Y),
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or in scalar form
Xi=Fi(t1,...,Xn,Y), (|=1,,n)

expresses a general solution of Boolean equation f (X, Y) =0 by X if and
only if , for every X € B"and every Y € B™,

f(X,Y)=0«& (3Se BNf(SY)=0A@3T € B")X = F(T,Y).
In accordance with Theorem 2 the previous formula can be written as

f(X,Y)=0«J]f(AY)=0A@ET e BY)X = F(T.Y).
A

Lemmal. (Lemma2.2in[3]). Assume that the equation
cxudx' =0
has a solution (ab = 0). Then
cxUdx' =0« 3t)(x =ctudt)
cxuUdx' =0 b<x<a
for all x € B.

Lemma 2. (Lemma 2.3. in [3]). Let f : B" — B be a Boolean function.
Then, for everyu € B, V, W € B",

f(uvV UUW) =uf(V)uu f(W).

Theorem 3. (Theorem 2.11 in [3]) Let P be a particular solution of the
Boolean equation f (X) = 0. Then the formula

X = PF(T)UTF(T)

expresses the reproductive general solution of f(X) = 0.

2 BOOLEAN INEQUATIONS

We shall use the following obvious equivalence

f(X)# 0« @p)(p#0n f(X)=p).
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Let f : B" — B be a Boolean function. The relation

f(X)#£0
is called a Boolean inequation.
To solve Boolean a inequation f(X) # 0 means to determine all X € B"
such that f(X) # 0 holds.

Theorem 4. (Remark 10.5in[3]) Let f : B — B be a Boolean function.
Inequation f (X) # 0 hasa solution if and only if (J, f(A) # 0.

Theorem 5. (Theorem 6 in [2]) Let f : B" — B be a Boolean function.
Then

f(X) #0 & @p)(p # 0 A [J((F(A) + p)X~ =0).
A

Theorem 6. (Theorem5in[2]) Let f : B" — B be Boolean function. Sup-
pose that the inequation f (X) # 0 has a solution. Let X = ®(T, p) express
the general solution of the equation

U + pyx* =o.
A

Then, for every X € B", f(X)#0< @Ap)AT)(PAOA[[A f(A) < p<
Ua f(A) A X = 2(T, p)).

3 SYSTEM OF BOOLEAN INEQUATIONS
In this section we shall consider the system
f(X)#0 A g(X)#0
where f, g: B" — B are Boolean functions.
Theorem 7. Let P be a particular solution of the system fi(X) Z0 A --- A
fk(X) # 0, where fy, ..., fx: B" — B are Boolean functions. Then, for

every T € B",

X=(f1(T)-- fi(M)YPU f(T) - i(MT = f1(X) #0 A - A fi(X) # 0.
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Proof. Let X = (fy(T)--- f(T)YP U fi(T)--- f(T)T. Then it follows
from the hypotheses and Lemma 2 that for every j € {1,...,k}

fi(X) = (fu(T)--- (M) F;(PYU f2(T)--- fu(T) F;(T)
= (fu(M)-- fi(M) f;(P)U £y (T) - fi(T).

If f1(T)--- fi(T) # 0 then f;(X) 0. If fi(T)--- fi(T) = 0 then again
fj(X) = f;(P) # 0.

Lemma3. Let f,g: B" — B Boolean functionsand p, q € B. Then

[TA(F(A) + p) U (9(A) +a)) = pa [TA(F'(A) UG(A)
upg’ [TA(f'(A)Ug(A) U p'q [TA(F(A) U (A) U p'a’ TTA(F(A) U g(A)).
Proof. Let us introduce the notation F(p, ) = [TA((f(A) + p) U (9(A) +
q)). Since F(p,q) = F(1,1)pqU F(1,0)pq’ U F(0,1)p'quU F(0,0)p'q

we get Lemma 3.

Lemma 4. Let f,g: B" — B be Boolean functions. Then the equation
[TAW(F(A)+ p) U (9(A) + 1)) =0, in p and g, has solution.

Proof. One can prove the equality

TTCH A ug ) TTCH A U ga) [TCF A U g (A) TT(F(A) U g(A) =o.
A A A A

In accordance to Lemma 3 and Theorem 2, the equation [],((f (A) + p) U
(9(A) + g)) = 0 has solution.

Lemmab. [5] Leta, b, ¢c,d € B. Ifabcd = 0 then
axyUbxy' Ucx'yudxy =04 cd <x<a Ub A bxudx <y<axucx.
Theorem 8. Let f, g: B" — B be Boolean functions. Then

f(X)£0Ag(X)#0 <
@p)ANET)(P#0Aq#O0A X=D(p,q.T) AT[4f(A) <= p<Uaf(A) A
PIIA(F(AUIAN U P TIA(F(AUGA) <g < pUx F(AIA) U P U, F(AIA),

where X = ®(p,q, T) expresses the general solution of the equation
(f(X)+ p)U(9(X)+aq)=0.
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Proof. System f(X) £ 0 A g(X) £ 0 can be written as

@p)EA)(P#0Ag#0A f(X)=pAg(X)=0)

fFX)£Z0A9(X) # 0 @EpEA(P#0Ag#0A(F(X)
+ p)u@EX)+aq)=0). @

Let X = ®(T, p, q) be a general solution of (f(X)+ p) U(g(X)+q) =0
ie.

(FX)+pU@EX)+a) = 0« []((F(A)+p) U QA +a)
A
= 0A@AT)X =d(p,q, T), (2)
by Definition 3. The condition JTA((f(A) + p)U (g(A)+q)) =0 is an

equation in p and g. This equation is consistent, by Lemma 4. It can be writ-

ten as pqIA(F'(AUG(A) U pd TIA(F'(AUA) U pa[Ta(f(AU
g(A) U p'a JTa(f(A) Ug(A)) =0, where, by Lemma 5, we get

[Jt@®+pu@A+a)=0«][fA=<p<JFAA @
A A A

p[J(F W ugApup [J(FAUgA) <a=<plF(AIA)UP
A A A

U t'(AaA).
A

Using (1), (2) and (3) we get Theorem 8.
Taking n = 1 we have
Corollary 1. Leta, b,c,d € B Then

axUbx #0AcxUdx #0<« 3p)@Ea)@Et)(p#0Ag#£0Aab<p=<aUb
Ap@EUCcbUd)Up(auc)bud)<qg=<placubd)u p'(@cubd)
AXx=(@+p)U(c+q)tu(b+ p)u(d+aq)t).
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Example 1. Solvethesistem
mxuUmx £0AmxuUmx’ #£0.
In acordance with Corrolary 1wehavea =m,b=m',c=m’,d = mand

mMxumx #0Amxumx’ #£0
< (@APEYEN(P#A0Ag#0A0<p=<1A pP=qg=p
AX=(M+p)um +aq)tu((m+ p)U(m+ag)t)

< @PEN(P#0 A p#FLAX=(Mm+ p)tU(m + p)t').
Let B = {0,1, m, m'}. Conditionsp # 0and p # 1imply p € {m, m'}.

If p=mthen x =1. If p=m then x = 0. Therefore the set of all the
solutions of the system in {0, 1, m, m'} is {0,1}.

Example2. Let B = {0, 1, m, n'}. Solve the system
mx # 0A mx #0. (4)
Sncea=m,b=0,c=0,d =mwe have

mx' # 0A mx#0
< @Ap)ENE)(P#0Aq#OAO<p<mAmMpP <g=<mp
AX=(Mm+pug tu(pu(m+aq)t)

< @PEYE)(P#0Aq#0AP<MAg=mp A X=(m+ p)tUpt).

Supposethat B = {0, 1, m,m’}. Then p <mand p # 0 imply p = m. Thus
g=mp' =0.Snceq#0Ag=0< Lwegetmx' # 0A mMx#0<« L
i.e. the system (4) has no solution in Boolean algebra {0, 1, m, m'}.

Example 3. Let us solve the system

ex£0Anex #£0.
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8 DRAGIC BANKOVIC AND ULFETA MAROVAC
Sncea=¢€¢,b=0,c=0,d = ewehave

ex£0nex #0
& (@AP)EYE)(P#AOAq#A0A0<p<€ A pe<q<pe
AX=(€E+puUqg)tu(pu(e+a)t)
& @APEPENO0#p<€n0£g<er x=(ep Ua)ytU(eq up)t)
& @Ap)@EYO0#p<€r0#g=en x=eq Up).

Supposethat B = {0, k, I, m, k', I’,m’, 1} and e = k. Then
Kx#0Akx 04 @p)EQO0#p<kr0£g<k A x=Kq' Up).

The condition 0 # p < k implies p = k. The condition 0 # g < k' implies
ge {k,ml}.

Takingg = k' weget x = kkUk = k.
Takingg = mwegetx =kmuk=lUk=m.
Takingg =1 wegetx =kl"'Uk=muk=1".

The set of all the solutions of the system e€x #0A exX' #0 in
{0, Kk, I, m K, I",m’, 1} is{k, m', I'}.
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