YHUBEP3UTET Y BEOIPALLY
MALWWNHCKN GAKYIITET

bojaH M. Jepemuh

PEANTUSALUNJA BPAXUCTOXPOHOI
KPETABBA MEXAHUYKUX CUCTEMA
NMPOMEHIbUBE MACE MOEAJTHUM
BE3AMA CA OFPAHUYEHUM
PEAKLUJAMA

AJOKTOPCKA ONCEPTALNJA

beorpag, 2019.



UNIVERSITY OF BELGRADE
FACULTY OF MECHANICAL ENGINEERING

Bojan M. Jeremic

REALIZATION OF THE
BRACHISTOCHRONIC MOTION OF
VARIABLE MASS MECHANICAL
SYSTEMS BY IDEAL CONSTRAINTS
WITH RESTRICTED REACTIONS

DOCTORAL DISSERTATION

Belgrade, 2019.



Komucuja 3a nperJies, oneny u o10paHy 10KTOPCKe JUcepTanmje

MeHTOpHu: np Anekcangap O6panoBuh, penoBau nmpodecop,
VYuusepsuret y beorpany, MamuHcku gakyiarer
np Pagocnas Pagynosuh, goreHT,

Yuusep3utet y beorpany, Mammncku dakynret

Y1aHOBH KOMUCHjE: np Onusepa Jepemuh, penoBHU podecop,
VYuusepsuret y beorpany, MamuHcku gakyiarer
np 3opan Murposuh, penoBau mpodecop,
Yuusep3utet y beorpany, Mammncku dakynret
np Cnasuma [lanuauh, Banpenuu npodecop,
Vuusepsuter y Kparyjesiy, @akynTer 3a MamMHCTBO H

rpaheBunapctBo y KpasmeBy

Jatym on0Opane:



Mojoj nopoouyu



H3pa3u 3axBajHOCTH

AyTtop 0cOOMTO 3axBajbyjeé CBOJUM MEHTOpUMa Tipod. np AJEKCaHIpy
O6panoBuhy u nomnenty ap PamocmaBy PamynoBuhy Ha HeorpaHWYEHOM CTPIJBEHY U
HEU3MEPHO] CTPYYHO] TMOMOhM TPUIMKOM TMHCamka JOKTOPCKE IucepTaiuje, Kao u
W3Y3€THO] MOAPIIIN TOKOM IEOKYITHOT 0aB/beHha HAyYHOUCTPAKUBAYKUM PAJIOM.

Aytop y Benukoj mepu 3axBasbyje mpod. np OnuBepu Jepemuh u mpod. ap
CnaBumu [lanuanhy Ha KOPUCHUM caBeTHMA U CTPYYHO] MOAPUIIH MPHIMKOM H3Paje
JIOKTOpPCKE AUCepTaIyje.

Aytop 3axBasbyje medy kareape 3a Mexanuky npod. n1p 3opany Mutposuhy Ha
0e3pe3epBHO] MOMOhH U caBeTHUMa TOKOM LETTOKYITHUX JIOKTOPCKUX CTYy/IH]a.

AyTop Hapo4HTO 3axBajbyje Kojieru Ajekcanapy TomoBuhy Ha BeomMa BpeIHUM
caBeTUMa.

AyTOp M3Yy3€THO 3aXBaJbyje CBOjUM poauTesbuMa Mumnany u Jlparumu, Cynpy3u
Jbusbanwu, 1 moceOHO cuHy Bacuinujy Ha HEOrpaHUYEHO] MOPATHO] TTOPIIIIIHN.

OBa pgokTopcka aucepranmja ypaheHa je y okBupy mnpojekra TP35006
»OIpXUBOCT U yHampeheme MANIMHCKUX CHUCTeMa Yy CHEPreTHIH W TPAHCIOPTY
IpUMEHOM (POPEH3MUKOT MHIKEHEPCTBA, €KO U poOyCT AM3ajHa”, YMjH je pyKOBOAMJIIAILL

npod. ap Cphan bommaxk.



PEAJIMBAIIMJA  BPAXHUCTOXPOHOI' KPETABBA  MEXAHMUYKHUX
CUCTEMA IIPOMEH/BMUBE MACE MWJIEAJIHUM BE3AMA CA
OI'PAHUYEHUM PEAKIIUJAMA

Pe3ume

Y 0BOj JOKTOPCKO] JHCEpPTAIlMjd  YOIIITEHE KIACHYHOT  MpodiiemMa
OpaxHUCTOXPOHOT KpeTama MaTepHjaliHe TauyKe Y BEPTUKAIIHO] PaBHU, YHje CE KPETAme
peanu3yje HIEaTHOM Be30M 0€3 aKTHBHHMX YIpaB/baukKUX CHJIA, OJHOCH C€ Ha
XOJIOHOMHE U HEXOJOHOMHE MEXaHWYKEe CHCTEME y OKBUPY KOjUX TOCTOj€ U Tayke
IPOMEHJbHMBE Mace. BpaxucTOXpOHO KpeTame peanusyje ce, y CKIaay ca KIaCHYHHM
OpaxHUCTOXpPOHUM TPOOIEMOM, 03 aKTUBHUX YIPAB/bAYKUX CHJIA. YJIOTY YIpaBJbamka
npey3uMajy peakuuje HIeaqHUX Be3a, Ijae Tpeda uMmath y BUAY Ja je CcHara
yIpaBJbauKUX CHJIAa TOKOM OpaxMCTOXPOHOT KpeTama jeJHaKa HyJH.

[IpenMer ucTpakMBama y OKBHUPY [IOKTOPCKE IUCEpTalfje j€ peaau3aiuja
OpaxHUCTOXPOHOT KpEeTamha MEXaHHMYKUX CHCTEMa MPOMEHJbUBE Mace HJICATHUM Be3ama
ca orpaHmyeHuM peakuujama. Jleo tese je moceehen onpehuBamy mudepeHIUjaATHIX
jeAHaYMHa KpeTama MEXaHMYKUX CHCTeMa IPOMEHJbMBE Mace M 0oJadupom
HajroleCHUjuX obymka wuctux. [loceOHa mnaxmwa y aucepranmju je mocBeheHa
onpehuBamy peakiuja OrpaHUYCHOT HHTEH3UTeTa. DopMynucaHu MpolOIeMu Cy
pellleHN Yy OKBHPY TEOpHj€ ONTHMAIHOT YIpaBJbama, NpuMeHoM [loHTpjarmHOBOT
npuHIUna Makcumyma. [Ipobiem onTumanHOr ympaBjbamba KpPETameM CacTOju ce y
onpehuBamy (yHKIMja YOpaBjbaka TaKO Ja pPa3MaTpaHW MEXAHWYKH CHCTEM W3
MOYETHOT CTama Mpehe y Kpajibe CTamkbe MNpH OrPaHHUYCHHM peakildjaMa Be3a 3a
MUHHUMAJIHO Bpeme. Ha ocHOBY popMupaHuX jelHauUMHA CTama, KOje OMHCY]Yy KPETame
pa3MarpaHOr CHCTeMa Y MpOCTOpY CTama, Jo0uja ce onarorapajyhu aBoTaukactu
rpannyan nipodiem (TPBVP) cucrema HenmuHeapHUX audepeHIMjaTHUX jeJHAYHHA
MIPBOT pefla Y HOPMAITHOM OOJIMKY, KOjU j€ y OIIITEM CIydajy HEOMXOJHO HyMEPUUKU
pemutu. Pagu onpehuBama pemema TPBVP y moKTOpPCKOj AucCEpTalHju je MPUMEHCH
HYMEpPHUYKH alroOpuTaM 3acHOBaH Ha Metoau mnorahama (Shooting method)Kako
CKaJIapHO YIIPaBJbalbe y MpoOJieMUMa OBE BPCTE JIMHEApHO (pUrypuIe y jerHaunHama

CTama, NPWINKOM pelllaBakba OWJI0 je HEOMXOJHO pPa3MOTPUTH MOTYhHOCT TojaBe



CHUHTyJapHuUX pemema. OHa ce, y 3aBUCHOCTH O] MOTyhHOCTHM Be3a, OJIHOCHO

JIOMYIITEHOT MHTEH3UTETa peakiije Be3a, MOTY M0jaBUTH Ha 11eJIOM MHTEpBalTy WM Ha

MojeIMHUM JIeJIOBUMA. TO T0AaTHO YCIIOXKH-aBa pemnaBame 1 PBVP.

[Ipema ToOMe, mocmarpajyhu HaBemeHe TmpobiieMe, dYHje je pellaBame

NPE/CTaB/ba0 IUJb HUCTPAXKHBamba OBE JTOKTOPCKE MAucepTanuje, mpoHaheHa cy

onrosapajyha pemiema 1 TUME je AaT HAYYHHU JOMPUHOC MPOHATACKOM HCTHUX.
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REALIZATION OF THE BRACHISTOCHRONIC MOTION OF VARIABLE
MASS MECHANICAL SYSTEMS BY IDEAL CONSTRAINTS WITH
RESTRICTED REACTIONS

Abstract

In this doctoral dissertation, the generalizatiointhe classical problem of
brachistochronic motion of the particle in a vatiplane, whose motion is realized by
an ideal constraint without active control forcesters to holonomic and nonholonomic
mechanical systems within which there are also abéi mass particles. The
brachistochronic motion is realized in accordangt vihe classical brachistochrone
problem, without active control forces. The rolecohtrol is assumedby the reactions of
ideal constraints, where one should bear in mirad the power of the control forces
during brachistochronic motion is equal to zero.

The subject of research in the doctoral disseriais the realization of the
brachistochronic motion of variable mass mecharsgatems with limited reactions of
ideal constraints. Part of the thesis is dedictdedetermining the differential equations
of motion of variable mass mechanical systems afetsng their most suitable forms.
Special attention in the dissertation is directediétermining the intensity of limited
reactions. Formulated problems are solved withanttieory of optimal control, using
Pontrjagin's maximum principle. The problem of oml control of motion consists in
determining the control functions, so that the ad@m®d mechanical system moves in
the minimum time from the initial state to the estate with the limited constraint
reactions. On the basis of created state equatioais describe the motion of the
considered system in the state space, an appm@pwatpoint boundary-value problem
(TPBVP) of non-linear first order differential edimns system in the normal form is
obtained, which, in general, should be numericathyved. In order to determine the
TPBVP solution, a numerical algorithm based ongheoting method is applied in the
doctoral dissertation. As scalar control in the biems of this kind is linearly
represented in state equations, in solving thelpnobt was necessary to consider the
possibility of the emergence of singular solutioBgpending on the possibilities of

constaints, i.e. the permissible intensity of tleamstraint reactions, they may emerge



over the entire interval or on certain parts. Tddslitionally complicates the solution of
TPBVP.

Hence, by observing the mentioned problems, tthetisn of which was the
research goal of this doctoral dissertation, apatg solutions were found and thus a

scientific contribution was made by finding them.

Key words: brachistochrone, variable mass, mechanical system;holonomic
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YBoa

[Ipobnem kperama MEXaHHMYKOT CHCTEeMa W3 TOYeTHE KOHQUTypaluje [0
Kpajber MoJIokaja 3a Hajkpahe Bpeme, MO3HATOT Kao OpaxMUCTOXPOHO KpeTame CHCTEMA,
pa3maTpa ce on BpeMeHa kana je bepHymu dopmynucao OpaxOCTOXpPOHH MTPOOIEM
KpeTama Tayke y XoMoreHoM moJby Texe [1]. Ja je mpobsemM yormiTaBama KIaCHIHOT
npoOsemMa OpaxuCTOXPOHOT KpeTamka MaTepHjaHe TauyKe y BEPTUKAIHO] PaBHH, YHje Ce
KpeTame peau3yje UaeaTHoM Be30M 0e3 yIpaBJbauyKuX CHIIA, U J1aJbe BeoMa aKTyelaH

MOYE C€ BUJICTH U3 TOKTOpcke aucepranuje ca MI'Y JlomoHocos [2].

VY IOKTOpCKO] AmcepTanvju [2] W3BPLICHO je YOIIITaBame OpPaxHCTOXPOHOT
npobiemMa MaTepujalHe Tadke, TZie Cy, Y OKBHPY Iperiefa akTyelHEe JHUTeparype,
NO3UTHBHO Tpukazanu u pagou [3], [4] u [5] xao mompuHOCH yormIITaBaky OBOT
npoOJemMa, KOju ce 0OJJHOCe Ha CIOXKEHHUje MexaHuuke cucreme. Cama aucepranuja [2]
HHUje pa3MaTpaia MexaHhdyke cucreme, Beh cy pahena yommrewma camo 3a
OpaxHUCTOXPOHO KpeTame Tauke. Tpebda HAMOMEHYTH Ja j€ pelieHkhe KIaCHYHOT

OpaxHUCTOXPOHOT MTpobJIeMa ITUKIIOUIA.

VY pemaBamby OpaxMCTOXPOHOI MpoOjeMa MHPUCTYNalIo Ce ca JBE CTpaHe:
nomohy BapujarroHor padyHa [6], 0JHOCHO TeOpHje ONTHMAIHOT yIpaBibama [7, 8]. Y
panoBuma [9-14] mpoGiieM OpaxUCTOXPOHOT KpeTama MPHKa3aH je 3a pa3Iu4yuTa 10Jba
cuna. Y pagosuma [15-17] pernaBan je OpaxoCTOXpOHH MPOOJEM TauyKe NMPOMEHJbUBE
Mace. MarepujaiHa Tadka Koja ce Kpehe mo xpamnaBoj KpHUBOj HaIllJIa jeé CBOJYy MPUMEHY
Py ONTHMHU3AIMJH Yy MHCTAAlKjaMa 3a TPAHCIIOPT IpaHysiacTor marepujana [18-21].
BpaxucToxpoHo KpeTame Tadke y TPOAMMEH3MOHAIHOM IPOCTOPY pa3MaTpaHo je y
JOKTOPCKOj Iucepranuju [22], rae je npukasaH U JeTajbaH Mperiel JIUTepaType Be3aH
3a OpaxMCTOXPOHO KpeTame Tauke. [IpBu pe3ynraru y aurepaTypu KOju ce OJHOCE Ha
OpaxHCTOXPOHO KpeTame MEXaHWYKOr cucTtema Mory ce Hahu y [23, 24].V pamgoBuma
[25-27] nocmarpa ce OpaxoCTOXPOHO KpeTame KpyTor Tena. JJoKTopcka auceprarmja
[28] pa3marpana je OpaXHCTOXPOHO KpeTame MaTepujalHe Tauke M CHUCTeMa KPYTHX
Tena y npucyctBy KyloHOBe cuiie Tpema NMpUMEHOM BapHjanuoHor padyHa. [Ipobiem
OpaxHCTOXPOHOI KpeTama BeOMa je 4ecT Koj pobora u amsamuna [29-32]. dama

pa3maTpama Be3aHa 3a OpaxHCTOXPOHO KpeTame CHUCTeMa MaTepHjalHUX Tadaka



KpyTux Tena mnpukazana cy y [33-36]. YV pagoBuma [37-39] mpukazano je
OpaxUCTOXPOHO KpeTame KpyTor Tena, oK je y pagoBuma [40, 41] mpukazano
OpaxHCTOXPOHO KpeTame CHUCTeMa KpyTHx Tena. Y pany [42] mnpukaszaHo je
OpaxMCTOXPOHO KPETamke MEXaHNYKOT CHCTEMa KOra OTpaHN4aBajy JIMHEapHe XOMOTeHe
HEXOJOHOMHE Be3e. Y paay [41] mpBu myT je JeTajbHO NPUKA3aHO OpPaxMCTOXPOHO

KpeTame cucTemMa KpyTux Tena ca KyloHoBUM TpemeM.

Y 0BOj JOKTOPCKO] MOHCEPTAlMjH YOIIITEHE OpaxUCTOXPOHOT KpeTama
onHocuhe ce Ha XOJOHOMHE M HEXOJIOHOMHE MEXaHHYKE CHCTEME y OKBUPY KOJUX
MIOCTOj€ W Ta4yKe NMPOMEHJBMBE Mace. bpaxucTOXpOHO KpeTame peannusyje ce, y CKIaxy
ca KJIACHYHUM OpaxMCTOXPOHUM MPOOJIeMOM, O€3 aKTUBHUX YIPABJHAYKUX CHIA. YJIIOTY
ylpaBJbamba MPEey3UMajy peakiiije uaealHuX Be3a, rie Tpedba numaTu y BUIy Ja je cHara

yIpaBJbauKUX CHJIa TOKOM OpaxMCTOXPOHOT KpeTama jeJJHaKa HyJH.

[Ipenmer wucTpakuBama y OKBUPY JOKTOPCKE JAMCEpTallfje MpecTaBba
peanmu3anyja OpaxMCTOXPOHOT KpeTama MEXaHWYKHUX CHCTeMa IPOMEHJbUBE Mace
UJCATHUM Be3aMma ca OrpaHWYeHHM peakiujama. [loceOHa maxkma y IucepTaiuju
noceehena je onpehuBamy peakiuja OrpaHUYEHOr MHTEH3uTeTa. DPopMynucaHu
npoOjJeMHu pelieHd Cy Yy OKBHUPY TEOpHje ONTUMAIHOT YIpaBibamkba, NPUMEHOM
[TouTpjaruHoBor npuHnuna mMakcumyma (Jles Ceménosuu Ilonmpsieun, 1908-1988. u

TEOpHje CUHTYJIapHUX ONTUMAJIHUX yIPaBJbaba.

Teopuja onTUManmHOr ympaB/bama, a MmoceOHO [IOHTpjaruHOB MPUHIIUIL
MakcuMyMa [7] mpezacTaBiba MPOUIMPEHE KJIACHYHOT BapUjallMOHOT padyHa, OJHOCHO
YONIITEHEe HEroBe NpHUMEHEe Ha IIMpYy Kiacy mpoljeMa ONTHMAIHOT YIpPaBJbarba.
Henocrarak [ToHTpjaruHOBOr MpUHIIUIIA MAKCHMYyMa OJTHOCHO C€ Ha TMOTeIKohe Be3aHe
3a HyYMEPHUYKO H3padyHaBame JBOTaukacTuX rpanndyaux mnpobdiema (TPBVP), koje cy
pa3BojeM pauyHapa YBEJIHMKO yMmameHe. M3 Tor pasinora oBaj HPHUHLMI MOXE ce
KOPUCTHTH Ka0 M3Y3€THO MOhaH ajaT NMPHJIMKOM aHAJIM3€ ONTHUMAHUX TPajeKTopHja
Kperama. Takohe Tpeba pehm ma kinacmyHa MexaHMKa IpoydaBa MpoOjeMe y uujoj
OCHOBU C€ Haja3e MPHUPOJAHHU YCJIOBU ONTHUMAIHOCTH Ha KOjUMa Cy IOCTaBJbEHU
npuHIMnu Mexanuke. Yak je u Jleonapa Ojnep pekao ma ce y IpHUPOAM HUINTA HE

JieliaBa y 4yeMy He NOCTOjU HEeKH OONMK MUHMMyMa win Makcumyma [43]. O teopuju



ONITUMAJHOT yIpaBjbamkba MmoceOHO ce Moxke mponahy y [44, 45], nok ce caBpemeHa

npuMeHa [ToHTpjaruHOBOT IPUHIIMIIA MaKCUMyMa Moke Hahu y [46)].

[Ipobrem onTHUMaTHOT YyHpaBjbamba KPETameM Y JOKTOPCKO] IUCepTaluju
cacToju ce y oapehuBamy (QyHKIHMja yIpaBJbama TaKO Ja pa3MaTpaHd MEXaHWYKH
CHCTEM M3 TIOYETHOT CTama Ipehe y Kpajibe CTame MpU OTpaHuICHUM peakilfjama Be3a
3a MUHMMajgHO BpeMe. Ha ocHOBY ¢opmHpaHHX jeiHauMHA CTama, KOje OIMHUCYjy
KpeTame pa3MaTpaHor CHCTeMa Yy TMpOCTOpy CTama, Jaobuja ce oxarosapajyhu
nBoTaukactu rpaHuyHu npodiem (TPBVP) cucrema HenmHeapHux amgepeHInjarHux
jeIHayruHa MPBOT peAa y HOPMAIHOM OOJHMKY, KOJH j€ Y OMIITEM CIydajy HEOIXOIHO
HyMepuuku pemutd. Pamun onpehuBama pemema TPBVP y noktopckoj mucepranuju
NPUMCHEH je HYMEPHUYKH ajJropuraM 3acHOBaH Ha wertoiau mnorahama (Shooting
method). Hajsehu mnpoGiem wmerone mnorahama je mTO je KOHBEpreHIWja BeoMma

OCeTJbMBA Ha TIOYETHY UTEPAIlH]y HeaocTajyhux rpaHnYHKUX ycinoBa [47].

Kako ympaBmama y mnpobieMHMa OBE BPCTE JHHEAPHO QUTYPHUILY Y
jemHauyMHaMa CTama, MPWIMKOM pelllaBamkba Onhe HEOMXOJHO Pa3MOTPUTH MOTYhHOCT
1I0jaBe€ CHUHTYJIAapHHUX pemema. OHa ce, y 3aBUCHOCTH O] MOTYhHOCTH Be3a, OJTHOCHO
JOIYIITEHOT UHTCH3UTETa Peakilfja Be3a, MOTy MOjaBUTH Ha IIeJIOM WHTEpBaly WM Ha
MojeIMHUM JIeJIOBUMA. 10 JTOAATHO ycliokmaBa pemraBame | PBVP. Ilo3nato je na
[ToHTpjarMHOB NMPUHIMII MakCUMyMa HHje epeKTHBaH 3a oJpehuBambe CHHTYIApPHHUX
eKCTpEeMalTHUX YIpaBJbaka jep ylpaBibamkba HE (GUTYPUINY €KCIUIUIUTHO y HETOBUM
ycnoBuma. OBakaB ciydaj ce dvecto cpehe y mpakTHuHuUM mnpoOieMuma  ycien
CJIIO)KEHOCTH caMmor mnpobsiema. Tama je HEONXOAHO KOPHUCTHUTH W JApPyre HoTpeOHe
yCJIOBE ONTUMAIIHOCTH, KOJU HUCY 00yxBaheHU OBUM MPUHIUIIOM. Y OBOj JOKTOPCKO]
JMCEepPTaLUjU T0jaBJbYjy CE€ CaMO CHHTYJapHa yIpaBjbalkba MPBOT pela, M 3a HUX
NOTpeOHE YCIIOBE ONTHMATHOCTH 3a/10BosbaBajy KenmjeBu ycnoBu [48]. CunrynapHa

oNTHUMaJIHA yIpaBJbama oopaljeHa cy y TOKTOpckoj aucepramuju [49].

Kana ce y3me y 003up cBe NMpeTXOJHO HAMMCAHO, TOKTOpCKa JHcepTaluja ce

CacTOj| O] TPH MOTJIaBJba.

Y npBOoM MOriaB/by HU3BPLICHO j€ MAaTeMAaTUYKO MOJEIHUPAmhe MEXaHUYKUX

CHCTEMa TMPOMEHJbHBE Mace, ojpehuBambeM IU(EPEHIMjaHUX jeTHAYMHA KpeTama,



OPUMEHOM CaBpPEMEHHX METOAa aHAINTHYKE MEXaHWKe W MEXaHHKe cHcTeMa
npomeHJbuBe Mace. [Ipu Tome omabpaHu cy HajlmoOAECHUJU OONUIM AU(epeHIIn)jaTHuX
jemHauynHa KpeTama y 3aBHCHOCTH O] MOCMATPAaHOT MEXaHWYKOI CHCTeMa 3a Koju he
ucre Outu mpuMmemeHe. Tpeba HamoMmeHyTH aa he OWTH pa3MarpaHud HEXOJIOHOMHHU
MEXaHUYKH CUCTEM, Ka0 U MEXaHUYKH CUCTEM KOjU C€ CacTOju O KpYTOT Tesia M Tayaka

IMPOMCHJEUBEC MACC.

[Ipernenom nuTepaType YCTaHOBIBEHO j€ J1a HEMa BEJIMKOT Opoja pajoBa Ha
TEMy HOBUX OOJIMKAa jeHAYMHA KpeTama MEXaHWYKHX CHUCTeMa MPOMEHJbHBE Mace.
KejHoBe jemHaunmHe KpeTama HEXOJOHOMHOT MEXaHWYKOT CHCTeMa MPOMEHJbUBE Mace
usBenacHe cy y paay [50], mok cy y pamy [51] mpukaszane PayroBe jemnaunmbe
HEXOJIOHOMHOT' CHCTeMa MPOMEHJbHBE Mace. Y pany [52] uszBenene cy ['mbc-Anenose
jenHauune, a 'y pany [53] XaMUITOHOB MPUHIUIT 32 HEXOJOHOMHUA MEXaHHYKU CHCTEM
npoMeHJbuBe Mace. Y paay [54] mpukasana je mpumena Jlarpamk-JlamamOepoBor
npuHIUna. Y JOKTOPCKOj aucepranuju [55] mpukasane cy JlarpamkeBe jeqHaudHE
Jpyre BpCTE€ 3a HECTAllMOHAPHE HEXOJOHOMHE MEXaHWYKE CHUCTeMe, 0K CYy Yy
JOKTOPCKOj mucepranuju [22] mpukasane audepeHIHjadHe jeJHaYHMHE KpeTama 3a
HAJONIITHJU CJTy4aj HEXOJOHOMHOTI MEXaHHYKOT CHCTEMa IMPOMEHJbMBE Mace momohy
KBa3MOp3MHA, Ka0 M JOKA3MBamkE CKBHBAJICHTHOCTH WMCTHUX jeHauyMHA ca MenwujeBuM,
Bonrepunum, Bopowuesum, Yamburunosum, Anenosum, bonmman-XamenoBum, Kao u
JlarpanxeBUM jeHaYMHAMA IPYyTe BPCTE ca HeoApeheHnM MHOkHUTespbrMa. JIuTeparypa
y BE3M XOJIOHOMHUX MEXaHWYKHX CHCTEMa IPOMEHJPMBE Mace HajONIIMpHH]E ]
npukazana y [56-58]. V pany [59] npukasane cy jeqHaunHe KpeTama 3a HEXOJIOHOMHE
MEXaHUYKE CHUCTeMe, alli KOHCTaHTHe Mace. Y pany [60] cy u3BeneHe jenHauuHe
KpeTamba MEXaHWYKHX CHUCTeMa 3a HAJONIUTHjH CIy4yaj Tj. 3a CIIy4aj] HEJIHMHEApHUX
HEXOJIOHOMHHUX B€3a W 3a Clly4a] HeTMHEApHUX peanuja u3Melhy cTBapHUX Op3uHaA U
KBa3uOp3uHa. Y 00M4ajeHo je J1a Ce T€ jeTHAUNHE KpeTama Ha3nuBa]y jeTHaYNHE KpeTama
y npomensbuBuM [loeHkape-UerajeBa (Morio Ou ce pehm jennaumne 3amucane y
»TPYIHO]" MpoMeHJpHBOj). Ha Kkpajy, y ucToM paay, u3BeICHE Cy jeHAUMHE KpeTama
cHCTeMa Tadaka MPOMEHJbUBE Mace 3a HajOIITH]U CITy4yaj PEaKTUBHHUX CHJIA U 32 CITy4a]

Be3a KOje 3aBHCE O] IPOMEHE Mace.



Y Ipyrom moriaBiby JOKTOPCKE IHCEpTallije MOCMAaTpajy Ce€ CHHTYJIapHU U
HECUHTYJIapHH CJIy4ajeBU ONTHMAJIHOT yIpaBJbakba OpaxUCTOXPOHOT KpeTama
HEXOJIOHOMHOT CHCTeMa IpOMEHJbMBE Mace. Peanmmzammja KpeTama OCTBapeHa je
HaKHQTHUM HaMETamkeM MEXaHHMUYKE BE3€ JeHO] TAaUKH YHje KpeTame he OuTu onpeheno
IPETXOAHOM HYMEPUYKOM MHTETpalujoM oJroBapajyhux nudepeHunujarHux jeqHaunHa
Kperama. Ha Taj HauMH OpaXxMCTOXPOHO KPETame OCTBApEHO je 0e3 yThlaja aKTUBHUX
cuna. [Ipu Tome ce ucTpaxyje yTuiaj CMambruBama IPaHHIlE PEakilfje Be3e Ha TPOMEHY
CTPYKTYpE CaMorI yIpaBjbamba. [MME ce W3 CHHTYJIApHOT YIpaBibama Ipenasd y
CHPErHyTO CHHTYJapHO M HECHHTYJIAPHO YIPABJbAE U MOTOM Y PEJICJHO YIpaBJbambe

(bang-bang).

VY pany [3] pasmaTpaHo je OpaxHCTOXPOHO KpeTame Tauke IMPOMEHJbHBE Mace,
JO0K ce y pany [61] mocmarpa OpaXxHCTOXPOHO KpETame CHCTEMa MPOMEHIbUBE Mace. Y
panoBuma [61] u [62] mocmarpana cy OpaxUCTOXpOHA KpeTama HEXOJIOHOMHUX CHCTEMA
IPOMEHJBHBE Mace, IPU YeMy Cy pa3MaTpaHu caMO CHHTYJIApPHU CITy4ajeBU YIPaBJbamba,
0e3 MKaKBUX OTpaHHUYCHa Ha peakiyje Be3a. 3a (yHKLHUje YIpaBibamba y3€TH Cy MPBH
U3BOIM TI0 BpeMeHy KBa3uOp3uHa [61], ogHOocHO Op3mHe [62], koje oarorapajy
onpeheHnM Tauykama CHCTeMa, JOK je Y IPyroMm Jely OBe JOKTOpPCKE aucepTaiuje 3a
GyHKIM]Y yopaBjbakba y3e€Ta peakildja HaMETHYTe Be3e, Ma je Ha Ta] HauyuH OMIo
Moryhe na ce yBeny W OorpaHHuYeHa Ha BEH WHTeH3uTeT. Y pany [63] mpukaszano je
yIpaBJbath¢ MEXaHWYKHM CHCTEMOM NpOMEHJbHMBE Mace. Y paxy [64] pa3smarpaH je
OpaxuCTOXpOHH TpoOIeM KpeTama Tadyke C HEOTPAaHMUYCHOM M OTPaHHYCHOM
HOPMAaJIHOM KOMIIOHEHTOM peakIifje Be3e, JOK je y JOKTOpaTy HMCHHTaHa IpOMEHa
CTPYKTYpE yIIpaBJbaa 3a pa3linunTa OrpaHUuuCHha Peakiyje Be3e 3a MEXaHUYKH CUCTEM
npoMeHJbuBe Mace. I[Ipema ToMe OBaj /€0 OOKTOpCKE IHcepTaluje MpeicTaBiba

CBOjJEBPCHH HACTaBaK MCTPaXKMBama 3amo4yeTux y pagosuma [3], [61], [62] u [64].

Y 1pehem mornaBby paga HUCTpaxyje Cc€ MOTYhHOCT peanu3aiuje
OpaxMCTOXPOHOT KpeTama Teja NMPOMEHJbMBE Mace MmoMohy HEeHTpouaa - KOTPJhameM
pynere mo 6a3m, 6e3 knm3aBama. [lomohy mpeTxomHo oapeheHor OpaxuCTOXPOHOT
paBHOT KpeTama, Moryhe je jenHo3HauHO oapeauTu 0azy u pyjery, Kao U HOPMalHy U
TaHTEHIMjaJIHy KOMIIOHEHTY peakuuje. Ha ocHOBY mHX, a OM OBaKBO KpeTame OMiIo

Moryhe, Moxe ce oapeauTH u ycioB 3a KymoHoB koeduimujeHT Tpewa. Takohe, npu



npoMeHu ojpeheHnx mapamerapa MOXe C€ IOKa3aTH Kako Ce€ Mema HOpMaiHa
KOMIIOHEHTa peakilhje Be3e W TMOKa3aTH KOjU YCJIOB MmapaMeTpu Tpedajy na 3aJ10BOJbE
Kako OM KpeTame Omio Moryhe U ca OBOT acIieKTa 3a Cliydaj jeTHOCTpaHo 3ajprkaBajyhe

BC3C.

Y pany [56] mocmaTtpana je peanm3anmja OpaxHCTOXOPHOT KpeTama Tela
npoMeHJbHBE Mace nomohy 1eHTponsa (0ase u pynere), anu Kao GyHKIHjE yIIpaBJbamba
y3era cy yOp3ama oaromapajyhux Tayaka AOK cy y TpeheM Jeiy oBe JOKTOPCKE
aucepTanyje 3a (yHKIHMje ylnpaBibambha y3eTe I'eHepalluCaHe YIpaBJbadyKe CHile, KOje
0/IrOBapajy KOMIIOHCHTaMa peaklhje Be3e, M Ha Ta] HAYMH JUPEKTHO CE€ MOXKE
MOCMaTpaTH HUXOB YTUIIA] HA KOSPHUIIUJSHT TPEHa U OJPEAUTH yCIOB KOJH OH MOpa Jia
3a70BoJbU. Y pany [5] u3BplieHa je peanm3alMja KpeTama MaTepujajHe Tadke II0
peaiHOj Be3H M yTHUIla] KoeHUIIMjeHTa Tpemha Kin3ama. Y pany [65, 66]HacraBbeHa cy
pasmarparma OpaxHCTOXPOHOT KpeTama Taduke u3 [5], rae cy mocmarpaHe U jeTHOCTPaHO
3anp:kaBajyhe ujeanHe Be3e, IITO j€ OBIIE MPOIITUPEHO 3a CiIy4aj Tena. Y JOKTOPCKO]
JMCEepTaLUju ITocMaTpa ce JeAHOCTpaHo 3aaprkaBajyha uieanHa Be3a Tena MpOMEHIbUBE
mMace U onpehuBambe MUHHMAIHO TOTpeOHOT KoeuIMjeHTa Tpema Ja He aohe 1o
npoknu3aBama. Kako ce pamu o jemHocTpaHO 3aapikaBajyhoj Be3u mokazahe ce Kako
napaMeTpy CUCTeMa, TIOMYT IMOYeTHE SHEprhje CUCTeMa, YTHUYy Ha MPOMEHY HOpMallHe
KOMITIOHEHTE peakliije Be3e M TUME Ha MOTYhHOCT peanu3aliyje oBor Kperama. Jlakie,
OBaj JIe0 OKTOPCKE JTUCepTaluje MPeICTaBba CBOjJEBPCHU HACTABAK MCTPAXHBAKbA U3

pamoBa [5], [56] u [65, 66]

VY pany [4] 6paxucTOXpPOHO KPETame je OCTBAPEHO 0€3 yTHIlaja aKTHBHUX CHJIa U
mocMaTpaHa Cy JBa CiIydaja ONTHMAJHOT YIpaBJbamka. TNPBU CIIy4aj IPEICTaBIba
CHHTYJIQpHO ONTUMAJIHO YIPaBJbalbe, a IPYTU MpeAcTaB/ba KOMOMHAIN]Y CUHTYJIapHOT
Y HECHHTYJapHOT yIpaBJbakba ycjell HAMETHYTOI OTpaHUYeHha Peakiije HEeXOJIOHOMHE
Bese. CBe HabOpojaHo y pany [4] obpaleHo je 3a ciydaj KpyTor Teja KOHCTaHTHE Mace, a
y Tpehem meny oBe aucepraiuje pazmaTpahe ce Temo npoMersbuBe Mace. M y pany [67]
OpaxHCTOXPOHO KpETame KPYTOr Tela KOHCTaHTHE Mace, 0e3 OorpaHhyerma peakiija
BE3a, OCTBAPEHO je Oe3 yTulaja akTUBHUX cuiia. Ha Taj HaumH, TOKTOpCKa AuMcepTaIyja

npejcraB/bahic U HacCTaBaK UCTpaKMBama u3 panona [4] u [67].
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IMoriasspe 1

MareMaTH4KO MO/IeJI0Ba€ MEXaHUYKHUX cucremMa
NPOMEH/bMBE Mace INMPHUMEHOM AaHAJMTHYKE MeXaHHKe M
MeXaHMKe  CHCTeMa I[pPOMEeH/bMBe  Mace  oJadupom
HajoJAeCHUjUX oOOiuka udepeHUUjaJHUX  jeJHAYHHA
KpeTama

[Tpunukom Qopmupama mudepeHIrjaTHUX jeIHaYMHAa KpeTamkha MEXaHWYKHX
cucTeMa MOXe c€ MPHUCTYIUTH Ha pa3inuuTe HaunmHe. CaBpeMeHa JuTepaTypa TO H
nokasyje, IITO je y YBOJIY OBE JIOKTOPCKE JUCEepTalHje U MPUKA3aHO. YKOJIUKO ce KpeHe
0]l BapyjallMOHUX MPHUHLUIIA MEXaHUKEe, KopullhemeM BapHjallMOHOT payyHa, MOTY ce
onpenuTu pazHe dopme audepeHIjaTHUX jeJHAaYNHA KpeTakha MEXaHHYKOT CHCTEMA.

OBa MeTO/10JI0TH]ja j& BeoMa JT00po MO3HATa Y OKBUPY aHATTMTUYKE MEXaHUKE.

Y nmnornaBjby 2 JOKTOpCKE maucepranuje Owhe TIpuKasaHa peanu3anuja
OpaxHCTOXPOHOT KpeTama HEXOJOHOMHOI' CUCTEMa IPOMEHJbUBE Mace ToMohy njeanHe
XOJIOHOMHE Be3e, a y MOIJIaBJby 3 peaju3alja OpaXxucTOXpOHOT KpeTama KpyTor Teja
ca TauykamMa IPOMEHJbHBE Mace, Takohe momohy wuzjeanHe XoOIIOHOMHE Bese. Y
auteparypu [1, 2] je mpukazaHo Kako je, y 3aJaliMa ONTHMAJIHOT YIIPaBJbaiba,
dopmupame u ngajbe Kopuiiheme nupepeHIUjaTHuX jeqHaunHa Kperamba momohy
KBa3MOp3MHA JOCTa TMOTOJHHMjE U3 TNEepPCHEKTHBE HYMEPUUYKOT H3pavyHaBamba
OpaxHCTOXPOHOT  KpeTama HEXOJIOHOMHHX MEXaHHYKHX cucTema. llpumeHa
KBa3uOp3uHa y AudepeHIjaJHuM jeIHauYnHaAMa KpeTama HHje HEONXOJAHA KOJI
XOJIOHOMHHUX CHCTEMa, Ka0 HU KO CIIOOOIHOT KPYTOTr Tela ca Taukama IMPOMEHJbUBE
Mace udje he OpaxHMCTOXPOHO KpeTame OUTH Pealn30BaHO HAKHAIHUM HaAMETamhEM
ujeanHe XojJoHoMHe Bese. Mmajyhu y Bumy mpeTxomHe uckaze y oBoM paay he ce,

nopen nudepeHInjaTHUX jeIHaYMHA KpeTama MaTepHjaTHUX CHCTEMa IMPOMEHJbHBE
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Mace y KBa3sMOp3uHama, KOPUCTUTH M IU(epeHlHjaTHe jeAHAYMHE Y T€OMETPH]jCKH

HC3aBUCHUM KOOpAHWHATaMa.

1.1. IndepeHuujajine jerHauUMHEe KPeTamha MEXAaHUYKOI CHCTEMA KOju

ce CaCTOjI/I H 0 TaYaKa MPOMECH/bUBE MacCe

[locmaTpa ce kperame MEXaHHYKOT cHucTeMa Koju ce cactoju ox N
MaTepHjalHUX Tadaka 4YHje € KpeTame OTPaHWYCHO HICATHUM XOJOHOMHUM
CTallMOHAPHMM Be3aMa, TaKO Jla MaTepHjallHd CUCTEeM HMa N CTENeHH clobone.

Kondurypanuja cucrema oxapehena je mnomohy N TreHepalMcaHUX KOOPIMHATA

T
q= (ql, q2,..., qn) , KOje Cy HE3aBHCHE Yy I€OMETPHjCKOM CMHCIY. 3apajl ONIITOCTH

npobiemMa cBe Tayke MaTEepHjaHOT CUCTEMa MOTY C€ CMaTpaTH TayKama MPOMEHJbHBE
Mace, IIp1 4YeMH €€ MOK€ CMaTpaTH Jla Cy 3aKOHHM IIPOMEHA Maca MaTepHjaHUX Tadaka

MMO3HAaTU.
m=m()  I1=1..,N, (1.1)

rae cy m(t) menpexnmne u mudepennujadbmane QyHknuje Bpemena. [Ipomena mace

MOXE C€ OCTBApUTH TIPHUIIAjalbeM WM O/BajalbeM YeCTHIa, W TpPH TOME Ce
NPETIOCTaBJba Jla je MpoLeC MpHulajama, OJHOCHO OJlBajarba YECTHULA HENPEKUAAH y

IIOCMAaTPaHOM MHTEpPBaJly BpEMEHa.

CwMmaTpa ce aa cy u penatuBHe Op3WHE MpHUIlajarba, OJHOCHO 0J1Bajamha YeCTULA

IIO3HaTe.

Ve =y®@an, I1=1.N (1.2)

-
rae je q:(ql, q2,...,q”) BEKTOp TeHepanucaHux Op3uHa. KuHeTrnuka eHepruja

MEXaHUYKOI CHCTEMA je XOMOTeHa KBajpaTHa ¢popma renepaancanux opsuna [3, 4]:
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T:%ded’ i j=1...n, (1.3)

rae cy &j =g (q, t) KOBapHjaHTHE KOOpJUHATE WHEPIHOHOT METPUYKOr TEeH30pa

MPOLIMPEHOT PUMAHCKOT MpocTopa (yHKIM]je FreHepalucaHuX KOOpAHHATa U BpeMeHa t.

C 003upoM J1a y TUTEpaTypH HE MOCTOjU MPEIM3HA U JeTHO3HAYHA OAPETHUIIA 33 Ha3UB

BeMuMHE gjj Ouhe JaT KpaTak Nperje]l Ha3uBa OBE BENMYKMHE Y JIUTEPATYPH.

Permo y monorpaduju [5] Ha ctpanu 24 3a jeaHy TauyKy Mace M BEJINYHHE:

gj = Mg =m(%%= a(my (1.4)

HA3WBAajy CC MHEPLIUOHM TeH30pH. Y [6] Ha cTpanu 283a BeauuuHe:
djk = Mgy » (1.5)

KOPHUCTHU C€ Ha3UB MHEPIIMOHU KOC(PHUITUjEHTH WM WHEPIM]CKU TE€H30p. Y (PyCHOTH Ha

WUCTOj CTpaHW TMIIe. ,Y JHTepaTypu je YOOWYajeH Ha3uB METPUUKH TEH30p
KOH(UrypanuoHor npocropa“. ¥V kwusu [7], Ha cTpanu 222,BelHuuHe & 3a CUCTEM O]

N Tauaka maca M, AedUHKCAHE CY Kao:

3N
0y, 0y,
] =1 aql aq]

JIOK CC€ BCJIMYMHA.
ds? = g dd dd, (1.7)

cMaTtpa METPHYKOM (DOPMOM YBEIECHOT KOH(PHUTYPAIMOHOT IPOCTOPa. 3aTHM CE KaKe J1a
ce OHa, MaKO0 y HbOj (pUrypuiry 1nHaMHYKe BEJTMUMHE MM, 30Be KHHEMATHYKa METPUYKA
dopma. YV yubenuky [8] yBoam ce yommreHa MeTpuka (IyXKMHA €lIeMEHTa KPHUBE)

U3pa3oM:

ds = ds/2(B- U, (1.8)
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rze je Eog yKyliHa MeXaHW4Ka eHepruja 3a jeqHy MaTepujainy Tauky, a U noteHuujaina
eHepruja. 3a enemeHT do cpasMepHOM aykuHH Jyka dS 'y [9] ce HaBoau na je oH

onpeheH u3pazom:

do=+Jmds (1.9)
a Ja penarmyja.

do? =md¢, (1.10)

Takole mpecraBiba METPHUKY mpocTopa. Oamax Tpeba HarjlaCuTH Jia yrnoTpeda TepMuHa
MHEPIMOHM (MHEPLHjCKU) TEH30p 3a KOOpJMHATE &j MOKe OUTH HpoOieMaTUyHa C

063upom 1a ce y [10] na crpanu 59 trensop uHepimje:

Ix ny 1Ty,
J= ny Jy Hyz , (1.11)
7y sz Jz

Takol)e Ha3WBa WHEPIIMOHU TEH30p, IITO MOXKE M3a3UBATH OJpeljeHe quieMe y TOoTeay
JETHO3HAYHOCTH pa3MarpaHor nojMma. [1o cy0jeKTHBHOM MUIIBEHY ayTopa OBOT pajia
3a KOOpAMHATE & HAJKBAJIMTETHWJU U HAJIpPEeLU3HUjU Ha3uB Ouo OM da cy TO

KOBapHjaHTHE KOOPAMHATE MHEPIIMOHOT METPUUYKOT TEH30pa, jep OHU Y ceOu calipike u

CBOjCTBa MHEPTHOCTH, MMajy TEH30PCKH Kapaktep, a y oapeheHoMm cmmuciy onapehyjy

METPHUKY MTPOCTOPA.

Ca gpyre crpane y yub6enuxy [11] u monorpaduju [6] 3a BenuuuHe ajj ce

KOPUCTH M TEPMHUH MHEPLUOHU KOCHUIMJEHTH WM KOCPHUIMJEHTH MHepIHje. TepMuH

ce MOXKE MPHUXBATHTH Kao KOPEKTaH W Tpelu3aH U3 cienehmx pasiora: ako m3pas 3a
BEIMYMHE &j Yy Cllydajy KpeTama jeIHe Tadke Mace M y N-IMMEH3HOHOM

KOH(HUTYypaIiMOHOM MTPOCTOPY HAIMUIIIEMO Ha clieiehu HauvH:
aj =mg = mgly, (1.12)

rae cy 6a3sHu BekTopH { AaTH U3pa3uMa:
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5=, (1.13)

Tajla BEIMYMHE jj MOT'Y MMATH pasnuuuTe qumensuje. Hanme, kama koopaunara q nma
IMMEH3Ujy AyKHHE Taja je 6a3Hu BekTop §; Oe3IMMEeH3HOHH, JIOK Yy Cydajy Kaja je
KOOpAuHaTa q yrao 6a3Hu BekTop 0 MMa IUMEH3H]y AyxkHuHe. Tako aa koepuuujeHTH

ajj Mory uMat ciesehe TuMensuje:

a) o0e KoopAMHATE UMajy TUME3H]jy TyXKHHE - TaJia U3pa3 aj =mgQ g uma quMeH3Hjy
[MI;

0) ako jegHa KOOpAMHATA WMa JUMEH3H]y Iy:KHHE, a Jpyra je yrao - Taja HM3pas

aj =mQ U uma numensujy [ML];
B) aKO Cy 00¢ KOOpJHMHATE YTao - Taja u3pas aj =mg Ly nma qumeHsujy [ML?].

VY cnydajy a) KoepuuujeHTe ajj MOXKEMO CMaTpaTH BelIMYMHAMA KOje CY
aHaJlOTHE MacH; y clydajy 0) KoeduiMjeHTe &j MOXKEMO pa3MaTpaTH Kao BEIUYHMHE

aHaJIOTHE JIMHEApHUM CTaTHYKUM MOMEHTHMA Maca, a y Cllydajy B) KoedHIHUjeHTe ajj
MOXEMO pa3MaTpaTd Kao BEIUYMHE aHaJOrHe MOMEHTHMa wuHepuuje. Ha ocHOBy
MIPETXOTHO M3PEUYCHOT HA3MB KOSMUIIMjEHTH WHEPIM)e WM MHEPIHUOHU KOCPHUIU]CHTH

MOXE€ CC IMPUXBATUTH KaO0 KOPCKTAaH.

VY IIOKTOPCKOj AUCEPTAIMju Ce€ KOPUCTH TMO3HAaTa AjHINTajHOBAa KOHBEHIIHja O
CYMHUpamy 10 OHOBJBEHUM WHAEKCHMA, M NPH TOME MHIEKCH y mornasiby 1.1 nmajy

cieaehu oncer BpeaHoctH: i, j ,K,r,0=1,2,..n

[MocMaTpanu MexaHMYKH cuCTEM ce Kpehe y Mosby MO3HATUX MOTEHIHjaTHUX

cuJa Ydja je MOTEHIIMjaJTHa EHepTHja jeTHaKa.
M =ri(q,t), (1.14)

IpY YeMy Ha CHUCTEM JIejCTBY]Y U NIO3HATE HETIOTECHIMjalIHE CHUJIE, YHje Cy IeHepallicaHe

CUJIC.
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Q" =Q"a.4.1). (1.15)

Kako 6u ce ¢popmupane nudepeHnujaiHe jeJHAYNHE KpeTamba MEXaHHYKOI CUCTeMa Y

reHepalicaHnM KoopauHaTama § mohwu he ce ox Jlarpamsk-/{araM6epoBOr IPHHLHIIA

[3, 4]
(aij al - Q )5d =0, (1.16)

rae cy ( KoBapHMjaHTHE TEHEpallCaHe CHJe KOje OAroBapajy HE3aBUCHUM

KOOp/MHATaMa, a @) KOHTpaBapWjaHTHe KOOpIMHATE yOp3ama PENPE3eHTATUBHE TauKe

MEXaHHUYKOT CHCTeMa KOje Cy JaTe u3pa3uma:
al =gl +r) o d, (1.17)

y KojuMa Ccy rIJ<r Kpucrodenosu cumbonu apyre BpcTe. Ycien HE3aBHCHOCTH

BapHjalldja reHepanCcaHiX KOOpInHaTa qi y (1.16),a ¢ o63upom Ha (1.17), 100Hjajy

ce nudepeHIrjalHe jeAHAYMHE KpeTama pa3MaTpaHor CUCTeMa Y KOBapHjaHTHOM

00HKy, Koje mocie cpehuBama rinace [12]:
gl +0e =@, (1.18)

rae cy [y j Kpucrodenosu cumbomnu npse Bpcte u umajy cienehy speanocr [3]:

r _1{ 0a |aak 04
1 - . 1-19
kr,i ‘2[0 K 5 @ ’ ( )

[eHapanucaHe CHIE KOje OAroBapajy TIeHepalucaHuM KOOpAMHATaMa (| MOry ce

NPUKa3aTH y OMIITEM City4ajy y cinenehem oonuky [13, 14]:

Q (q,q,t)=—3%+ QW+ QY. (1.20)
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I'enepanucane peakTHBHE CWJIE KOje HACTajy yCleA MpUIIajarba, OJHOCHO OJ(Bajarba

YecTUIla MOTY ce 3amnucaru kao [13, 14]:
N | O
Q4= My %, (1.22)
I=1 q

rae BemmumHe f (1 =1,...,N) mpexacraBsbajy BekTOpe IMOJOXaja Tadaka y KOjuMa

JI0JIa3| JI0 TIpUIIajamka, OJTHOCHO OJIBajarka YECTHUIIA.

KonTtpaBapujantHu o0nMK audepeHnnjaHuX jeqHadyMHa KpeTama J100Huja ce

MHOXCHEM JICBC M JIeCHE CcTpaHe cBake oj jeanaumna (1.18) KoHTpaBapHjaHTHUM

KOOpJMHAaTaMa HHEPLMOHOT METPUYKOT TEH30pa a' u cabuparmeM 110 HHACKCY I
§+rgad =&, (1.22)
IZe Cy:
Q°=dqQ, (1.23)

reHepaJIiCaHe CUJIC Y KOHTPaBapHjaHTHOM OOJIHMKY.

Hudepenuujanne jenHaunne kperawma (1.22) npepcraBibajy oOJIHMK jeHaYMHA
koju he Outm kKopuiheH 3a ojpehuBame OpPaxHCTOXPOHOT KpeTama MEXaHHUYKOT

CHCTEMa KOJH C€ CacTOju 01 CJI000AHOT KPYTOT TeJla U Tayaka MPOMEHJbHUBE Mace.

1.2. JIndepenumjajiHe jeaHauHHe KpeTamba MeEXaHHYKOI CHCTeMa
NMPOMEeH/bUBE Mace 4Hje je KpeTame OIPAHUYEHO JHUHEAPHUM,

XOMOI'€HUM HEX0JIO0HOMHHUM Be3aMa
IMocmaTtpa ce kperame cuctema N MarepujaqHHX Tadaka 4Hje je KpeTame
OTPaHMYEHO JMHEAPHUM, XOMOTCHIM HEXOJOHOMHHM Be3ama. KoHdurypanuja cucrema

T
onpehena je momohy N reHepamucaHuX KOOpAMHATA q=(q1, q2,...,q”) , Koje cy
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HE3aBUCHE Y T€OMETPHUJCKOM CMHCIY. 3apaj OMIITOCTH MpoliieMa MpeTnocTaBiba ce Jaa
Cy CBE Tauke MaTEpUjaIHOT CUCTEMa MPOMEHJbUBE Mace MPU YeMy CY 3aKOHHU MPOMEHa

Maca MaTepHjaTHUX Tadaka MMo3HaTH:
m, = m(9, e=1..N, (1.24)

rae cy M,(t) menpexmnHe u mudepenunjabmiHe GyHkimje Bpemena. Kao mro je Beh

HanucaHo y moriaBiby 1.1, mpomMeHa Mace Tadaka MOXE C€ OCTBApPUTHU TaKO Ja Ce
YECTHUIIE TIPUTIAjajy WU OJIBajajy, IPH Y€MYy BaKH MPETIIOCTABKA J1a je€ y MOCMaTpPaHOM
WHTEpBATy BpEMEHA IMPOIEC MPHUIajamka, OJHOCHO OJ[Bajama YecTHIla HempekuaaH. Ha
UCTH HAYUH MOTY C€ CMaTpaTH NO3HATUM U pellaTUBHE Op3MHE NpHIajara, OJHOCHO

0JIBajama 4eCTHUIIA:

v =ve@qg.), e=1.N (1.25)

T
rae je q:(ql, q2,...,q“) BEKTOp TeHepanucaHux Op3uHa. KuHernuka eHepruja

MEXaHUYKOI CHCTEMA je XOMOTeHa KBajpaTHa ¢popma renepaancanux opsuna [3, 4]:
1 i .
TﬂhO' _Ealjd d ) L J—l,...,n, (126)

rac cy a,-j = qj (q, t) KOOp/IMHATEe KOBAapHUjaHTHOI HMHEPLUOHOT METPUYKOr TEH30pa

byHKIIMje TeHepalMcaHuX KoopauHata M BpemeHa t. [locrojame Tayaka pOMEHJbHBE
mace (1.24) mpencraBiba pasjor 3amrTo W Bpeme t ¢urypuine y KoopJuHAaTama

WHEPIMOHOT METPUYKOr TeH30pa. WHAEKCH y OBOM IOTJIaBJbY y3uMmajy cienehe
spensoctu: i,j K,r =1...n;a,B,y=1,..m;v=m+l...,n. Kperame pasmarpanor
MEXaHUYKOT CHCTEMa OTPaHMYCHO je moMOohy P McaTHUX HE3aBUCHHUX CTAllMOHAPHHUX

HCXOJIOHOMHHUX XOMOI'CHUX MCXAaHUYKHUX BE3a O6HI/IK3:
Y (a.0)=a"-gd =0, (1.27)

v _ Vv . .
roe cy Gy = ca(q). bpoj crenenu crnobone KpeTama MEXaHWYKOT CHCTEeMa je M=N-p,

npu d4eMy je M HCTOBPEMEHO W Opo] KMHEMATCKH HE3aBUCHHX T'€HEpPaIMCAHHUX
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koopauHata @° Koje OIroBapajy HE3aBHCHHM TeHepalucaHuM Op3uHama ¢ .

YBohemeM M He3aBUCHUX KBa3HMOp3MHA V7 wesapncre reHepanucane 6p3une §° ce

Mory, npema [3, 4], npeicTaBuTH y 00JINKY:
g7 = bjvh. (1.28)

Bonehu pauyna o (1.27)u (1.28),3aBucHe reHepaincane Op3MHE MOT'Y Ce 3amucaTH Ha

cinenehu HauuH:

rjae je b%:q\;lﬁ. Ha ocnoBy u3paza (1.28)u (1.29) cnenu na ce cBe reHepaiucaHe

Op3uHe, KaKo 3aBUCHE TaKO W HE3aBHCHE, MOTY IPEJICTaBUTH JIMHEApHUM (popMama 1o

M He3aBUCHUX KBAa3UOp3HHA!
¢ =4,v9, (1.30)

e cy by =h, (q) HenpekuHe (YHKIUje ca HENPEeKUJHUM IPBUM H3BOAMMA Y

obJacTH 'y KO0joj ce pa3MmMaTpa KpeTamke MeXaHW4YKor cucrema. Kopumhemem
nperxoguor m3pasa (1.30), u3paz (1.26) 3a KHHETHYKY C€HEpPrHjy y CIy4ajy
HEXOJOHOMHOI MEXaHHYKOT cHcTeMa J00uja OOIMK XOMOTeHe KBajparHe (opme Mo

HE3aBUCHUM KBa3nOp3uHaMa:

x 1 B
T _Eeaﬂv"v , (1.31)
rae je:
G (a.t) = 5 tirli} , (1.32)

npu 4eMy cy Gaﬂ KOBapHjaHTHE KOOPAMHATE HMHEPIMOHOI METPUYKOT TEH30pa y

KBazuOp3uHaMa (y JuTepaTypy KBa3UKOOPIMHATE C€ MIOHEKAa]] Ha3UBajy M HEXOJIOHOMHE

KOOpJHHATE).
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[Mocmarpanu MexaHWYKH CHUCTEM Kpehe ce y MoJby MO3HATUX MOTSHIUjaTHHX
cujia Ydja je moTeHIrjaiHa eHepruja nara ca (1.14)npu yeMy Ha MaTepHjalHu CUCTEM
JIeJCTBY]Y TO3HATE MPOM3BOJbHE HEMOTECHIMjaTHE CUJIE, a Yhje Cy TeHEpaJIMCaHe CHUIIC
jennake (1.15). Kako Oum ce dopmupane gudepeHImjaaHe jeAHaYMHE KpeTarmba
MEXaHUYKOI CHCTeMa MO KHHEMAaTCKH HE3aBHCHMM KoopauHarama mohu he ce on
Jlarpamx-/lanam6epoBor npuniumna (1.6) [3, 4].Ilpumenom npunnmna Xepia-Xeaiepa

[15, 16],a carnacuo ca (1.30)moxe ce 3amucaTu:

re cy On” Bapujaluje HE3aBHCHUX KBA3MKOODAMHATA, TIPU YeMy ce (hOpMATHO MOKE

mucatn 70 =V?. Venen He3aBHCHOCTH CHHXpOHHX Bapujaumja o777  (OmHOCHO
on? £0), a ysumajyhu y o63up (1.16), (1.17), (1.30m (1.33), y3 kopumheme

: [2f
KOHTPaBapUjaHTHUX KOOPAWHATA WHEPIHOHOT METpHUKor TeH3opa G s , Tocne
cpehuBama 100ujajy ce audepeHIrjaaHe jeJHYNHE KpeTamba pa3MaTpaHor cucrema [1,

2]
VA =Gc%p,, (1.34)

rIe cy.
. - (op)
D@V 1) =Qy -5, ﬁ”f«‘% V'V, (1.35)

JIOK Cy TeHepallcaHe CWIe KOje OAroBapajy KMHEMAaTCKH HE3aBHCHMM KOOpAMHAaTaMa

IIPUKA3aHE Kao.

Qu (aV,1) =1, Q, (1.36)
14,2 T
mejeVz(v v ,...,vm) .

['enepanucane cuiie KOje OJroBapajy reoMeTpHjCKH He3aBUCHUM KOOpIWHATaMa

MOTYy Ce MPHUKa3aTH y OIIITEM CiIy4ajy y cieaehem ooauky [13, 14]:
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Qi(q,q't)z_g%"‘QW"'Qvar"' Q. (1.37)

['eHepanucane peakTHBHE CHJIE KOje HACTa]y YCiea Mpullajamba, OJHOCHO OJIBajara

YyecTuIla MOTY ce caja 1aTu u3paszom [13, 14]:

N ~
Q' (@.a.0)=> My % : (1.38)
e=1

Kako ce reHepanucaHe cuiie peakiidja HAMETHYTHX HEXOJIOHOMHHX Be3a (1.27) mory

3anucatu y cienehem o6nuky:

V
QM (a.a)= A, % : (1.39)

rae cy /\, JlarpamxeBn MHOXUTEJbU Be3a, TO OJroBapajyhe reHepaiancaHe CHIIE

peaKiifja HEXOJIOHOMHHX Be3a 0 KBa3HKOOpIHHATaMa, QC/,\ , Ha ocHOBY (1.27), (1.36M

(1.39)rnace:
O =tk QB+ =A, (8- §)=0. (1.40)

Ha ocHOBy oOBHMX jegHauMHa MOXeE ce€ 3ak/byuuTH fAa ce JlarpamxkeBu
MHOXKUTEJbU BE3a HE 10jaBJbyjy y AudEpeHIMjaHuM jeHaunHaMa kpetama (1.34),nma
je mpema TOME TMOCTymak ojapehuBama peakiidja HEXOJOHOMHHX Be3a IOTIYHO

pa3BOjeH OJ] OCTyIKa oapehuBama kperama cucTema.

Hudepennmjanne jemnaunne (1.34) npencraBibajy OONMK jeaHaYMHA KOju he
6utu xopuirhex 3a ogpehuBame OPaxUCTOXPOHOT KPeTarmka HEXOJIOHOMHOT MEXaHUYKOT

CUCTCMaA MPOMCHJBHUBEC MACC.
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IToraassbe 2

Peanu3zanuja OpaxuCcTOXPOHOT pPaBHOT KpeTama
HEXO0JIOHOMHOI MEXaHHYKOI CHCTeMa TMPOMEH/bHBE Mace
nomohy njaeanne X0JI0HOMHe Be3e OrpaHUYEHE pPeaKuuje

Y 0BOM TOINaBby  pa3MaTpa ce peatu3aluja OpaxHCTOXPOHOT KpEeTarba
HEXOJIOHOMHOT MaXaHHYKOI CHCTEMa, KOjH CE CacTOju O]l Tayaka MPOMCHJbUBE Mace,
noMohy uieanHe XO0JIOHOMHE Be3e OrpaHWYeHe peakiyje. [IpeTnocTaBiba ce 1a cuctem
BPIIU PABHO KPETamkE y MPOU3BOJHPHOM I10JbY CHJIA M J]a UM JIBE KHHEMATCKE HE3aBUCHE
reHepanucane koopaunate. [Ipu Tome cy mo3HATH 3aKOHHU MPOMEHE Maca Tayaka, Kao U
penaTuBHEe Op3WHE MpHIajarka, OJHOCHO O/IBajara YECTHIIA. 3a CKaJApHO YIPaBJbaHE
y3eTa je OrpaHHYeHa peakiifja XOJIOHOMHE Be3e. [IpobieM OpaxmCTOXpOHOT KpeTama
pemieH je, kopuinhewmem [loHTpjarMHOBOT TpHWHIIMIA MaKCHMymMa M TEOpHje
CUHTYJIApPHOT ONTHMATHOT YIPaBJbarka, Kao ABOTAYKACTH TpaHUYHU MpodsieM. Kako je
peakiivja Be3e OrpaHuueHa, UCIIUTAHU CY Pa3IMYUTH THIIOBU CTPYKTYpa YIIpaBJbamba O]l
CHHTYJapHUX 10 TIOTIYHO HECHHTYylIapHHX. LleJokymHa Teopwja WIyCTpOBaHa je
npuMepoM. PasMaTpama y OBOM IOIJIaBJby OCjlamajy ce Ha paid [2] u mpeacraBibajy

HBCTOB CBOj CBPCHH HAaCTaBaK.

2.1. IlocTaBka npodJema

[Mocmarpa ce paBHO KpeTame MEXaHMUYKOI cHCTeMa Koju ce cactoju on N
MaTepHjalHUX Tadaka, YHje j€ KpeTamke OTPAaHWYCHO JIMHEAPHUM, XOMOTEHUM

HEXOJIOHOMHUM Be3zama. Cama KoH(durypamuja cuctema neduHHcaHa je MmoMohy N

T
TreHEpaIMCaHUX KOoOpauHaTa (| = (ql, q2, qn) , KOje Cy HEe3aBHCHE y '€OMETPU]jCKOM

! 0Bo mornasibe 06GjaBibeHo je y paxy [1]
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CMUCITy, © Ha OCHOBY TOTa IOJIO)Ka] MEXaHUYKOT CHUCTEMa j€ jeIHO3HAYHO onpeheH.
Moske ce MpeTHmoCTaBUTH J1a CBE TayKe MATepUjaHOT CHCTeMa MOTY OMTH MPOMEHIbUBE

Mace, Ipu YeMy Cy 3aKOHHU ITPOMEHa Maca MaTepHjaTHUX Tadaka MO3HATH:
m, = my( 9, z=1,..., N, (2.1)

rae cy m,(t) menpexunne n mudepenunjaduinne ¢yHkiuje Bpemena. [Ipomeny mace

Tayaka Moryhe je OCTBapUTH MPHUIIAjarbeM HIJIM OJIBajalbeM YECTHIIA. TIPH YeMy je Taj
npoliec HEMpEeKUuIaH y MOCMaTpaHOM WHTEepBaly BpeMmeHa. Takole, cmarpa ce ma cy

NO3HATE U peslaTUBHE Op3WHE MpHIajamka, OHOCHO 0/IBajarba YeCTHLIA:

—rel _ -rel

vV, =V, (0,9,1), z=1.. N (2.2)

T
rae je q:(ql, q2,...,q“) BEKTOp TeHepanucaHux Op3uHa. KuHeTrnuka eHepruja

MIOCMaTPaHOT MEXaHMYKOT CHCTeMa je XOMOreHa KBajpaTHa (opma reHepaTHCaHHX
Op3uHa [3, 4]:

Tmaﬁ=%%dd, L j=1..,n, (2.3)

rac cy a,-j = qj (q, t) KOBapHjaHTHE KOOpJIMHATE HHEPIMOHOI METPUYKOr TEH30pa

(GyHKIIHMje TeHepaJlMCaHUX KOOpJMHATA W BpeMeHa t. Y OBOM IMOMIaBJbY HHICKCH
y3umajy cuneaehe Bpeasoctu: |, |.K,r =1...n;a,8,y,0=1,2;4,0=3,...,n. PaBHO
KpeTame pa3MaTPaHOT MEXaHHYKOI CHCTEMa OrpaHHYeHO je moMohy P uaeanHux

HC3aBUCHHX CTaHI/IOHapHI/IX HCXOJIOHOMHHUX XOMOI'CHHUX MCXAaHUYKHUX BE3a O6HI/IK3:
L\ .9 J.0 _
Y (a4)=¢" - & =0, (2.4)

rae cy dg =dg (q) bpoj p y3uma ce Tako ma Opoj cTemeHa cio0o0nIe KpeTama
MEXaHHYKOT CHUCTeMa Oyae M=n-p=2, ma je p=n-2. YjemHo M=2 mpeacraBba Opoj

a . .
KMHEMAaTCKH HEe3aBUCHUX FeHepallCcaHuX KoopauHata { Koje olroBapajy He3aBUCHUM

a
reHepaiucanuM Op3uHama ( . Ako ce yBeae M HE3aBUCHUX KBa3MOp3WHA VA , Ha
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ocuoBy (1.28) m (1.29), cBe reHepanucaHe Op3uHE q' Mory ce, y ckmany ca [3, 4],

NPEICTaBUTH Y OOJUKY:

rae cy c'ﬂ :C'ﬂ (q) HeNnpeKuHe (QYHKLHUje ca HENPeKUTHUM NPBUM H3BOJHMA Y

001acTH y K0joj ce pa3MaTpa KpeTame MEXaHHYKOr cucTema. Ymorpebom m3pasa (2.5),
U3pa3 3a KHHETHYKY CHEPrHjy HEXOJIOHOMHOT MeXaHH4Kor cucrema (2.3),y ckiaay ca

(1.31),100mja 06nmK XoMOreHe KBaapaTHe GpopMe 1Mo HE3aBUCHUM KBa3HOp3nHaMa!
* 1
T (V) :Eeaﬁv”vﬁ , (2.6)

[MocMaTpann MexaHMYKM cHCTEM Kpehe ce y MoJby MO3HATUX MOTEHIHjaTHUX
cuiia ca MOTSHIMjATHOM EHEepPrujoM koja je jennaka (1.14)u Ha MaTepujaqHH CUCTEM
JICJCTBY]y TIO3HATE HEMOTCHIMjalTHE CHUJIE, YHMje Cy TeHEpaMCaHe CHJIE H3paKeHe ca

npot

(1.15).Henorennujanse cuiie y 0BOM Ioriasjby he Ouru o3nadene ca Q, IpU 4emMy

y wux Hehe yhu ynpaBspauke cuiie 300T MpakTHYHHUjEr Aajber u3narama. Kao mro je
NpUKa3aHo y moriaBby 1 nudepeHnujamHe jenHaunHE KpeTama HEXOJIOHOMHOT
MEXaHUYKOr cuctema ¢opmupade cy, nomohy Jlarpamxk-/lanambepoBor mpuHIUIA
(1.16), y byHKIMjH KHHEMAaTCKH HE3aBHCHUX KoopauHata [3, 4]. Ako ce mpuUMeHH

npuniun Xepua-Xemiepa [5, 6], carmacuo ca (1.33)u (2.5)Mosxke ce 3amucaru:
oq' = dgan”. (2.7)

[pema (1.34),106mjajy ce qudepeHujaiHe jeqHaYNHE KPeTamba pa3MaTpaHor CHCTEMa
[2, 7]

r7e cy:

» _ ac) _
Aﬂ(q,V,t)zQﬂ—qjC'ﬂci{mii+F|J« cngV\f’. (2.9)

29



Ienepanucane cwie y wuspasy (2.9), koje oarosapajy KHHEMAaTCKA HE3aBUCHUM

KOOpJMHAaTaMa, y ckiafny ca (1.36)mpukasane cy Kao:

~%

Qp(aV.t)=csq, (2.10)
re je V =(v1, VZ)T.

OcuM TOra, TeHepalHMcaHe cuje KOje OAroBapajy Ir€OMETPUjCKH HE3aBHCHUM

KOOpAWHATaMa, y OIIITEM Cy4ajy, IpruKa3aHe ¢y y ciaeaehem oonuky [8, 9]:

Qf(q.q.t)=—%+q“p°‘+qvar+QC+ QM. (2.11)

['eHepanucane peakTHBHE CHJIE KOj€ HACTa]y YCiea Mpullajamba, OJHOCHO OJIBajara

YyecTulla aate cy uspasom [8, 9J:

N .
Q™ (@,q,0)= > m ¥ Bar% : (2.12)
z=1 aq

1ok cy yjemno QF = QC(t) - reHepanucaHe ynpaBibauke CHJIe, UMja je YKyIHA cHara

TOKOM OpaxHMCTOXPOHOT KpeTama jeTHaKa HyJIH:

Qiqu =0, (2.13)
npu uemy ce, carjiaco ca (2.5)u (2.10)mosxe 3amnucaru:

QSVY =0. (2.14)

I'enepanucane cuiie, yciieJ HAMETHYTHX HEXOJIOHOMHHX Be3a (2.4),MOTy ce 3amnucaTv y

cinenehem o0MKYy:

QM (a.9) =Agﬁ : (2.15)
oq

rae cy N\g JlarpamxeBu mHOXuTeBM Be3za. Camga ce moxe Ha ocHOBy (1.40), (2.4),

(2.10) m (2.15) 3axspyuntn na ce JlarpaHKeBH MHOXUTEJbM Be3a HE I0jaBJbY]y Y

30



nudepeHnjatHIM jeJHaunHaMa kpetama (2.8) ma je, xao mTo je Beh objammeHo y
nornasiby 1, mocrynak oapehuBama peakifja HEXOJIOHOMHUX Be3a MOTIYHO Pa3/iBOjeH

O]l TIOCTYIKa ofipeljuBama KpeTama CUCTeMA.

[TocTaBsba ce muTame peann3anyje KpeTama IPUKA3aHOT MEXaHUYKOT CHCTEMA.
Onrosop je HalleH y HakHAJHOM HaMeTamky HJCaTHE XOJIOHOMHE Be3e. HakoH
HYMEpHUKE UHTETpaluje nupepeHInjaTHIX jelTHaYlHa KpeTamba, uMajyhu y Buay na ce
panu O CUCTeMy ca JIBe KMHEMAaTCKM HE3aBHCHE T'eHepajcaHe KOOpAMHATE, KPEeTame
cHUCTeMa C€ MOXE OCTBAPUTH HAMETameM IJIATKUX BOhWIA jeqHOj Tayku dHje je
KpeTame 1mo3HaTo. be3 ryOuTka ommTocTu npobdieMa HeKa To Oyae Tadka S cucrema.
Ha taj HaumH OpaxuCTOXPOHO KpeTame jeé OCTBApEHO 0€3 yTHIllaja akTUBHUX CHJIa, IITO

je y CKJIay ca OCHOBHUM IPOOJIEMOM OpaxHCTOXPOHE TaUuKe y BEPTUKAIHO] PaBHHU.

Moxe ce cMaTparu Aa Cy 3a4aTc BpCAHOCTU I'CHCPAIIMCAHUX KOOpPJUHATA, Ka0 U

BPEIHOCT MEXAaHWYKE EHEepruje MEXaHHYKOT CHUCTeMa KOj€ OJroBapajy IOYETHOM

TPEHYTKY.
tp =0, q(tp)=do. (2.16)
T* (qO’V01tO)+ M (QO’tO) = Eo, (217)

Ka0 U BPEIHOCTH TeHEpAIMCaHMX KOOPAMHATA KOj€ OJAroBapajy KpajieM IO0JIOXKajy

MEXAaHHUYKOI CUCTEMA.
q(tf):qh (2.18)

rae ¢y Ep € R u t; € R. [Ipobrem OpaxucTOXpOHOT paBHOT KpeTama HEXOJOHOMHOT
MEXaHUYKOI' CHCTeMa IMPOMEHJBHUBE Mace, Uuje Cy AudepeHInjaIHe jeqHaunHe KpeTamba
nare y oonuky (2.8), cacroju ce y oapehuBamy reHepaarcaHuX yIpaB/baukKHX CHIIA
QF =Q°(t), xoje ce y oBOM ciyuajy cBojie Ha ojpeuBame peaKije HAMETHYTE
UjeaHe XOJIOHOMHE Be3e KOja y OIITEM Ccly4yajy MOXKe OWTH OrpaHHyeHa, Kao M

oArosapajyhux jennaunHa KpeTama cucrema gj = G (t), Tako 1a cucrem 3a Hajkpahe

BpeMe t; U3 moveTHor crama aedunucanor ca (2.16)u (2.17),npehe y kpajmbu 1mosoxaj

nedunucax ca (2.18).
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2.2. BpaxucToXpoHu npodJeM Kao 3aaTaK ONTHUMAJHOT YIPaB/bamha

[Ipukazanu OpaxMCTOXPOHH MpPOOJIEM MOXe ce (QopMylnucaTH Kao 3aJaTak

ONTUMAJTHOT YIIpaBJbarba YBOl)CHEM CKaapHOT yIpaBibarba U:
U=Rs (2.19)

rae je Rs mpojeknuja peakiyje HaMeTHYTE HJACalTHE XOJIOHOMHE Be3e y Tadyku S
MEXaHHIKOT CHCTeMa’. [Ipu ToMe je BEKTOp peakiivje Be3e, y3€BIIM Yy 003Wp aa je
YKyITHA CHara yIpaBJhauyKWX CHJIa Ha OpaXHCTOXPOHOM KpeTamy jeTHaKa HYIH,

neduHUCaH ca:

. Ve -Vl + Xg]
Rs s -, Ys sl

= U (2.20)
Vsl 5@+

riie je Vg BekTop Gp3une Tauke S, Vg Bextop 3a Koju Baxu |Vg| =|Vd, V4 ¥ ¢= 0. Kako

OW oJpearIi TeHepaIMCaHe YIPaBJbauKe CHIIC MOTPEOHO j€ OAPEIUTH BUPYTATHH Pal

peakiuje Bese:

e je Ofg =dXg +0Y g Bapujauuja BekTOpa Mojoxkaja Tauke S. Umajyhu y Buay na

Ce paJii 0 HEXOJIOHOMHOM CKJIEPOHOMHOM CHUCTEeMY Baxke cienchu uspasu [3]:

JXS =ZL?5C1',
q
0
dys=224d,
dq (2.22)
XS :aX_S_ J’
aq’
. _0Ys
Ys ‘LS-QJ-
aq’

2 Kao mrro je Beh ob6jammeHo, Be3a ce Hamehe HaKHATHO W HA Ta) HAYWMH JATH CHUCTEM 3aJipiKaBa MCTH
Opoj creneHu ciI000e KOjHU je UMao, a yrpaBJbauka CHJIa MEHha JISjCTBO PEaKIfje Te Be3e Y BHIY Bohuie
KOja ce MOKJIamna ca MmyTamoM Tauke S.
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Cana ce Ha ocHOBY (2.20), (2.21)u (2.22) Mory M3pa3uTu T€HEPATUCAHE YIIPaBJhAYKE

CHUJIC.

c_ g o _ 2.23
Q- =u ; > ; Z—UD(GLV), ( )
J(aqjq J [aqjq J

e cy e = = 9%s dys 9ys0X S Visumajyhu y 063up (2.10)cnenn:
aq! ad ad a4

QS = Dichu= g, (q,V) u (2.24)
JudepeHnujanHe jeHAYNHE TIPBOT pella Y HOPMAITHOM OOJIMKY, Y TEOPUJU ONTHMAITHOT

. n+l
yIpaBJbamha MO3HATE KA0 jeJHAUMHE CTamba, YBOhEmeM peoHoMHE KoopauHate =t

MOry C€ 3alucaTt Ha cnezxehn Ha4YUH.

¢ = fi@Vv,d"u=d, v,
qn+1 — fn+1(q,V,q”+1,u)E 1 (2.25)
=hy(aV,d*u= @@y, ™+ Fav,

rje cy:

| g e g g Ko ]WJ

da = Gaﬁ glg

(2.26)

Kperame pa3smarpaHor HEXOJOHOMHOT CHCTEMa OIKMCAaHO jeaHaunHama crama (2.25)

npecTaB/ba OpaXxMCTOXPOHH MpoOJieM, KOjH Ce cacToju y ojpehuBamy ONTHMAIHOT

CKaJIapHOT ympaBjbaka U W 0JroBapajyhux ONTHMAaIHHMX TpajeKTopHja Yy MHPOCTOpPY
i

crama ( (t), Tako 1a MEXaHWYKH CHCTEM M3 IMMOYETHOI CcTama oxapehenor ca (2.16) u

(2.17)npehe y kpajmu nonoxkaj (2.18),3a muaumanHo Bpeme. Onucanu mpodieM Moxe

ce u3pazutu nomohy ycnosa na ¢pynkuuonan [10]:
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J (q,v,q”+1,u) = [ dt, (2.27)
0

Ha uatepBany [0, t] wmMa MuHumanHy BpeaHocT. Kako OM mpoOjeM ONTHMAaTHOT
ylpaBjbatba OHO pelmieH HpuMeHOM IIoHTpjarMHOBOr MpUHIMIA Makcumyma [11],

dopmupa ce Xamuntonujan oorka Xamuiton-ITontpjarun [10]:

H (q,V ,qn+1,u,l,v) = -1+ A; VI + A d v, (+ E 0, (2.28)

rne cy 4 :()Il,/iz,...,/in+1)T, v :(l/l, VZ)T ook ¢y A (D]:[O,tf ] - R,
/1n+1(|:)]:[0,tf] -Rn v, (Eﬂ:[o,tf] — R cnpernyre npoMeHJbHBE, Ia CIIPETHYTH

cucteM audepeHInjaTHIX jeHAaYMHA UMa OOJIHK:

: J a a
A =—6—H=—A-a&v“—ua{ac ,od J

o od o of
/inﬂ:—%:—/lj aziélva_va(azcniﬁ%”:u} (2.29)
Vg = -Ac) —Va[£+ od” u}.
VAR VRV
Ha ocuoBy (2.28)Moske ce 3anucaT:
H (q,V,q”*l,u,z,v)z Ho +Hayu, (2.30)

r7e cy:

T W IV S b
Ho = -1+ A;chV7 + A+, &, (2.31)

Hl = Vada.

VY ommitem ciiydajy peakiifja uiearHe X0JIOHOMHE Be3e MOKe OUTH OTpaHUYeHA, a TUME

j€ OTpaHUYEHO U YIIPaBJbaAE:

lu<c, (2.32)
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rae je C orpaHuueme peaknuje Besze. llomTo ckamapHO yrpaBibambe JIHHEAPHO
¢urypuie y jeaHauyMHaMa CTamba, NMPHIMKOM pEIIaBamka HEONXOTHO je pa3MOTPHUTH
MOTYNHOCT IM0jaBe CHHTYJIApHUX peniema. OHa ce, y 3aBUCHOCTH OJ] MOTYNHOCTH Be3a
(momymITeHOT HHTEH3UTETa PeaKilrje Be3a) MOTY TIOjaBUTH Ha LEJIOM WHTEPBATY WU Ha

nojequHUM aenoBuMa. [Ipema Tome ynpaibame MOXe y3umartu cieaehe odmuke:

Using: H1=0
u—{s'”g ! (2.33)

B C*sgnH;, H;#0

rae je sgn()curaym ¢ynkuuja. Jlakie, HoTpeOHO je peluTH cuMyiTaHo cucteme (2.25)
u (2.29), npu yemy ce y 3aBHCHOCTH OJ] TpaHH4He BpeaHocTH C MOXKE IOjaBUTH
CHHTYJapHO peIIeHhe Ha I[eJIOM HWHTepBaly, KOMOWHAIMja CHHTYJIApHHX W
HECUHTYJapHHX pellema, Kao U penejHo ynpasbame (bang-bang). Y cayuajy
ylpaBJbamkbha IO3HATOI Yy TEOPUjU ONTUMAIHOT YIpPaBJbakba Kao CHUHTYJIAPHO
yIpaBJbame, OWIO Ja ce jaBjba Ha JIeJy OWJIO Ha I1€JIOM MHTEPBAIy, HEOMXOIHU YCIIOB

ontuManHocTd [TOHTpjarnHOBOT MPHHIIKIIA MAKCHMyMa uMa 00uK [12]:

oH
—=H, =0, 2.34
T (2.34)

OJIaKJIE CE€ CHHIYJIAPHO ONTHUMAJIHO YIPaBJ/bamke U HE MOXKE EKCIUIMIUTHO OAPEIUTH.
IIpema Tome 3axTeBa ce na Hp Oyne WMIOCHTUYKU jeHAKO HYNIHU AYX OINTHMAlIHE
TpajeKTopuje y mpocTopy crama. CHHIYJapHO ONTHMAJIHO yrpaBibame U oxpelhyje ce

[13] maspum qudepenmmpameM 1o Bpemeny (2.34)y3esim y 003up (2.25)u (2.29):

k
g?[%_ﬂ =0 k=012 . (2.35)

[Mpunukom oxapehuBama penamuja (2.35) nmpumenuhe ce dopmanuzam I[loacoHOBHX

sarpana [13]:
Hy ={Hy, H} ={H Hg +{HH}u=0. (2.36)

Y3eBmm y 063up (2.34)kao u na {Hy, Hq} =0 [13] nobuja ce:
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3 9H, oH, aHlaHoj
H.,Hnb = - =0, 2.37
{HHd 6%:1(63/50(9 7% oy @30

re ey Y=L Y (L f TV 0=(Ch AT 2

(M Ao Ani 1V 1V 0,) . Tassiim gupepenrupamem (2.37)106mja ce:

{H.Hg} . Ho} +{{H, Hg ,Hu=0. (2.38)

Ha ocHOBY Tora MOke ce M3pa3uTH CUHTYJIAPHO YIPaBJbamke Kao:

u= . (2.39)
{H.He} . Hy}
OcuM Tora yCIIOBH TPAHCBEP3aIHOCTH MOTY CE IIPHUKa3aTh y clieaeheM o0IuKy:
. t,
(had + At L+ vaAVa)‘ =0, (2.40)
0
o
(Hat)ls =0, (2.41)

rjae A([)] MpeCTaB/ba aCHHXPOHY Bapujanujy [3, 4] Beanuune ([)] Ha ocHoBy ycrnoBa
(2.34) mory ce wu3pasWTH CIpErHyTa NPOMEHJBHMBA V] Kao (YHKIMja CIPErHyTe

IIPOMEHJBUBE V5!

=, 9 (2.42)

Cana u3 jeqnaunna (2.37)y3umajyhu y 063up (2.31)u (2.42)moxe ce uspazuru [7]:

ZACAA ARV PV PR R TPSC (vy¢y—ﬁzc§d“—ﬁpc£d"), (2.43)

1
1
Cﬂdﬁ

re je:
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/4
¢V = od” Ve + od” d‘*l od Ca_acV . (2.44)
aq g ova AVl

Kako je modeTHH mooxaj MeXxaHuuKor cucteMa rnpema (2.16)oapehen cienu:

Kt)=0, Ad()=0, A ¢)=0 (2.45)

Axo ce y3me y 003up (2.45)u npuMeHH ce omepaTop aCMHXpOHE Bapujaiuje Ha (2.17)

MOXe€ c€ JOOUTH:

GtV (1)AV (1) =0, (2.46)

U Ha Kpajy, HakoH 3ameHe (2.42)u (2.45)y (2.40),mox ycioBoM Aa je CHHTYJIApHO

yIpaBJbabe y TOUYETHOM TPEHYTKY, A00Hja ce:

Vo (to)AV (tg) =V 5(t)) GtV (19AV (19 =0. (2.47)

Ha ocnoBy (2.45), (2.46)1 (2.47)ouuriaeano ce BHIU JIa CYy YCIOBH TPaHBEP3aTHOCTH
(2.40) u (2.41) y moueTHO] KOH(MUTYpaIllMjU CHCTEMa 3a0BOJBEHH. Y Kpajiboj
koH(purypaumju (2.18) MexaHHYKOT CHCTeMa BpeMe HHje MO3HATO M Ha OCHOBY TOTa

MPOM3UIIA3H YCIIOB TpaHCBEep3aaHOCTH U3 (2.41):

H(tf) =0, (2.48)
a kaxo semmumne V7 (t;) m qn+1(tf ) mucy ymanpen ompehene (AVY(t;)#0,
Aqn+1(tf ) #0), HapeqHH yCIIOBH TpaHCBEP3aTHOCTH A00ujajy ce u3 (2.40)

Ha ocHoBy (2.28), (2.43), (2.48k (2.49)moxe ce ycnoctaButu ciefcha 3aBUCHOCT y

AQHAJTUTUIKOM OOJIUKY:

Aot) = AV (1), 0" ) A 2 e (G ), (2.50)
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1 2 T 1
e ey V() = (V(t), V() w0 "ty ) =ty
Axo ce pa3maTpame OIpaHHYM Ha CHUHTYJIApHA YIpaBJbarba MPBOT pena IpH
qemMy je {{ Hl,HO} ’Hl} #0, y3 kopuriheme (2.42) u (2.43), CHHIYJIapHO CKaIapHO
ynpaBsbame Uging 13 (2.39)Moxke ce npukasatu y ceneheM o0mky:

Using = Using(a,V qn+1'/12 Az, AnVo) (2.51)

Taxolhe, Heonxoauu KemnmjeB ycioB ONTUMATHOCTH 32 CHHTYJIAPHO YIPaBJbamkbe MPBOT

pena aart je y oomuky [13]:

o d2[aH

[Tpumenom I[ToacoHoBUX 3arpaaa oBaj YCJIOB C€ CBOJIM HA:
K ={{Hy,He} ,Hg} >0. (2.53)

VY ciy4ajy HeCHHTyJapHOT ympaBsbama He Baxku (2.34) 1j. H#z0, ma

yIIpaBJbamkbe, OMJI0 Ha JeTy WM Ha 1IeJIOM HHTepBally (y Cllydajy peliejHOT yrpaBbamba),

nMa BpenHoct CsgnH;. Kako ne Baxu (2.34)cnenn na ve Baku HE (2.35)-(2.39)1a ce
He Moke u3pasutd Hu (2.43). U3 Tor pasnora y uspaszy (2.50) purypume u A(ts).

Takohe momro He Baxku (2.34) HM W3pa3 3a yCAOB TPAHCBEP3aTHOCTH Ha IMOYETKY

untepBaiia (2.47)ue Baxu Beh ce Ha ocHOBY (2.40)u (2.46)Moxe 3anucaT camo:

Vg (tg) =GtV (to)) AV (tg) =0, (2.54)

axaxo V7 (ty) Huje ynanpen oxpehero (AVa(to) #0) cnenu:

Ve (to) = G (to)V7 (1) =0. (2.55)

Tpeba HamOMEHYTH Ja j€ y Cy4ajy MOCTOjalka CUHTYJIAPHUX U HECHHTYIapHHUX

JielioBa OTPeOHO 3aJI0BOJBUTH YCIIOBE crpe3ama. OaroBapajyhu ycioBu 3a Cripe3ame
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u3Mel)y CHHTyIapHOT ¥ HECHHTYIApHOT Jiella EeKCTPEMAlHOT YIpaBibama, KOjU
IpEe/CTaB/bajy HEONMXOAHE YCIIOBE 332 ONTHUMAIHO CIIpe3ame, MOpajy OMTH 3a/10BOJbEHH,
mto je oapeheno Teopemom 1 u3 [7, 14]. Haume, ykonuko je 20 HajHUKH PeJ U3BOJA

o BpeMeHy (yHKUMje mpekuga H;p, Koju caipKu EKCIUIMLUTHO yIpaBibame U, U

u(® (r > O) HAJHIKU peJl U3BOJIa yIpaBibama U KOJU UMa IIPEKU1 y TPEHYTKY CIpe3amba

*

t, y ckmagy ca Teopemom 1 [7, 14], HeonmxomaH YCIIOB 3a cCHpe3ame H3Mehy
CHHTYJIAPHOT Y HECHHTYJIAPHOT JIejIa eKCTPEMAITHOT YIpaBibamka N3paXkaBa ce YCIOBOM
Ia je 30up Q+r Henmapas 1eo 0poj. Ykomuko je g=1 (ynpasspame npBor pena) u r=0 (u(t)
MMa MPEKU Y TaYKH CIIpe3ara), YCIOBH Cy 33JJ0BOJbEHH, TO he u OutH citydaj y oBle

pa3mMaTrpaHoM MpUMepy.

Takohe motpebHO je ucrahm na ce cMmammBameM Tpanune (2.32) cTpykrypa
yIpaBJbamkba Mema. Tako aa he kpo3 mpumep OMTH MOKYIIAHO J1a c€ 00jaCHU KaKo ce 3a

pasMuuTe BpeIHOCTH rpaHuile (2.32)Mory 10OMTH pa3InyuTe CTPYKTYPE YIIPaBbatba.

3amenoM (2.33)y (2.25) u (2.29) nobuja ce ABOTAYKACTH TPAHUYHU MPOOIEM
(TPBVP) ca 2n+6 HenmuHeapHUX [UBEPCHLUjATHUX jeIHAUYWHA MPBOT pena y
HOpPMaJTHOM OOJIHMKY. YClle[ HETMHEAPHOCTH Y OIIITEM CIIy4ajy HEONXO/HA je IpUuMeHa
omrosapajyhux nymepuukux wmeroma [15]. ¥V oBom pagy npumenuhe ce MeTon

norahama (shooting method).

VY cnydajy na Ha yhopaBibar€ HHje HAMETHYTO orpanudeme (2.32), oHO je
cuHrynapHo Ha 1enom wuHTepBany [0, t]. Merox morahama y oBoM ciydajy

HAjIIOJICCHUjE j€ W3BPIIMTH HYMEPUYKOM HWHTErpanujoM yHaszan onadbupom (n+1)
BpeHOCTH A | £1j #e (tf ), VI (ts ), t; , koje he 0Ge36EIUTH HCIYHEHE HCTO TONHKO
noueTHuX ycnosa (2.16)u (2.17).Bpennoct A (tf) oapehena je mpeko (2.43)3a t=t;, a

Ae(t §) u3 u3pasza (2.50).

VYKOIMKO TOCTOjU orpaHnyewe (2.32) HEONXOIHO je Pa3MOTPUTH H II0jaBy
JICIIOBa eKCTpeMaiHe Tpajekropuje Ha kojuMma je U(t)=CsgrHi u y oBoM citydajy mpBu
KOpaK Mpu peliaBaky je Ja Cce OJpPeAd CHHIYJIAPHO peliehe. YKOJIUKO je
U*=Using, makt)<C, OHZa je CHHTyJIapHO yIpaBJbabe U EKCTPEMAITHO. AKO TO HHUjE CITy4aj,

Tpeba WcnuTaTH mTa ce aorahja ca CTPYKTypoOM YIpaBibamka JaJbUM CHH)KABAHEM
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rpaHuiie ucrmoj U*, a cBe g0 ucnymema (2.32). [puiaukoM Tpaxkemwa pellickha
npernocraBuhe ce ga cy nmenoBu Ha kojuma je U(t)=CsgrH; tamo rie je CHHTryJIapHO
yIIpaB/barkhe Ha IEJIOM WHTEPBATy MPENUIO MPEeKo rpaHuiie. To ce MOXe JOroJuTH Ha

KpajeBuMa MHTepBaja Ui HerJe Y CpEeIuHHU.

YKOIMKO je CTpyKTypa ympaBbamba TakBa nga je U(t)=CsgrH, Ha xkpajy

unrepsana [0, t], onga ce meroma morahama cacroju y omabupy (N+1) BpemHOCTH
A iz(ts ),V (t; ), t; , koje he 0Be36eaUTH HCITYHbEHE HCTO TOTMKO MOYETHHX YCIOBA

(2.16), (2.17q (2.55).

VY Taukama crpesama y TpeHynuMma t* wucnymeno je (2.34) u (2.36), a Ha

CHHTYJIapHUM JIeJIOBUMa Tpeba u3BpiiuTh npoBepy Kenujepux ycnosa (2.53).

Hymepuuko pemaBame mpoOieMa MOXXE OWUTH HW3BPIICHO Yy MPOTPaMCKOM
nakety Wolfram Mathematicd16] y asa kopaka. Y mpBoM KOpakKy yCIIOCTaBJbajy Ce
HYMEpUYKE pellalyje y BUAy CUCTeMa jeIHaYMHa Yy KOjUMa Cy BPeIHOCTH Koje ce Oupajy
Hero3Hare. [IpuiarKoM ycrnocTaBibama OBHX penaiyja kopucte ce pynkiuje NDSolvé)
u First[]. ¥V npyrom kopaky ompelyjy ce Hemo3HaTe rpaHHYHE BPEAHOCTH MPUMEHOM
¢yukuuje FindRoof]. Hakon oapehuBama oxaroBapajyhux TIpaHHYHHX BpPEAHOCTH
pemaBa ce cucreM audepeHIHjaTHUX jeqHadnHa npuMeHoM Qyakumje NDSolvE].

Tume je natu mpobsiem perreH mTo he OUuTH MpUKa3aHO HA IPUMEPY.

2.3. Hymepuuku npumep

3a mpuMep je y3eT HEXOJIOHOMHU MEXaHWYKU CHUCTEM KOjH YMHE JIBE MaTepUjaTHE TauKe
A u B mnpoMeHpMBE Mace, KojuMma je, MOCpPeACTBOM YaluIMTHHOBUX CEYHBA
3aHEMapJPUBUX Maca, HAMETHYTO OTpaHUYCHE KpeTama y BUIY YIPABHOCTH Op3uHA,
mro ce Buau Ha ciuiu 1 [17, 18]. Y mpBoM Kopaky, a ycien JajbMX pa3MaTrparba,
Hamehe ce yBohemwe nBa JlekaptoBa pedepeHTHa KOoOpauHaTHA cucrema. IIpBu,
HEMOKpeTHU KoopauHaTtHU cucteM OXYZ umja ce kKoopAuHaTtHa paBan OXY mokiamna ca
XOPU30HTATHOM pPaBHHU KpeTama CUCTeMa, W JPYTH, TMOKPETHU KOOPIWMHATHH CHCTEM

Bén{, unju je KOOpIWHATHU TOYETAaK BE3aH 3a TauykKy B cucTeMa, a IpH YeMmy ce
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KOOpAMHATHAa paBaH B¢y moknama ca paBau OXy. Ilopen Ttora, oca mHOKpeTHOT

KoOopAMHATHOT cucreMa BE onpehena je mpasuem BA, omnocHo AUBE. Jenuuuunu

—

BCKTOPH OCa IOKPETHOI KOOPIMHATHOT cuUCTeMa Cy A,[ W V, PECHEKTHBHO.
MartepujanHe Tauke mpoMeHJbHBE Mace A U B mehycoOHO cy crojeHe MeXaHU3MOM
3aHeMapJbMBE Mace THWIla ,BUJA“, KOJH J03BOJbaBa Ja C€ pacrojame m3Mehy Tadaka

Mema, Tj. BA = &(t).

15 45 -
1.0 ]

I YamuriHOBO CEYHBO |

05" ]

E 00 ]
> i |
-0.5- ]
-1.0+ ]
-1.5 L YaIuINTHHOBO CEUHBO B ]
00 05 10 15 20

x [m]

Crnuka 2.1.Hexon0HOMHU MEXaHWYKU CHCTEM IPOMEHJBMBE Mace U TPajeKTOPH]je

Tayaka 4 u B.
Kondurypanuja mocmarpanor cuctema neduHucana je mnomohy JlarpamkeBux

-
L d? q° 4) , TIe cy qlé X " q2 £y JlekapTOoBE KOOpIAHMHATE

KoopauHarta q:(q 97,07, g

Tauke B, q3 £ ¢ yrao usmeljy oca OXu B¢ u q4 £ £ penaTMBHA KOOpJHHATA Tauke 4 y

OOHOCY HAa MOKPETHU KOOPJAUHATHU CUCTCM.

[Ipomene maca Tauaka 4 u B 3anare cy y ciaeaehem o0mky:
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ma (1) = e,

_kBt

(2.56)
mg (t) = mye

riue je Mp Maca tayaka 4 ¥ B y O4eTHOM TpeHYTKY, a Ka u Kg onmpehene mozutuBHE
KOHCTaHTe. VIHTEH3WTEeTH penaTMBHUX Op3WHA OJ/IBajaba YecTHuiia oj Tadaka A u B

KOHCTAaHTHHU Cy B MelyycoOHO jeTHaKu:

rel

IRETERT (2.57)

. —rel ky -
r7e je V; ogpeheHa mo3uTUBHA KOHCTAHTa, a Vp = —VM~ Vg =V\U.

[lpema orpanuyemy Kperawma Tauaka A u B cucrema, a y ckmagy ca (2.4),

HCXOJIOHOMHE XOMOI'CHC BE3C MOI'y CC 3alliMCaTu Ha CJIC,Z[GhI/I Ha4YHH:

v =qteos@® )+ g2 sin@®)= Q

(2.58)
4_ A3\, 52 3 4.3 _
Y =-q'sin(@”)+g-cos@’)+qg =0
3a He3aBUCHE KBa3HOp3UHE y3eTe cy Op3uHe Tayaka A u B:
1 4
V==Vp=(q",
A= (2.59)

V2 =\jg = gtsin(c?)- P cos(c®)

Cana ce, nmpema (2.5), (2.58m (2.59),cBe renepanucane Op3MHE MOT'Y U3Pa3UTH IIPEKO

HE3aBUCHHUX KBa3MOp3MHA!

q*=sin(@*)v?,
q2 = —cos(q3 )\/2 ‘

1 2.60
@ = —4V2, (2.60)
q
gt =Vt
Kunernuka enepruja cucrema, npema (2.6),3anucyje ce y cinenehem o0nuky:
T =2 (maVh + ms ). (2.61)
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VY Tauku C cucteMa HaMETHYTA j€ UIeaIHa XOJIOHOMHA CTallMOHAapHA MEXaHUYKa Be3a y

BUY IVIATKUX BOhHMIIA Ma je yIpaBJbamke OCTBAPEHO 0€3 aKTUBHUX YIPABJbAYKUX CHIIA,

TIOCPENCTBOM peakuuje Bese R, MPH YeMy je Be3a M3BEleHA TakO 1A je 3aI0BOJbEH

yenoB Re Dl = 0 npu 6paxucToXpoHOM KpeTamby. [Ipema ToMe uHHja myTambe BohuIie

MoKJIara ce ca JUHUjOM myTame Tauke C, Koja ce Hama3u Ha mpaBny 4B, ma cy

napameTapcKe jeTHaurHe JIMHH]e Bohulle 3amare y cienehem o0IuKy:

xc (1) = q1+(q4—E)cos(q3),

K (2.62)
ye (t) = +(q4 —AC)sin(qs)-

Cama ce Ha ocuoBy (2.8)-(2.15), (2.19), (2.23), (2.24)(2.56)-(2.62)mory dbopmupaTh

nudepeHnjaHe jeTHauYnHe KpeTamba CUCTeMa.
ACV2u
)2 2’
mA\/( ACVZ) +( q4\/1)
ACVu

oy (A0 +( V)

Vi=cl+ dlu= kg y +

(2.63)

V2=c?+d%u= Igy -

Haxon Tora mMoxe ce yBeCTH peOHOMHA KoopauHata u momohy (2.60)u (2.63)
moxe ce oapenutu (2.28)u (2.29),kao u cBe ocraje MoTpeOHE BEJIMYMHE Kako OU ce

pEeIIno MpeaCcTaBJbeHHU MPOOIIEM.
3a moueTHe U Kpajibe yciose (2.16), (2.17u (2.18)y3ero je:
=0, a't))=0, 4*(o)=0, &°)=0, a*Go)a,

T (10) +11(to) =5 [ maCt0) A1)+ ma( 9 \B( B) = B (2.64)

qit;)=2a, ¢’(t)=-15a, (& )=7/2, q*¢ F 2

Pememe npobnema, kopuctehu onMcaHW HYMEPUUYKU MOCTYIAK y MPETXOTHOM

0J1eJbKY, Hal)eHo je 3a cienehe mapametpe:
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kg m?

82

EO =100

, a=1m, kA= 01%1 sz 0’2% (265)

v, =2o%, mp = 100kg, AC= 1/3m.

Kako ce y cTBapHOCTH HE MOXKE OCTBApUTH Be3a Ca HEOTPAHHMUYCHOM PEaKIHjoM
y MPUMEPY j€ UCITUTAHO KAKO Ce CTPYKTypa CKaJapHOT YIIPaBJbakha MEHha Ca CMAHCHEM
orcera OrpaHUYEeHa peakiuje Be3e. HakoH CIopoBeaeHOr HYMEPHYOr IOCTYIKA
nobujajy ce pemiema cucremMa AudepeHIdjaTHuX jeIHaYMHa KpeTamba CHCTeMa, Kao |

CIPETHYTOT CUCTEMA Y HYMEPUUKOM OOJIUKY:

q), @, o0, o', Vi), VAD,

(2.66)
A(t), Axt), A3t), A4t), v4), vot),

Kao0 M BpeMe OpaxHMCTOXpPOHOT KpeTama tf, m oaromapajyha Bpemena t; m t koja
OJIrOBapajy NpeKuauMa The J0ja3d OO0 CIpe3ama CHHTYIAPHUX M HECHHTYJIAPHUX

ynpassbama. Ha ciunum 2.1 nare cy Tpajexkropuje Tauaka A u B.

TaGena 2.1.Hymepuuka periersa TPBVP npu npomenn orpannyema peakiuje Be3e

*
IRTINL 44 vifmid  V[mid  e[s/m]  J[d t[d Ll
1 >1657,38 0,70928 5,677637 6,074301 0,019224 g6 / /
2 1630 0,70928 5,677809 6,074164 0,019217 0,09640132072 0,017985

3 1604,96 0,709281 5,678575 6,073552 0,019184 82196 0,160024 /

4 1400 0,709375 5,736696 6,027092 0,01334 0,10823814127 /
5 1327 0,709494 5,806047 5,97074  0,004958 0,123713,378098 /
6 1300 0,70956  5,84072  5,942111 0,000717 0,133814664886 0,407962

7 124255 0,709782 5,905594 5,887498 0,05321 0®P310,524526  /

VY Tabemun 2.1 nate cy BpenHOCTH HenocTajyhux rpaHUYHUX BPEIHOCTH 32

paznuuuTe BpeaHOCTH orpannuema (2.32).[Ipu Tome ce jacHO BHUIM Ja TIPU CMAmbCHy
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oricera orpannyema (2.32)nonasu a0 nosehama BpeMeHa OpaXUCTOXPOHOT KpeTama tr,
nosehama Op3uHe Tauke 4 U cMmamema Op3uHe Tauke B. Bpemnoctu 1 oaromapajy
OTpaHHYey TPU KOME je Ha IeJIOM HMHTEepBaly KpeTama CHHIYJIapHO YIPaBJbame.
Bpennoctu 2 oaroBapajy orpaHuuerny Ipu KOME C€ jaBjba CTPYKTypa THUIIA CHHTYJIAPHO
- MHUHHUMAQJIHO - CHHTYJIApHO YyIpaBibambe€. OBAaKBO yIpaBbambhe BAXKU O CMambCHA
TpaHUIIe 10 BPEIHOCTH 3, KOj€ MPEeICTaBIbajy TPAaHUYHY BPEIHOCT IPU KOjO] UIlIYe3aBa
jeTHO CHHTYJIapHO YIpaBJbame 11 j€ CTPYKTYpa yIpaBibakba MUHIMAIIHO - CHHTYJIapHO,
a TakaB THUII yIpaBJbamka UMajy U BpeaHocTu 4. Bpennoctu 5 oarosapajy orpanuuesmy
peakiiuje Be3e, Koja MpecTaBiba IPaHUYHy BPEIHOCT IIPU KOjOj CE jaBJba OTPaHUYCHE U
ca TOpIle CTpaHe U TUME MOYUEbE CTPYKTYPa MUHUMAIIHO - CHHTYJIAPHO - MaKCUMAJIHO
ymnpasibame. OBaj THI YHpaBbama jaBjba CE M TPH JaJbeM CHIDKEHBY T'paHHIE
MpUKa3aHo BpenHOCcTUMa 6. BpeaHoctu 7 oaroBapajy orpaHudemy Koje 0roBapa HOBO]
TpaHUIM TpPU KOjOj HINYE3aBa M JPYTU /€0 CHUHTYJApHOT YIpPaBJbamka I1a UMaMo
CTPYKTYpPY YIIpaBJbatba MUHHUMYM - MaKCUMYM, KOja C€ jaBjba U HUKUM BPEIHOCTHUMA
rpaHHuIle peakiuje Be3e. JlaJbuM CHIKEHhEeM IrpaHuIe 3a oapeheHy BpeaHOCT A0a3u 10

CTPYKTYpE PEJICJHOT YIpaBJbama.

1000 -

500

E I 1
s I ]
-500 -

-1000 - y

-1500 | e :
00 01 02 03 04 05 06 07
t[s]

NN bR~

Cnuka 2.2.T'paduk yrnpasibama U(t)
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Ha cmumu 2.2 natu cy rpadunu ympaBibama 3a oAronapajyhe BpeIHOCTH U3
Tabere 2.1. Ha cmumm 2.3 1aT je ynmopeasy rpaiuky NpHUKas BPeIHOCTH Op3una V' i
V? 3a HEKOIHKO pa3IMYUTUX BPEIHOCTH TPaHUIIA PEAKIMje BE3E KOje OIroBapajy

OpojeBuma u3 tadene 2.1.

00 01 02 03 04 05 06 07 046 048 050 052 054 056
t[s] tls]

00 01 02 03 04 05 06 07 046 048 050 052 054 056
t[s] t[s]

Cnka 2.3.T'padurm 6psuna V! u V

Ha ciuum 2.4 nar je ynopeanu mpukas ¢yHkuuje Hp, Tako3BaHe (yHKIHje
npekuga (Switching function)sa HeKOJIMKO BpPEeIHOCTH OrpaHHYCH-a PEakKiihje Be3e.

Tume ce BuIU HcnymeHOCT u3pasa (2.33).
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Cnuka 2.4.T'paduk ¢pyHkumje npexkuna Hy
Kako je ympaBpame y OBOM INMPHMEPY CHHTYJIApHO YIpPaBJbale MPBOT pena
notpebHo je 3amoBosbutH KenujeB ycmoB ontumanHoctu (2.53). Ha couru 2.5 nat je

3aKOH npomMeHe (pyHkuuje K 3a pa3ianuuTe BPeIHOCTH OIpaHUYeH-a BE3e /1€ ce BUIU Ja
je KenmjeB ycioB ONTUMAITHOCTH UCITYEHCH.
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0.00001

5.x107°
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Cnuxa 2.5.TlotBpaa KenujeBor ycinoBa onTUManHOCTH
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IMoraas/be 3

Peanu3zanuja OpaxucToXpoOHOI KpPeTama TeJia IPOMEH/bUBeE
Mace momohy nenrpouaa

YV O0BOM IOMIABJBY pasMaTpa Ce pealusalija OpaxHCTOXPOHOT KpETamba
MaxaHUYKOI CHCTE€Ma, KOjH C€ CacToju OJ CJIOOOAHOT KpYyTOI Tela W Tadaka
POMEHJbHBE Mace, moMohy ujaeanHe Be3e y oONuKy meHTpouaa. [Ipermnocrasiba ce na
CHCTEM BpIIM PAaBHO KPETame y MPOW3BOJAHOM TOJbY CHJIA W Jla UMa TPH CTEleHa
cnobone. [Ipu ToMe cy mo3HaTH 3aKOHU MPOMEHE Maca Tauaka, Kao ¥ pelaTuBHE Op3uHe
npuIiajama, OJHOCHO OJ/iBajarba dYecTHIa. Peakmuje Be3e ICHTPOHAA H3PAKEHE CYy
nomohy reHepanucaHuX ymopaB/baukux cuia. [IpobreM OpaxuCTOXPOHOT KpeTama
pemeH je, kopuinhewmem I[loHTpjarMHOBOT TpHWHIIMIA MaKCHMyMa M TEOpHje
CUHTYJIADHOT ONTHUMAIHOT YIpaBJbakha, KAa0 JABOTAYKACTH TPAHUYHH TPOOIEM.
Pesynaratu Teopuje WIYCTpOBaHU Cy MPUMEPOM, TN jé HCHUTAHO KaKO IMPOMEHa
MOYETHE CEHEPIHje CHCTeMa YTHYe Ha HOPMAJIHYy PEaKIMjy Be3e¢ U THME Ha MOTpPeOHU
KOCUIIMjEHT Tpeha KOTpJbamba. PasmMarpama y 0BOM IOTJIaBJbY OCIamajy ce Ha paj [2]

U TIPE/ICTaBJbajy HETrOB CBOjeBPCHU HACTABAK.

3.1. locTaBka npodiaema

[TocmaTpa ce paBHO KpeTame MEXaHWIKOT CUCTeMa KOjH YWHE CI000IHO KPYTO

teno u N maTepwjaTHMX Tadaka KpyTo Be3aHux 3a Teno. Kondwurypamuja cucrema
: 1 2 3\
onpehena je momohy TpHu TeHepalrcaHe KOOpIUHATe q:(q , g ,q) , Koje cy

TEeOMETPHjCKM HE3aBUCHE, Na je Ha OCHOBY MMX JEJHO3HAYHO onpeheH Mooxkaj

% OBO IOTIABIBE TPEICTABIBA IIPOIINpPEELE paja [1]
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OCMAaTPaHOI MEXaHUYKOI cucrema. be3 rybutka ommroctu mnpobiiemMa MoOXe ce
cMaTpaTd Jia Cy CBE Tauke MaTepHjaJIHOr CHCTeMa IPOMEHJbHMBE Mace, Kao U Ja Cy

3aKOHM ITPOMEHA Maca MaTepHjaTHUX Tayaka MO3HATH:
ms = my( 9, s=1.., N, (3.1)

rae cy mg(t) HempexkunHe u nudepeHunjabunne QyHkuuje BpemeHa. [Ipomena mace

OCTBapyje ce MpHIajalkeM WM OJ[BajabeM YeCTUIla, U IIPU TOME, IIPETIOCTaBKa je Jia ce
Mpoliec MpuIiajamkba, OJHOCHO Of[Bajarba YECTHIA OJBUja HEMPEKHIHO y MOCMaTpPaHOM

MHTEpPBaly BpeMeHa.

[Tpo6GsieM je mocMaTpaH, Kao M 'y MPETXOJHOM IOIJIaBJby, TaKo Ja Cy pelaTUBHE

Op3uHe MpHIajama, OJTHOCHO 0JIBajaba YeCTUIIA TTO3HATE!

v =v®q9,9, s=1.. N (3.2)

T
e je q:(ql, q2, q3) BEKTOp TreHepaimcanux Op3mHa. KuHeTnuka eHepruja

IOCMAaTPaHOT MEXaHWYKOT CHCTEMa jeé XOMOTeHa KBaJpaTHa (opma TeHEepauCaHUX

Opsuna [3, 4]:
1 . P,
T=1add, L =123 (33)

rac cy a,-j = qj (q, t) KOBapujaHTHE KOOPIMHATE HMHEPLHMOHOT METPHUUYKOI TEeH30pa

¢yHKIIMje TeHepalucaHUX KOOpAMHATa U BpeMeHa t. Paznor ToMe je mocrojame Tauyaka
npomensbBe Mace (3.1) Koje ce Mopajy y3eTH y pa3marpame. MHAekcH y OBOM

noryaBjby umajy cieache speanocru: i, j,K,r,0=1,2,3 a, =1, 2.

Kao mro je mpukazaHo y moriasiby 1, MOXke ce cMaTpaTd Jia ce€ IMOCMaTpaHu
MEXaHWYKHA CHCTeM Kpehe y MoJby MO3HATUX MOTEHIIMjATHUX CHJIa ¢a TIOTCHIIN]aTHOM
eneprujom (1.14) u ma Ha cHCTEM J€jCTBYjy IO3HATE€ HEMOTCHIMjadHE CHIIe, ca
nedunucannM renepanucanuM cwiama (1.15). HermoreHuujanHe cuiie y OBOM MOTIIABIbY
he Outu o3HaueHe ca QinpOt npu 4yemy y mux Hehe yhu ympasibauke cuie 300r

NpakTUYHUJET Jajber u3jarama. J(udepeHnujanHe jeaHaylMHe KpeTamba MOoCMaTpaHOr
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MEXaHMYKOT CcHUcTeMa (OPMHPAjy ce y (YHKIMjH TeHEpalUCaHUX KOOpAMHATA Q'

nonazehu oz Jlarpanx-/lanamOepoBor NpUHIIKMIIA KaKo je MpUKa3aHo y noriaspy 1 [3,
4], u mocne cpehuBama n00Mjajy ce jeHAUYMHE KpeTama pa3MaTpaHor CHCTEMa Yy

KOBapHjaHTHOM 00uKy [2]:
apd) +Me dd = Q) (3.4)

rae, Ha ocHoBy [3], Kpucrodenou cumboiu npBe BpcTe MMajy BpeaHoct kao y (1.19),

. . i
a TEHEpallMCaHe CUJIE KOj€ OAroBapajy NeHEepaliCaHUM KOOpAMHAaTaMa ( y OINIITEM

cllydajy mpuKasase ¢y y cieachem oomuky [5, 6]:
. AL npot var c
Qi(q,Q.t)—‘ﬁ"‘Q POty Qvar+ Q¢ (3.5)

I'enepanucane peakTUBHE CcWiIe Yyciel INpulajamba, OJHOCHO OJ(Bajamba YecTUla

3anucyjy ce y cienchem oonuky [5, 6]:

N aF.
Q™ (@.a=Y mye s (3.6)
s=1 aq

nok cy yjenno QF = QY(t) - remepanucane ynpasibauke cHiie, YMja je YKylTHA cHara

TOKOM OpaxHCTOXPOHOT KpeTama jeHaKa HyJIH:

Qiqu =0. (37)

Cama ce Moxe A00WMTH KOHTpaBapHjaHTHU OOJUK JudEpeHIjaTHUX jeIHAaYnHA
KpeTamba MHOXCHEM JIeBE U JIeCHE CTpaHe cBake oja jeanauwna (3.4)

0

KOHTPABAPHjaHTHAM KOOpMHATaMa a'’ 1 cabupameM 110 HHIEKCY i

§+ridd =, (3.8)
e cy:
Q° =d"Q;, (3.9)

reHepaINCaHe CUJie y KOHTPaBapHUjaHTHOM OOJIHKY.
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IlocraBiba ce muTame peanus3almje OpPaxUCTOXPOHOT KpeTama HpPUKAa3aHOT
MEXaHMYKOT cHucTema. buhe wucmurana moryhHocT peanu3anuje OpaxUCTOXOPHOT
KpeTama MEXaHHYKOT CHCTEMa MPOMEHJBHBE Mace MOMONY IEHTPOUAA - KOTPJbAHkEM
pyiere mo Oasm 0e3 kim3ama. Ha ocHOBY mperxomaHo oapeheHor OpaxucToXpoHOT
Kperama, Moryhe je jeaHO3HauHO OnpeauTH 0a3y M py/leTy, Kao U HOPMajHy H
TaHTEHIMjaJIHy KOMIIOHEHTY peakuuje. Ha ocHOBY mHX, a OM OBaKBO KpeTame OMiIo
Moryhe, Moke ce oapeauTu u ycioB 3a KymoHoB koeduriujeHt tpewa. Ha Taj Haunmn
OpaxHCTOXPOHO KPETamkhe MOXKE C€ OCTBAPUTH O€3 yTHIlaja aKTHBHUX CHJIA, IITO j& Y

CKJIaJy ca OCHOBHUM IPOOIEMOM OpaxMCTOXPOHE TaUKe Y BEPTUKAIHO] PABHHU.

Heka cy 3amaTe BpEeIHOCTH TE€HEpAJMCAaHMX KOOPJIWHATA, KA0 M BPEIHOCT

MEXaHUYKe EHepruje MeXaHMUKOI CUCTEMA KOj€ OJIroBapajy MOYeTHOM TPEHYTKY:
to =0, alto)=do. (3.10)
T (do.Go0.to) * M (do,to) = E o, (3.11)

Ka0 W BPEIHOCTH TEHEpaIMCAaHUX KOOpJWHATAa KOj€ OATOBapajy KpajleM I0JI0XKajy

MEXAaHHUYKOI CUCTEMA.
alte ) =ar, (3.12)

rae cy Ep € R u t; € R. IIpobGnem OpaxucToXpoHOT KpeTarkha MEXaHHUYKOT CHUCTEMa

IPOMEHJbUBE Mace, urje ¢y AudepeHInjalHe jeIHaunHe KpeTama aare y oonuky (3.4),

cactoju ce y oxpehuBamy renepanucanux ynpasbaukux cuna QF = QY(1), xao u

onroBapajyhux jeqHaunHa KpeTama CHCTEMa qi = qI (1), Tako nma cucreM 3a Hajkpahe

BpeMe t; 13 moueTHOr crama aepunucanor ca (3.10)u (3.11),npehe y kpajiu m0I0%Ka]

nedunucax ca (3.12).

3.2. BpaxucToXpoHu npodJeM Kao 3aaTaK ONTUMAJHOT YIPaB/bakha

[Ipukazanu OpaxHCTOXPOHH MpPOOJIEM MOXe ce (QopMylucaTH Kao 3ajaTak

ONTUMAJIHOT yIIpaBJbamkha YBOhEeHeM yrpaBibama U;:
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u=Q° , (3.13)

rae cy QF remepanucane ympaBibauke cuite. Kako TOKOM GPaxXHCTOXPOHOT KpETarba

BaxkH (3.7),MOKe ce M3pa3uTH jeTHO YIPaBIhakbe MPEKO OCTAIIHX !

"

u __Upq

3~ 3
q

(3.14)

HeonxomHo je 3anucatu qudepeHnnjagne jeHaunHe MPBOT Pela y HOPMAITHOM

00JIMKY, MTO3HATE Ka0 jeTHAaYMHE CTamka Y TEOPHUjH ONTUMATHOT yIpaBibamka. Ha ocHOBY

(3.5), (3.8), (3.9), (3.13u (3.14), ka0 u yBOhEeHEM PECOHOMHE KOOPAUHATE q4ét

nudepeHnnjaHe jeqHavYuHe Ce MOTY M3pa3uTH Ha cieaehu HauwH:

¢ = f(@ p.g*u)=p,
% = f4(q, p.a%u)=1, (3.15)
p° = gs(a p.du)= € @p, )+ F@p, )y,

rje cy:

Cdz_rgquqr + d’d _a_l_!+ anot+ q?var ,
aq
J (3.16)

daa{ aa_asap_a _
p3

BpaxucToxpoHu mpobieM KpeTama pa3MaTpaHOT MEXaHHMYKOT CHCTeMa OTHMCaH

jennaumHama ctama (3.15), cactoju ce y onpehuBamy ONTUMaTHHX yIpaBibawkba U, U

oJroBapajyhux onTUManHuX TPajeKTopuja y IpOCTOPY CTama d (), Tako Ja MeXaHHUKH

CHCTEeM M3 ToYeTHOr crama ojipehenor ca (3.10)u (3.11) mpehe y kpajimu moa0XKaj

(3.12),3a MUHHMAIHO BpEeME IITO CE MOKE MU3pa3uTH moMohy ycioBa aa (pyHKIIHOHAI
[7]:
tf

J (q, p,q4,u) = I dt, (3.17)
0
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Ha uHTepBany [0, t] mma mMuHHMManHy BpemHocT. Kako Ou mpoGiieM onTHMaHOT
ylpaBjbatba OHMO peElmIeH NpuUMEeHOM [loHTpjarMHOBOT NpWHIMIA MakcuMmyma [8],

dopmupa ce ITontpjarnaoBa pyHkiwmja [7]:

H (q, p,q4,u,,1,v) =1+ A p + A" v (P + Ty, ), (3.18)

TAc Cy /1:(/11,A2,A3,A4)T, \4 :(Vl, V2,V3)T HOK Cy /1i (I:)]:I:O,tf ] — R, A4(D] :[O,tf ] - R

51 Vd(E):[O,tf] - R cmperHyre nOpoMeHJbHMBE, IIa C€ CIPErHyTH CHCTEM

nudepeHnjaTHuX jeJHaYrHA MOXKe 3anucath y cieaehoj hopmu:

. oH _ [ac® oad?®
AI =E-—="Vy5 —+ Uy |

o od  od
A :_a_H:_V £+@U (3.19)
: aq” d gt agt ) '

V.:—a_H:—/t—V £+ada5u
' op log g 7J

Ha ocHoBy (3.18)moxe ce 3anucaTu:

H (q, p,q“,u,z,v): Ho+H%,, (3.20)

rje cy:

Ho = -1+ A4 p' + 440" +v5¢,

(3.21)
H a - Va’dad.

Kaxo ynpapspama mnHeapHo (purypuiny y jeIHadynHaMa CTama, TaKaB Cydaj Ha3uBa ce
CHUHTYJapHU Yy TEOpUjU ONTHUMAIHOT YyIpaBjbama. Talna, HEONXOJHH YCIOBH

ontuManHocTH [IOHTpjarnHOBOT MPHHIMIIA MAKCUMYyMa uMajy o0uk [9]:

H _pa_o (3.22)
ou,
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U3 jennaumnna (3.22)je ouMIIIEHO Ja CE CHHIYJIapHA ONTUMAalHA ynpaBibama U, HE
MOT'Y eKCIUTMLIUTHO opeauTu. Jlakie, 3axTeBa ce na H, Oyay UICHTUYKHU jeTHAKH HYJIH
Iy’K ONTHMAITHE TPajeKTOPHje Y MPOCTOpPY cTama. CHHTyIapHa ONTHMalIHA YIpaBJbamba
U, ce oapehyjy [10] nasbum mudepennmpameM mo BpemeHy (3.22) y3eBiin y 003up
(3.15)m (3.19):

dk[aH

—|=—1=0, k=0,12,... 3.23
dtk aua} ( )

[Mpunukom oxppehuBama penammja (3.23) npumenuhe ce dopmanuzam I[loacoHoBHx

3arpaza [10]:
H"’:{H”,H} :{H",HO} +{H”,Hﬁ} ug =0. (3.24)

V3eBmmwm y 003up (3.22)Kkao U aa 3a BUIICIAMEH3HOHA CHHTYJIapHA yIIpaBbarba BaKU

{H“, Hﬁ}:O [10] no6wuja ce:

7 (9HY 0H, OH? oH
HY Hot = 0_ 01=p, 3.25
{ 0} 0:1{ ol o g 5YHJ (8:29)

e ey Y=Y Y)Y 2 A A E) o =) e

(MaAp, Az A gV 2, v3) . Jlamum mudepenmparmsem (3.24)m061ja ce:

{{HG’HO} ’HO} +{{H0’H0} ’Hﬁ} ug =0. (3.26)

OcwuM Tora, yCI0BH TPAaHCBEP3aTHOCTH MPHKa3yjy ce y cienaehem ob6muky:

. At
()IiAq'+)I4Aq4+viAd)‘ =0, (3.27)
0

(HAt) =0, (3.28)
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rjae A([)] npecTaB/ba aCHHXPOHY Bapujarujy [3, 4] Benmuunte ([)] Ha ocHoBy ycnoBa
(3.22) mory ce H3pa3WTH CIPETHYTE€ INPOMEHJBUBE V, Kao (YHKIHje CIIpPErHyTe

IIPOMEHJBHBE V3!

va =V (. p.a%v3). (3.29)
Cana u3 jegnaunna (3.25)y3umajyhu y 063up (3.21)u (3.29)moxke ce u3pasuru:

da =g (@, p.0% A3.v3). (3.30)

Kako je moueTHu mosoxaj Mexanuukor cucrema mpema (3.10)oapehen cremu:

M) =0, & ()=0, A ()=0 (3.31)

Axo ce y3me y 003up (3.31)u npumMeHu ce onepaTop acHHXpoHe Bapujauuje Ha (3.11)

MOXeE ce JOOUTH:

3 (o) P ()P (19 =0, (3.32)
U Ha Kpajy, HakoH 3ameHe (3.31)u (3.22)y (3.27),100wuja ce:

Vi (t6)! (o) =%% (t) B (18P (19 0. (3.33)

0

Ha ocnoy (3.31), (3.32)u (3.33)ouunrieano ce BHIU J1a Cy YCIOBH TPaHBEP3aTHOCTH
(3.27)u (3.28)y moueTHOj KOHHUTypalHji CUCTEMA 3aI0BOJbEHH. Bpeme HUje TO3HATO
y Kpajiwboj koHpurypauuju (3.12)MexaHHUKOT CHCTEMA, 11a Ha OCHOBY TOTa IPOU3MIA3N

yCJIOB TpaHcBep3amHocTH u3 (3.28):

H (t¢ ) =0, (3.34)

a KaKo BEJIUYMHE pi (tf) m q4(tf) HHCY yHampena oxapeleHe (Api (tf) %0, Aq4 (t; )£ 0),

HapeIHH YCIOBU TPAHCBEP3AIHOCTH 100Mjajy ce u3 (3.27)

Vi(tf)=0, /]4(tf )= 0. (335)
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Ha ocnoBy (3.18), (3.30), (3.34)u (3.35) ycmocraBiba ce cienacha 3aBUCHOCT y

AQHAJTUTHYKOM OOJIHKY:

Aa(te) = A3 plte ), o™ (t ). Ag (), (3.36)

rrecy pits)=(pte), pP(te), P24 1 atty) =ty

AKO ce pasMaTpame OrpaHHMYM Ha CHMHIYJIApHA YIpPaB/bakbha IPBOr pela IIpu
yemy je {{HG,HO},H'B}io, y3 kopumewme (3.26), (3.29)u (3.30), cunrynapua

yIpaBJbamba Ug MOTY Ce IpUKa3aTH y ciejaehem oOuKy:

ug = Ug(a, p. o' A3.v3). (3.37)

OcuMm Tora, Heonxoauu KenujeBu ycioBH ONTHMAIHOCTH 32 CHHTYJApHA yIpaBJbarmba

IpBOT pena natu cy y oonuky [10]:

2 2
0 |d”|oH
-3 _(_2{_}0. (3.38)
a’ﬁzlauﬁ dt aua
[Ipumenom IloacoHoBHMX 3arpajga oBaj YCJIOB € UCHYHBEH ako je Marpula

K= [alauﬁ(dz(aH/GLb)/ dtz)} H03UTHBHO AeduuuTHa [11].

3amenoM (3.37)y (3.15)u (3.19)u y3umajyhu y 063up (3.29)u (3.30)1001ja ce
nBoraukactu rpanudnu npobaem (TPBVP) ca neBer menmueapHux audepeHIHjaTHIX
jeAHaYMHa TPBOT peJa y HOPMAJIHOM OOJHMKYy. VY ONIITeM Cly4ajy, Yyciex
HEJIMHEAPHOCTH, HEONXOHA je MpHMeHa oAroBapajyhux Hymepuukux meroxa [12]. ¥V
OBOM pajy mpuMemeHa je Metoda morahama (Shooting method)Merona morahama y
OBOM CIIy4a]y HAJIPUKIAHAJC C€ HW3BpIIaBa HYMEPUYKOM HWHTErPallMjoM YHa3aJ
0/1a0MpPOM YETHUPH BPETHOCTU pi (t ), ts, xoje he 06e30eaUTH HCIYEHEHE UCTO TOIHKO

nouetHux ycnosa (3.10)u (3.11). Bpennoctu Ag(ts) onpehene cy us uspasa (3.36).

Wmajyhu y Buny (3.12) u (3.35) mpeocraie BpeIHOCTH MPOMEHBHMBHX y KpajibeM

MI0JI0XkA]jy CY TIO3HATE.
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Hymepuuko pemnraBame mpoOiieMa MOXKe OMTH HM3BPIIEHO Y IPOrPaMCKOM
nakery Wolfram Mathematicd13] y nBa xopaka. Y mpBoM KOpaky yCIIOCTaBJbajy ce

HyYMEpHUKE pefialje y BUy CUCTeMa jeTHaYMHa y KOjuMa Cy BPEIHOCTH Koje ce Oupajy

HEIo3Hare:
qlo = h ( pf 1 q?)!
, (3.39)
Eo = hs( Pt Gf ).
Oyukimje (3.39)mory 6ut Gopmupane Ha cineaehu HauwMH:
h [q? _?NumberQ ﬂp _? NumberQ f2p_? Number@ p_? Numb}ﬂ
= First[qi [0]/.NDSoIv{a..]J,
(3.40)

h{q? _?NumberQ Ep _? NumberQ %p_? NumberQ? p_RIumberQ}

:= First[ T(c[0], (0], to) + M (c[0], to) = Eq/ .NDSolvg. ] |,

rae CTpykrypa aprymenarta kopumihenux ¢ynakiuja NDSolvg] u First[] tpeba Outn
HamucaHa y ckiaay ca aedunuiujom oBux ¢yaknuja (Bumetu [13]) 3ajenno ca (3.10),

(3.11), (3.15u (3.19).

Y npyrom kopaky pemaBa ce cucteM jeanauuHa (3.39) mo Hemo3HaTUM
rpaHuuHuM  BpenHoctuma Pi(t) u t npumenom ¢dysknuje FindRoof]. Hakon
onpehuBama onroeapajyhux TrpaHMYHMX BPEIHOCTH pEIIaBa C€ CUCTEM O] JIEBET
nudepeHnmjaTHux jeanaunaa npumenom ¢yuakiuje NDSolvg]. Tume je matu nmpobiem

petieH mro he OWTH MPUKa3aHO HA PUMEPY.

3.3. Hymepuuku npumep

3a mpumep je Yy3eT MEXaHWYKH CHUCTEM KOJjU YHHE XOMOTEHHU TMPCTEH
nosynpeunrka R mace M u nBe matepujasiHe Tauke 4 U B MpoOMEHJbUBE Mace Koje ce
Hanase Ha npcreHy. Cucrem ce kpehe y BepTukaiHoj paBHH. Y NMPBOM KOPaKy, a yclea

JaJbUX pa3MaTrpama, 3axTeBa ce yBoheme aBa JlexkaproBa pedepeHTHa KOOpAMHATHA
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cuctema. [IpBu, HemokpeTHU KoopArHATHU cucTeM OXYZ uuja ce KOOpAMHATHA paBaH
Oxy moknanma ca BEpTUKATHOM paBHU KpeTama CHUCTEMa, W JPYrH, MOKPETHU
KoopauHaTHH cucteM CEnd, unju je KOOpIMHATHH TTOYeTaK Be3aH 3a IEHTap MPCTeHa, a
npu 4emy ce koopauHatHa paBaH C&np moknama ca pasaum OXy. Ilopenm Tora, oca

nokpeTHor koopauHatHor cuctema CE onpelhena je mpasuem AB. JenMHUYHU BEKTOPH

0ca MIOKPETHOT KOOPAWHATHOT CHCTEMa Cy A, [l B V , PECIIEKTUBHO.

y

o

oz X
Crnuka 3.1.MexaHn4ku CUCTeM IPOMEHJbUBE Mace.
Kondurypanuja nocmatpanor cuctema jaepuHucana je momohy JlarpanxeBux
1 2 3\ 1. 2 .
KOOpJAMHaTa ( = (q , 4%, q ) ,THecy = Xwu q° =y JlekaproBe KOOpAMHATE LIEHTPA
IIPCTEHA, a q3 £ ¢ yrao usmely oca Oxu C¢.

[Ipomene maca Tauaka A u B 3anate cy y ciaenehem o0nuky:

ma(8) = mg ()= g —kt, (3.41)

rae je Mp mMaca tadaka 4 U B y modeTHOM TpeHyTKy, a K oxapehena mosutuBHA
KOHCTaHTa. be3 ryOuTka Ha OmmITOCTH NpoOiieMa MHTEH3UTETH DPEIaTHBHUX Op3uHa

0JIBajama YeCTHIIA O] Ta4aka A M B KOHCTaHTHH Cy U Mel)yCOOHO jeTHaKH:

rel

V=P =y (3.42)

. —rel 7 rel -
rze je V; ogpeheHa mo3uTUBHA KOHCTAHTa, a Vp = —VM~ Vg =-\U.
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Kunernuka enepruja cucrema, npema (3.3),3anucyje ce y cinenehem o0nuky:
_1 1\? .2\2 2( .3\2
T_E (M+2m)(q1) +(M+2m)(q) +(M +2m) R (q) . (3.43)

Caga ce Ha ochoBy (3.8), (3.13), (3.14)um (3.15) mory dopmuparu

nudepeHnjaHe jeqHadYnHe KpeTamka CUCTEMA, OJTHOCHO jeTHAYNHE CTamba:

o = p?,
¢=p
gt =1, (3.44)

plz(m\; (sin q3—coscf‘)+ @)/( M+ 2,
pzz(—m\; (sin q+ coscf‘)—( M+ 2m) o y)/( Mk 2
(

-y /R-(y p+ y p)/ B/( M2 h

p’=

rae je §=-0] yopsame 3emmune Tesxe. Hakow Tora Moxe ce momohy (3.44)oapemnti

(3.18) u (3.19),ka0 u cBe ocrajne MOTpeOHE BEIUYHMHE KAKO OM ce PEIIMO MpHUKa3aHh

npoOJeMm.

3a mouetHe U Kpajie yerose (3.10), (3.11u (3.12)y3ero je:

=0, q'(te)=0, 9°)=0, ()= 0,
T(tp) +T(tg) =

2 2 2
%((M’me(fo))(ql(b)) +(11 + 2m(o)) & (1) "+ (M + 2m(tg) R (o) j (3.45)
=E0’
qi(t;)=0,7a, (t)=0, F( )=x/ 2.

Pememe npobnema kopuctehu onrcaHu HyMEPUUKHU TMOCTYNAK y MPETXOIHOM OJEJbKY

HaleHo je 3a cinenehe mapamerpe:
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kgm2

SZ

EO:90

, a=1m, k= 0,4}, = 1OT,
S S

mo =10kg, M = 20kg, R= 0,5m, g= 9,80665nfs

Ha ocHoBy (3.36)mosxe ce 3anucaTu:

Ja(ty) = po(t )/(( ph(t; ))2 +( p2(t; ))2+( (% ))Zj-

Hakon cnopoBeneHor

HYMEpPHYOT TOCTyIKa J00HMjajy ce peliema

(3.46)

(3.47)

CUCTCMaA

nudepeHnjaTHuX jeIHaYMHa KpeTama CHCTEMa, Kao U CIHPETHYTOT CHUCTEMa Y

HYMEPUYKOM OOJIHKY:

0. . o0, B0, B0 B0 (D, vs (D,

Kao 1 BpeMe OpaxuCTOXPOHOT KpeTama fr.

(3.48)

Tabena 3.1.Hymepuuka pemema TPBVP ipu npoMenu nmodyeTHe eHepruje cucreMa

Eo [J]

t [ pflm/d  pflmid  p}lradsg

1 10

2 30

3 60

4 90

5 150

6 201

0,8721 0,1422511,020697 0,308147

0,774232 0,280072 1,359575 0,614382

0,664431 0,520366 1,681863 1,151118

0,570351 0,806867 1,84264 1,79308

0,424045 1,43232 1,7728663,197759

0,352064 1,8575 1,5842214,153642

7 203,322 0,349594 1,874221 1,576176 4,191238

VY Tabenun 3.1 mare cy BpeIHOCTH HeMOCTajyhWX TpaHWYHHUX BPEIHOCTH 3a

pa3uuyuTe BPEIHOCTH IMOYETHE eHepruje cucrema. Ilpu Tome ce jacHO BHIM J1a MpU

nosehamy eHepruje Aoia3u 10 CMamkemha BpeMeHa OpaxUCTOXPOHOr KpeTama lj,
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nosehama Kpajibe XOPU3OHTAIHE MpOjeKIje Op3uHEe LEeHTpa MpCTeHa JIOK Ce Kpajiba
BEepTUKAJIHA TMpoOjeKuuja Op3WHE IIeHTpa MNpCTeHa NpBO mnoBehaBa ma HAaKOH Tora
cmamyje. Takohe, kpajma yraona Op3uHa mpcreHa ce moBehaBa mpuirkom nosehama
nmovyetHe eHepruje cucrema. Ha cmumm 3.2 m 3.3 gatu Cy YIOpEIHH AHjarpaMu
npojeknuja Op3uHa IEHTpa MPCTeHA Kao U yraoHa Op3uHa IEHTpa MPCTEHA 32 HEKOIUKO
pa3IMYUTH BPEIHOCTU MOYETHE EHEpTUje Koje oAroBapajy opojeBuma u3 tadene 3.1.Ha
cmuiy 3.4 1aTu Cy aujarpamMu yrpaBJbauKUX CHIIA MPU YEMY CYy MYHOM JIMHH]JOM JIaTH

JjarpaMu yrpaBJbama Uy, a HICIIPEKUIaHOM JIMHU]OM JfjarpaMu yIpaBJbama Up.

200 2 ]
oiA 3
4
r 5
7
15}
£l n
100 i
o.5/ \
00 02 04 06
t[s]
2 — — ———y
1, _
EI"’ o ]
NQ' L ol
3
4
L 5
1L 7 |
00 02 04 06
t[s]

Cnuka 3.2.T'padunu npojexirja Op3uHe 1eHTpa IpCcTeHa p1 u p2
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Cnuka 3.4.T'paduiu yrpasisarma Us(t) u Up(t)

Y oBoM mpumepy Ouhe mcrnmurana moryhHOCT peanmzarije OpaxHCTOXOPHOT
KpeTamba MEXaHWYKOI' CHCTEMa IPOMEHJbHMBE Mace MmoMohy IEHTpoHIa - KOTPJhameM
pyiere mo 6a3u Oe3 kim3ama. TuMe ce TeHepajicaHe yNpaBbauke CUJIE OCTBApYjy

nomohy peakuuje Bese. IlokperHa neHTpomna (pyiera) NpENCTaB/bEHA je KPHBOM
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IIOBE3aHOM Ca MPCTEHOM M NPEACTaB/ba T'€OMETPHjCKO MECTO TPEHYTHHUX I0JIOBA
Op3una naror npcreHa. Hemokperna nenrpouna (6a3a) mpeacraBiba KpUBY MOBE3aHy ca
pPaBHH Yy KOjOj C€ KpeTamke HM3BOJU M TPEICTaB/ha T'€OMETPHJCKO MECTO TPEHYTHHX
1oJjioBa Op3WHa IMPCTEHA Yy OJHOCY Ha HEMOKPETHW KOOPAWHATHU CHUCTeM. Tume je
KpeTame CHCTEMa E€KBUBAJCHTHO KOTpJbalky 0€3 KiM3ama MOKPETHE MO HEMOKPETHO]
nentpounn (Bumetu [14]). Ha ocHoBy mnperxomHo ojpehenor OpaxucroxpoHor
KpeTama, Moryhe je jeaHO3HAYHO OApenuTH 0azy W pyJleTy, Ka0 U HOPMAJIHY H
TaHTEHIIMjaJTHy KOMITIOHEHTY peakinuje. Ha ocHOBY muX, ga OM OBAaKBO KpeTame OWIIO0
moryhe, Mopa ce oapeautu u ycioB 3a KynoHoB koepunujeHt tpemwa. [lapamerapcke

jennaunHe 6ase nare cy y cienachem oomuky [14]:

%0 = () -2 “)
(3.49)
Yo ) = 2 (D) + P2 (t)
p3()
JIOK ¢y jeanaunne pysere [14] nate kao:
& ® =(posing®®- p2(hcosa®t)/ p°©
(3.50)

1 ®=( P cos® e+ p? Osine® ¢) / p°©)

L.

Ux

= B A s
b = P I= Xb
V'-ypi=xsj

N 7;=Xb7+ybf

o0 X

Crnuka 3.5.Ckura 6a3ze u pynere ca IpuKa3oM KOMIIOHEHTH peakKiiije Be3e
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Caza ce KOMIIOHEHTE peakiifje Be3e MOy OJPEUTH Ha cienehn HauuH:

Fr (1) = (W () %() + t() 1(9) /| W),

- (3.51)
P (1) = (U (1) 900 — (9 5%(9) /| V).

rze je Nb‘ UHTEH3UTET Op3uHe 0asze y Tauku joaupa ca pyiaerom. Ha cnumu 3.5 nara je

ckulla 6a3e U pyJlere ca Koje ce BUIU Jla Ce MPETXOJHU U3pa3u MOTY U3BECTH Y J1aTOM

00JTHKY.

Ha cnukama 3.6u 3.7 naTu cy yrnopeaHu AujarpaMu KOMIIOHEHTH PEaKilrje Be3e
KOju onroBapajy oaronapajyhum OpojeBuma u3 tabene 3.1. Tpeba HamomeHyTu 1a ce
OpuiIvKoM moBehama TOYEeTHE eHepruje CUcTeMa HOpMalHa KOMIIOHEHTa peakiuje
HETIOKPETHE IICHTPOUJE CMamyje. JacHO ce Ha aujarpaMuMa BUAM Ja 332 BPEIHOCT
nouetHe enepruje Eo=203,322 [J]y jenHom TpeHYTKY KpeTama HOpMaHa KOMIIOHEHTa
peakiiyje Be3e JOCTHKE BPEIHOCT jeqHaKky Hyau. [Ipema Tome Taga nonasu 10 o/1Bajama
cucremMa oJ Be3e. Jlakie modeTHa eHeprvja cucremMa Mopa OWUTH Mama Off OBe
BpeaHocTH. Tpeba HAmMOMEHYTH Ja 3a peajlHe BPEAHOCTH Koe(dHIMjeHTa Tpema Ipe
JI0JIa3| JI0 TIPOKJIM3aBama HEro JI0 OJ[Bajama Ia ce IEHTPOUIC MOpajy U3BECTH MOMOhy
Manux 03yOsbema. Tama, yMecTo KoTpJbama 0e3 Kin3ama, Be3a je 00JMKa 3ym4acTor

napa.

500 - 8

-500 -

[/

Crnuka 3.6.I'paduiy TaHTeHTHE KOMIIOHEHTE Peaklirje Be3e HeMOKpeTHe neHTpoue Fr
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Cnuka 3.8.1'padunu koeduijenta Tpema

Ha cmunm 3.8 mar je ymopenHu mpukas kKoeduimjeHTa Tpema W yCJIOB KOjH

Tpeba na WCHyHH. JacHO ce BUIM KaKO KOE(PHUIIMJEHT TpEema pacTe ca CMamambeM

HOpPMaJHE KOMIIOHEHTE pEakIfje Be3e M KaKO0 3a HCHY HYITY BPEIHOCT TEXKHU

OECKOHAYHOCTH.
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Takohe mnorpebHo je na Kenwmjesu ycmoBu ontumannoctd (3.38) Oyny
ucnymend. Kao mro je Beh HamomMeHyTo OHM Cy HCHyHmEHH ako je Mmartpuna K
no3uTHBHO JeduHuTHA. [Ipema ycrmoBrMa 3a MO3WTHBHO ACHUHUTHY MATPUILy CIEIH

[11]:

K120, K= K11Kz-(K12)*>0. (3.52)

0.0004 -

0.0003 -
g |
0.0002
0.0001 -
00 02 04 06
t[s]
— 2
1.x1078 - 3 1
f 4
3
8.x1077 - 1
6.x107 |- 1
y , ]
4.x1077" i
2.x1077 1
07 i
0.0 0.2 0.4 06
t[s]

Cnuxa 3.9.11otBpaa KenujeBux ycioBa onTUMaTHOCTH
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Ca cniuke 3.9Buam ce na cy KenujeBu ycinoBu ONTUMATHOCTH UCITYH-EHH.

1.0+ .
- pyneTa 1

T
Ly
|

0.5

0.0+ \\/Cl ]

v
>
(=)
O
o
w
(=)

0.5 Al .
05 00 05 10
X [m]
06F T T [ pymera | -
I t S
J to

0.4" \ ( |

0asa >\
02 - i
- 0.0l Ao Co By Cy
021 il
-04 i
Ay
-06/ i

04 -02 00 02 04 06

Cnuka 3.10.Llentpoune u Tpajextopuje Tauaka A, B u C 3a BpeJHOCTH MTOYETHE

erepruje cucrema £o=90J ognocuo Ep=150]
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Ha conmum 3.10.mpukazaHe cy TpajeKTOpHje Tauaka MPOMEHJbUBE Mace, LIEHTpa
npcrera C, ka0 U Tpaguuku npuka3 0aze W pylieTe 3a BPEAHOCTH MOYETHE €HEepruje
cucreMa FEp=90J omnocuo Eo=150J. [laTu cy npukasu pysera y IOYETHUM U KPajEbUM

MOJIOXKAjUMa.
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3ak/pyunn

[use oBe MOKTOpCKe amcepTanuje OMO je Kako pealn30BaTh OpaxXuCTOXPOHO
KpeTame ofjpeheHe Kinace MeXaHMUKUX CHCTEMa MPOMEHJbHBE Mace MoMohy HaeaTHuX
Be3a KOje Yy OIITEeM CiIy4ajy MOTry OuTH orpaHudeHe peaknuje. Kao mTo ce u3
NPUIIOKESHOT MOTJIO BHJIETH, MOXKE C€ 3aK/by4HTH Aa je To W ypaheno. Hayuna
auTeparypa, y o01actu OpaxuCTOXpOHOT KpeTama CUCTeMa NMPOMEHJbHBE Mace, Koja je
pelleaBaHTHA 3a MpEIMET OBE JOKTOPCKE aucepTanuje, MakKJbUBO j€ CKYyIJbEHA, Ha
oaroapajyhu HauumH pa3BpcTaHa M JaT je KpaTak KPUTHYKH OCBPT, Kako OW HAy4dHU

JTOTIPUHOC OBE Te3€, Ha IITO O0JHH HAUUH OMO 00jalmheH.

Y mnpBOM MOTJIaB/by W3BIIECHO j€ MAaTEMaTHYKO MOJCIUPABE MEXaHWIKHX
cucTeMa MPOMEHJBMBE Mace MPHUMEHOM CaBPEMEHHX METOJa aHAIUTHYKE MEXaHUKE U
MEXaHUKE CHCTEeMa [POMEHJbMBE Mace 0Ja0MpoM  HajImoJeCHUjUX  OOIHMKa
nudepeHIMjaTHuX jeAHaYMHa KpeTama. V3BeneHe cy audepeHIHjaTHe jelHauynHe
KpeTama MEXaHWYKOI' CHCTEMa OTPAaHMYCHOT JINHEAPHUM, XOMOT€HHM, HEXOJIOHOMHUM
Be3ama nmomohy kBa3mOp3uHa. M3BeaeHe cy u audepeHIyjaiHe jeJHaunHe KpeTama 3a
CHCTEM TIpPOMEHJbMBE Mac€ KOjU HHje OrpaHHYEH XOJOHOMHHMM Be3ama y
KOBapWjaHTHOM M 3aTUM y KOHTpaBapHjaHTOM oOIMKY. M3BeneHe jeqHauynHe Cy HAKOH

TOra yrnoTpeOsbeHe Y HapeJHUM TOTJIaBJbUMa.

VY npyrom moriaBiby peIieH je mpoOjeM peain3aije OpaxoCTOXPOHOT PaBHOT
KpeTama HEXOJOHOMHOT MEXaHHYKOT CHCTeMa MPOMEHJbMBE Mace MOMOhy wuieaiHe
XOJIOHOMHE Be€3€ OrpaHuueHe peakmuje. Pa3marpama mnpukazaHa y OBOM eIy
JOKTOpCKE JHCepTalldje ocliamajy ce Ha pala [2] HaBeAGHOT y JHUTeparypu
oaromapajyher nema m THME MpENCTaBJba]y CBOJEBPCHU HACTaBaK MCTPAXUBamka M3
muTHpaHor paxa. [locMaTpaHu cucTeM WMa JBa CTENEHa clI000Je KpeTama ma ce
KpeTame MOXKE pealu3oBaTh MomMohy jeqHe uaeadHe XOJIOHOMHe Bese. OrpaHuueHa
peakifja HjeaqHe XOJIOHOMHE Be3e HMCKopHIIheHa je Kao YIpaBjbambe Ma je TUMe
OpaxucTOXpoHU TpobaeM GopMysIrcaH Kao MPoOJIeM ONTHUMATHOT yIpaBibarma. Y Clie]
OTPaHUYCHOCTH pEaKIje Be3e HCIHTAHO j€ KaKO CMamCHke OICera JOMYCTHBOT

YIIPaBJbaka YTUYE HA IPOMEHY CTPYKTYpE YIPAaBJbakha U KaKO CE TUME U3 CUHIYJIApHOT
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yIpaBJbamba Mpesia3d y KOMOMHOBAHO CHHTYJIAPHO-HECHHTYJIApHO YIIPaBJbambhe, CBE JOK

ce He j10he 10 pernejHOr ynpaBibama.

VY Tpehem mornapiby perieH je mpobiaeM peanu3zaiyje OpaxucTOXpPOHOT pPaBHOT
KpeTamba MEXaHHYKOI CHCTeMa IPOMEHJbHMBE Mace rmoMmohy maeanHe Be3e y OOIHKY
HeHTpousia. Pasmarpama nprukazaHa y OBOM pajy ociamajy ce Ha paj [2] HaBeJeHOr y
JUTEpaTypud oAroBapajyher nema M THUME MPEICTaBJbajy CBOJEBPCHU HACTaBaK
UCTpaXMBamka M3 IUTUPAHOT paaa. bpaxucroxpoHu mnpobiem (opMyiaucaH je Kao
npo0bjeM ONTHMAJHOT YOpaBJbakka TA€ Cy peakluje Be3e M3pakKeHe IPEKo
TeHEPAIIMCAHNX YNpaBjbaukuxX cuia. [loka3zaHO je Kako IMopacT IOYETHE CHEepruje
cHCTeMa yTHYe Ha CMamemhe HOpPMalHEe peakuuje cucrema. Ha Taj HaumH modeTHa
eHepruja cucremMa Moxke ce nmosehaBatu 10 oapeleHe rpaHuie 3a KOjy ce HOpMajaHa
KOMIIOHEHTa peakifje Be3e y jeHOM TPEHYTKY M3jelHauaBa ca HYJIOM. 3a peajHe
BpEIHOCTH KOEhUIIMjEHTa TpeHa MPOKIU3aBamke he HACTymuTH mpe ojBajama. [laka
UCTpaXMBamka MOTY MhU y CMepy OrpaHuvema Koe(hUIMjeHTa Tpema KOTpJbama IMpHU

YeMy ce jaBJbajy HECUHTYJIapHA yIpaBjbaba Ha M10jeANHUM JIeIIOBUMA.
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OcTBapeHy HAYYHH JONPUHOCH

VYcmemHoM peanm3anijoM [UJbEBa HCTPAKHBAKA Yy OKBHPY JIOKTOPCKE
JycepeTanyje 1oJ Ha3uBoM ,Peanmzanuja OpaxMCTOXPOHOT KpeTama MEXaHHYKHX
cUcTeMa NpPOMEHJbMBE Mace HJACATHUM Be3aMa ca OrpaHWYeHHM peakimjama‘,

OCTBapeHHU Cy cienehu HaydyHU JONPUHOCH:

— Pemen je mpobnem peanuzanuje OpaxUCTOXPOHOT KpeTarmka HEXOJIOHOMHOT
MEXaHMYKOT CHCTeMa IMPOMEHJbUBE Mace ca OTpPaHUYCHOM pPEaKIHjoM
XOJIOHOMHE WJIeaJlHE Be3e TIJIe jeé pa3MaTpaHO KaKO Ce Mema CTPYKTypa

yIpaBJbamba O/l CHHTYJIAPHOT JI0 PEJIEJHOT yIpaBJbamba,

— Pemen je mnpoGnem peanuzamyje OpaXUCTOXPOHOT paBHOT KpeTama Tela
MIPOMEHJBUBE Mace, KOje ce OCTBapyje KOTpJhameM 0e3 Kin3ama 0a3e 1Mo pyaeTu
W J1aTa je JeTajbHa aHaju3a yTHIaja MOYeTHE CHEepruje CUCTeMa Ha MOTPeOHYy
BPEIHOCT Koe(hUlljeHTa Tpema, Kao M Ha HOpMaJIHy KOMIIOHEHTY peakluje Be3e

YHMe je MoKa3aHa MOT'YhHOCT peann3annje OBaKBOI' KpeTama.

CBaku pan, a TUME M OBa JOKTOpPCKAa JAWCEpTallMja, HUje CaBpIICH, HE Jaje
OJITOBOpPE HA CBa MHUTama y OKBUPY pa3MarpaHuX mpodieMa U THUME MOXKE OUTH
npeBasuhen. bynyha ucrapkuBama Texuhe ycaBpiiaBamkby OBUX, U JIPYTHUX CIMYHHX
TeMa, Kao W pa3BUjakby HOBHX METOJa y OKBUPY TEOPHjE€ ONTHMAIHOT YIpPaBJbamba.
OxBup cMepa y kojeM he ce oaBHWjaTH [ajba UCTPaKMBamka MOXKE CE BUICTH U Y

3aKJbY4llIMa OBE JIOKTOPCKE UCepTaluje.
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Hpuno3u

Jlati mpHIo3M MpEeACTaB/bajy KOA Yy OKBHPY mporpamckor makera Wolfram

Mathematicakoju cy kopumrheHu y JOKTOPCKOj TUCEPTALIH]H.

IIpuaor 1

[Ipunor 1 mpencraBiba HyMEpHUKH KoJ 3a pemaBame |PBVP u3 mornmasma 2 3a

yIpaBJbakbe TUIIA MUHUMYM - CHHTYJIApPHO - MAaKCUMYM.

Clear[tf,V1f,V2f,12,I3f,t1,t2]
E0=100;

a=1;

kA=0.5;

kB=0.25;

AC=a/3;

Vr=20;

mO0=100;

q3f=Pi/2;

umax=1300;

umin=-umax;
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sol1[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,|l2_?Neni®I3f _?NumberQ,t1_?
NumberQ,t2_?NumberQ,|1_?NumberQ]:=

NDSolve[{
qLtI==V2[t]*Sin[g3][t]],
q27t]==-V2[t]*Cos[q3]t]],
q3'tI==V2[t/q4[t],
q4t]==V1[t],
q5t]==1,
V1 [t]==kA Vr+(AC E* ®l umax V2[t])/(mO Y= i ey,
V2'[t]==kB Vr-(AC E*® ®! umax VA[t])/(mQYem® i ey,
13'[t]==-(11 Cos[g3[t]]+2 Sin[q3[t]]) V2Lt],

14'Tt)==(13[t] V2[t])/94[t] >-(AC umax qg4[t] V1[t} (E® 1 ni2[t] V1[t]-E** %1 ni1[t]
V2[t]))/(MO (g4[t]*2 V1[t]*2+ACA2 V2[t]*2)*?),

nil[tj==(AC E* ®*" umax ni1[t] q4[tf V1[t] V2[t]+AC 3 E*® © umax ni2[t] V2[tf-
moO 14[t] (q4[t]*2 V1[t}*2+AC 2 V2[t]*2))/(mO (q4[t]*2 V1[t]*2+AC"2 V2[t] 2],

ni2'[t]==12 Cos[q3[t]]-I3[t}/q4[t]-11 Sin[g3[t]-(AC E** ®U umax ni1[t] q4[tf
V1[t])/(mO0 (q4[t]*2 V1[t]*2+AC 2 V2[t]*2fd)-(AC® E® ®M umax ni2[t] V1[t]
V2[t])/(mO (g4[t]*2 V1[t]*2+AC"2 V2[t]*2)*?),

qlftf]==2a,
q2[tf]==-1.5a,
q3([tfl==q3f,
q4[tf]==3a,

q5[tf]==tf,
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V1[tfl==V1f,

V2[tfl==V2f,

13[tf]==I3f,
14[tfl==(1-11*V2f-I3f*V2f/(3*a))/V1f,
nil[tf]==0,

ni2[tfl==0
}{01,92,93,94,95,V1,V2,I3,14,ni1,ni2},{t,tf,tH;

sol2[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,|l2_?NeniI3f _?NumberQ,t1_?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

NDSolve[{
q1t]==V2[t]*Sin[q3[t]],
q27t]==-V2[t]*Cos[q3[t]],
q3t]==V2[t]/a4ft],
q4t]==V1[t],
q5Tt]==1,

V1[t]==1/m0 B M (E* 1 kA mo Vr+(E* 1 mo V2[t] (-B M ni1[t] g4[t]?
(2 kA% Vr? V2[t]-2 kA Vr V1[t] (kB Vr+(kA-kB) V2[t])+(kA-kB) V1[t]* (2 kB Vr+(kA-
kB) V2[t])+V1[t] (13[t] V1[t] (E *® % v1[t]>+E** 1 v2[t]?)+2 B ®U 14[t] q4[t)? (-
KA Vr V2[t]+V1[t] (kB Vr+(kA-kB) V2[))))/(94[t] 2 (14[t] V1[t] (E*E ®1 vi[t]>+EA
B V219 +nil[t] (E® Y KA Vr VI[]HE® P ((kA+kB) VI[H*+ES P KA vr
V2[t]?)),

V2'[t]==1/m0 E® %l (EXB U kB mO Vr-(E** %1 m0 V1[t] (-E* % ni1[t] q4[t]* (2
kA% Vr? V2[t]-2 kA Vr V1[t] (kB Vr+(kA-kB) V2[t])+(kA-kB) V1[t]? (2 kB Vr+(kA-
kB) V2[t])+V1[t] (13[t] V1[t] (E *® % v1[t]>+E** 1 v2[t]?)+2 B ®U 14[t] q4[t])? (-
KA Vr V2[t]+V1[t] (kB Vr+(kA-kB) V2[))))/(94[t] 2 (14[t] V1[t] (E*E ®1 vi[t]>+EA
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S 219 +nilt] (E® ®Y kA vr VI[t]>+E® ®U (kA+kB) V1[t]*+EA S0 kA vr
V2[t]?)),

13'[t]==-(1/(q4[t] V1[]?)) E*® ®° Csc[g3[t]] V2[t] (-E* ©°™ Cos[qg3[t]] nil[t] g4][t] (-
kA Vr V2[+V1[f] (kB Vr+(kA-kB) V2[]))+V1i[t] (-E*® ®U Cos[qg3[t]] I3]t]
V1[t]+q4[t] (E® %1 12 va[]+EX ©°Y Cos[q3[t]] 14[t] V2[t]))),

4 Tt==(3[t] V2[t])/q4[1]>

nil'[t]::-((EkA a5t (I4[t]2 q4[t]2 Vl[t]2 (E(kA+kB) a5lt] VA[t] 2L 2 kA a5 V2[t] 2)+EkA a5]t]
14[t] ni1[t] q4[t]? V1[t] (E*® ®Y kA Vr V1[t]*+E® ®l (.kA+KB) V1[t]3+3 B ®U KA
Vr V2[t]%-2 B4 S vi[t] V2[t] (kB Vr+(kA-kB) V2[t]))+E ** U ni1[t] V2[t] (-13[1]
V1[t]? (E® U va[]2+E* U v2[t]2)+E* 1 nit[t] g4[t]> (2 kA2 Vr? V2[t]-2 kA Vr
V1[t] (kB Vr+(kA-kB) V2[t])+(KA-kB) V1[t] > (2 kB Vr+(kA-kB) V2[t]))))/(q4][t]?
V1[t] (14[t] V1[t] (E *® %1 va[t]2+E 1 v2[t]?)+nil[t] (EX® P kA Vr V1[t]>+E® ¢l
(-kA+kB) V1[t]3+E* % KA vr V2[t]2)))),

ni2[t]==-((E*® ®Y (4[t]®> q4[t]® Vi[]* v2[t] (E® el yi[2+g? KA el
V2[t]A)+E 9 vr ni1[t]? g4[t]? (E*® © kA kB Vr V1[t]*+E® ® kB (-kA+kB) V1[t]*
E® o1 kA% vr VI[1]? V2[]+E ®U kA2 vr V2[t] 3B ®1 kA va[] V2[t]? (kB
Vr+(kA-kB) V2[t])+nil[t] VI[t] (3[t] Vi[> (B> B U vi[t]>+gkAE) asll
V2[t]?)+4[t] g4[t]? (E*A® B kB vr V[t]3+2 B A Pl kA vr Vv2[t] 3-E? A U v
V2[t]* (kB Vr+(kA-kB) V2[D))))/(g4[t]* V1[t]* (4[] V1[t] (E*® M vi[]2+g
V2[t]A)+nil[f] (E*® ®M kA vr VI[t]>+E® ®U (kA+kB) VI[t]3+E4 ®U kA vr
v2[1]%))),

gl[tl]==First[Evaluate[(q1[t1])/.sol1][tf,V1f MA2,I3f,t1,t2,I1]]],
g2[t1]==First[Evaluate[(q2[t1])/.sol1][tf,V1f MA2,I3f,t1,t2,I1]]],
g3[t1l]==First[Evaluate[(q3[t1])/.sol1][tf,V1f MA2,I3f,t1,t2,I1]]],
g4[tl]==First[Evaluate[(q4[t1])/.sol1][tf,V1f MA2,I3f,t1,t2,I1]]],
g5[tl]==First[Evaluate[(q5[t1])/.sol1][tf,V1f,MA2,I3f,t1,t2,I1]]],

V1[tl]==First[Evaluate[(V1[t1])/.SOIL[tf,V1f,VEI2,I3f t1,t2,11]]],
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V2[t1]==First[Evaluate[(V2[t1])/.sol1[tf,V1f,VI2,I3f,t1,t2,11]],
I3[t1]==First[Evaluate[(I3[t1])/.Sol1[tf, V1f,VRI2,I3f,t1,t2,11]]],
|4[t1]==First[Evaluate[(14[t1])/.sol1[tf,V1f,VRI2,I3f,t1,t2,I1]]],
nil[tl]==First[Evaluate[(ni1[t1])/.sol1[tf,V1¥/2f,12,I3f,t1,t2,11]]],
ni2[t1]==First[Evaluate[(ni2[t1])/.sol1[tf,V1¥/2f,12,I3f,t1,t2,I1]]]
1,{01,02,93,94,95,V1,V2,13,14,ni1,ni2},

{t,t1,t2}];

sol3[tf_?NumberQ,V1f ?NumberQ,V2f ?NumberQ,l2_?Nenih|3f ?NumberQ,t1 ?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

NDSolve[{
qLt]==V2[t]*Sin[g3][t]],
q27t]==-V2[t]*Cos[q3]t]],
a3t]==V2[t)/q4t],
q4'Tt]==V1[t],
qsTt]==1,
V1t]==kA Vr+(AC E“* P umin V2[t])/(mQ Yo amsa ey
V2'[t]==kB Vr-(AC E® ® ymin V1[t])/(mQ Ve wwrresc ey,
13'[t]==-(11 Cos[qg3[t]]+12 Sin[q3[]]) V2[t],

14'Tt]==(13[t] V2[t])/q4[t]>-(AC umin q4[t] V1[t} (E® ®Y ni2[t] V1[{]-E** W ni1[f]
V2[t]))/(MO (g4[t]*2 V1[t]*2+AC"2 V2[t]*2)*?),

nil'[t]==(AC E* ®U umin ni1[t] q4[tf V1[t] V2[t]+AC> E® M umin ni2[t] V2[t]*-
moO 14[t] (q4[t]*2 V1[t]*2+AC 2 V2[t]*2)')/(mO (g4[t]*2 V1[t]*2+AC"2 V2[t]*2)?),
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ni2'[t]==12 Cos[q3[t]]-13[t]/q4[t]-11 Sin[g3[]-(AC E** *MU umin nil[t] q4[tf
V1[t])/(mO (g4[t]*2 V1[t]*2+ACr2 V2[t]r2)3)-(AC® E® ®U umin ni2[t] V1[{
V2[t])/(mO (g4[t]*2 V1[t]*2+AC"2 V2[t]*2)*?),

gl1[t2]==First[Evaluate[(q1[t2])/.sol2[tf,V1f MA2,I3f,t1,t2,I1]]],
g2[t2]==First[Evaluate[(q2[t2])/.sol2[tf,V1f,MA2,I3f,t1,t2,I1]]],
g3[t2]==First[Evaluate[(q3[t2])/.sol2[tf,V1f MA2,I3f,t1,t2,I1]]],
g4[t2]==First[Evaluate[(q4[t2])/.sol2[tf,V1f MA2,I3f,t1,t2,I1]]],
g5[t2]==First[Evaluate[(q5[t2])/.sol2[tf,V1f,MA2,I3f,t1,t2,I1]]],
V1[t2]==First[Evaluate[(V1[t2])/.sol2[tf,V1f,VEI2,13f,t1,t2,11]],
V2[t2]==First[Evaluate[(V2[t2])/.sol2[tf,V1f,VRI2,I3f,t1,t2,11]]],
13[t2]==First[Evaluate[(I3[t2])/.sol2[tf,V1f VEI2,I3f,t1,t2,I11]],
l4[t2]==First[Evaluate[(14[t2])/.sol2[tf,V1f VEI2,I3f,t1,t2,I11]],
nil[t2]==First[Evaluate[(ni1[t2])/.sol2[tf,V1¥/2f,12,I3f,t1,t2,I1]]],
ni2[t2]==First[Evaluate[(ni2[t2])/.sol2[tf,V1¥/2f,12,I13f,t1,t2,I1]]]
}{91,92,93,04,95,V1,V2,13,14,ni1,ni2},{t,t2,4}

xx1[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,l2_?Nunihéf ?NumberQ,t1_?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

First[(q1[0])/.s0l3[tf, V1, V2f, 12,13 t1,t2,I1]];

xx2[tf_?NumberQ,V1f_?NumberQ,V2f _?NumberQ,l2_?Nunihéf ?NumberQ,t1l_?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

First[(q2[0])/.s0l3[tf, VL, V2f,12,13f,t1,t2,I1]];

xx3[tf_?NumberQ,V1f ?NumberQ,V2f ?NumberQ,l2_?Nunih&f ?NumberQ,tl_?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

First[(q3[0])/.s0l3[tf, V1, V2f,12,13f,t1,t2,I1]];
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xx4[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,l2_?Nunihéf ?NumberQ,t1_?
NumberQ,t2_?NumberQ,|1_?NumberQ]:=

First[(q4[0]-a)/.sol3[tf,V1f,V2f,12,13f,t1,t2,I1]}

xx5[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,l2_?Nunihéf ?NumberQ,t1_?
NumberQ,t2_?NumberQ,|1_?NumberQ]:=

First[(0.5*m0*V1[0]A2+0.5*m0*V2[0]*2-E0)/.s0lI3[t\/1f,V2f,12,I3f,t1,t2,11]];

xx6[tf_?NumberQ,V1f_?NumberQ,V2f _?NumberQ,l2_?Nunihéf ?NumberQ,t1_?
NumberQ,t2_?NumberQ,|1_?NumberQ]:=

First{((AC (-E® ®F1 ni2[0] V1[0]+E ® ni1[0] V2[0]))/(mO Yo v wor
))/.s0I3[tf,V1f,V2f,12,I13,t1,t2,I11]];

xxX7[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,l2_?Nunih&f ?NumberQ,t1_?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

Firstf((AC ~ (-B® M nigrta]  Var+E® SN npift1]  v2[t]))/(mo
Vet annta et ) sol1[tf,V1f,V2F,12,13f,t1,t2,11]];

xx8[tf_?NumberQ,V1f_?NumberQ,V2f_?NumberQ,l2_?Nunihéf ?NumberQ,t1_?
NumberQ,t2_?NumberQ,l1_?NumberQ]:=

First{(AC (E® ™ 13[t1] V1[t1] (g4[tl]® V1[t1]*+AC? V2[t1])+E* M ni1[t1]
q4[tl] (-g4[t1] VA[tiF V2[t1]+AC? kA V2[t1]*+q4[tlf V1[t1] (kB Vr V1[t1]-kA Vr
V2[t1]+kA V1[t1] V2[t1])-q4[t1] (-E*B ™ ni2[t1] g4[t1] VA[t1]+q4[t1] V1[t1]* (E®
S (12 Cos[q3[t1]]+kB ni2[t1]-(11) Sin[q3[t1]]) V1[t]+E ®M 14[t1] V2[t1])+AC?
V2[t1] (-E*B M ni2[t1] (kB V1[t1] (Vr-V2[t1])-kA Vr V2[t1])+V2[t1] (E*® M (12
Cos[q3[t1]]-(11) Sin[g3[t1]]) V1[t1]+E* M j4[t1] V2[t1]))/(mO g4[tl] (g4[t1] 2
V1[t1]A2+ACA2 V2[t1]*2)*3)/.sol1[tf, V1f,V2f,12,13f,t1,t2,11]];

Clear[tf,V1f,V2f,12,I3f,t1,t2,I1];
s1=FindRoot[{

xx1[tf,V1f,V2f,12,13f,t1,t2,11]==0,
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xx2[tf,V1f,V2f,12,13f,t1,2,11]==0,
xx3[tf,V1f,V2f,12,13f,t1,2,11]==0,
XxA[tf,V1f,V2f,12,13f,t1,2,11]==0,
XX5[tf,V1f,V2f,12,13f,t1,2,11]==0,
Xx6[tf,V1f,V2f,12,13f,t1,2,11]==0,
XX 7[tf,V1f,V2f,12,13f,t1,2,11]==0,

Xx8[tf,V1f,V2f,12,13f,t1,12,11]==0

1,{{tf,0.7095337204479251},{V1f,5.8282081001419FZV2f,5.952484352995515}
{12,0.0016520211134046438},{I3f,0.129640831576287,4t1,0.681526793636 757
4'},{t2,0.396304923189724°},{11,0.04993428121536 75P

tf=tf/.s1;

V1f=V1f/.s1,

V2f=V2f/.s1;

12=12/.51,;

13f=13f/.s1,;

t1=t1/.s1,

t2=t2/.s1,

11=11/.s1;
xx1[tf,V1f,V2£,12,13f,t1,t2,11]/.s1
xx2[tf,V1f,V2£,12,13f,t1,t2,11]/.s1
xx3[tf,V1f,V2f,12,13f,t1,t2,11]/.s1

XXA[tF, V1, V2f,12,13f,t1,12,11]/.s1
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XX5[tf,V1f,V2f,12,13f,t1,t2,11]/.s1
XX6[tf,V1f,V2f,12,13f,t1,12,11]/.s1
XX 7[tf,V1f,V2f,12,13f,t1,t2,11]/.s1

xx8[tf,V1f,V2f,12,13f,t1,t2,11]/.51

ss1=FirstiNDSolve [identho kao soll]];

ss2=FirstiNDSolve [identho kao sol2]];

ss3=FirstfNDSolve [identno koa sol3]];

IIpwuJjor 2

[Tpunor 2 mpeacraB/ba HyMEpPUIKH KOJ 3a pemaBame [ PBVP u3 nornaspa 3 3a

JeIHy BPEIHOCT ITOYETHE CHEPrHje CUcTeMa.

EO0=60;
a=1;
k=0.4;
Vr=10;
mO0=10;
M=20;

q3f=Pi/2;
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9=9.80665;

R=0.5;

xx1[tf_?NumberQ,plf ?NumberQ,p2f ?NumberQ,p3f_?Nerqt.=
First[(q1[0])/.NDSolve[{
qLtj==p1[d,
q21t}==p2[t],
q3't]==p3;t],
q4Tt]==1,

p1[t]==1/(M+2 (m0-k g4[t])) (-k Vr (-Cos[q3[k+Sin[q3[t]])-(2 R I3[t] p1[t] (M+2
mO0-2 k g4[t]) (k R Vr (p2[ﬁ‘+p3[t]2) (Cos[q3[t]]-Sin[q3[t]D+pl[t] (-k Vr p3[t]+R p2[t
(g M+2 g mO-k Vr Cos[q3[t]]-2 g k g4[t]-k Vr Sin[d8])))-k Vr nil[t] (-R? p1[t]* p3[t]
(M+2 m0-2 k g4]t]) (Cos[q3[t]]+Sin[g3[t]])+R (p2[tFp3[t]*) (2 k R p3[t] (Cos[q3[t]]-
Sin[g3[t])+2 k Vr (-Cos[g3[t]]+Sin[g3[t])-R p3[f (M+2 mO0-2 k qg4[t])
(Cos[q3[t]]*+Sin[g3[t]]))-2 pl[t] (k p3[t] (-Vr+R p&D+R p2[t] (g M+2 g mO-k Vr
Cos[q3[t]]-2 g k q4[t]-k Vr Sin[q3[t]]+k R p3[t] (@s[g3[t]]*+Sin[q3[t])))))/(R
(PL[P+p2[t]+p3[t]) (k Vr nil[t]+R 13[t] p1[t] (M+2 mO-2 k g4][t])))),

p2'[t]==1/(M+2 (mO-k g4[t])) (-g (M+2 (mO-k 4&))+k Vr (Cos[qg3[t]]+Sin[q3[t]])-
(-2 R 13[t] p1[t] (M+2 mO-2 k g4][t]) (k R Vr p1[tb2[t] (Cos[qg3[t]]-Sin[q3[t]])+R p1[tf
(g M+2 g mO-k Vr Cos[q3[t]]-2 g k g4[t]-k Vr Sin[d§])+p3[t] (k Vr p2[t]+R p3[t] (g
M+2 g mO-k Vr Cos[g3[t]]-2 g k g4[t]-k Vr Sin[q3[i]))+k Vr nil[t] (2 k R p1[t] p2[t]
(-Vr+R p3[t]) (Cos[q3[t]]-Sin[g3[t]])-R p1[tf (2 g M+4 g mO-2 k Vr Cos[q3[t]]-4 g k
g4[t]+R p3[tF (M+2 m0-2 k g4[t]) (Cos[qg3[t]]-Sin[q3][t]])-2 k ViSin[q3[t]]+2 k R p3][t]
(Cos[q3[t]]+Sin[q3[t]])+p3[t] (-2 k p2[t] (Vr-R p&])-R? p2[t]* p3[t] (M+2 mO-2 k
g4[t]) (Cos[q3[t]]-Sin[q3[t])+R p3[t] (-2 g M-4 gn0+2 k Vr Cos[qg3[t]]+4 g k g4[t]-R
p3[t]? (M+2 mO0-2 k g4[t]) (Cos[q3[t]]-Sin[q3[t])+2 k VrSin[q3[t]]-2 k R p3[f]
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(Cos[a3[t]1+Sin[a3[tN)/(R (PLIF+p2[t*+p3[t]*) (k Vr nil[+R I13[t] piff] (M+2
mO0-2 k g4[t])))).

p3t]l==1/(M+2 (mO0-k g4[t])) ((k Vr)/R-1/p3[t[-((p2[t] (-2 R I3[t] p1[t] (M+2 mO-2
k g4[t]) (k R Vr pi[t] p2[t] (Cos[q3[t]]-Sin[q3[t]]+R p1[tF (g M+2 g mO-k Vr
Cos[g3[t]]-2 g k g4[t]-k Vr Sin[q3[t]])+p3[t] (k Vrp2[t]+R p3[t] (g M+2 g mO-k Vr
Cos[g3[t]]-2 g k g4[t]-k Vr Sin[g3[t]])))+k Vr nilf] (2 k R p1[t] p2[t] (-Vr+R p3[t])
(Cos[q3[t]]-Sin[g3[t]])-R p1[tf (2 g M+4 g m0-2 k Vr Cos[q3[t]]-4 g k q4[t]+R p3t
(M+2 mO0-2 k q4[t])) (Cos[q3[t]]-Sin[q3[t]D-2 k Vr B[g3[t]]+2 k R p3[t]
(Cos[q3[t]]+Sin[q3[t]]))+p3[t] (-2 k p2[t] (Vr-R pR])-R* p2[t]* p3[t] (M+2 m0-2 k
g4[t]) (Cos[q3[t]]-Sin[q3[t])+R p3[t] (-2 g M-4 gn0+2 k Vr Cos[qg3[t]]+4 g k g4[t]-R
p3[t]* (M+2 mO-2 k q4[t]) (Cos[q3[t]]-Sin[g3[t])+2 k VrSin[q3[t]]-2 k R p3[t]
(Cos[a3[I+Sin[a3[N)N)(R (P1[tF+p2[t]*+p3[t]*) (k Vr nil[t]+R 13[f] p1[f] (M+2
m0-2 k g4[t]))-(p1[t] (2 R I13[t] p1[f] (M+2 mO-x qg4[t]) (k R Vr (p2[tF+p3[t])
(Cos[q3[t]]-Sin[g3[t]D+pl[t] (-k Vr p3[t]+R p2[t](g M+2 g mO-k Vr Cos[q3][t]]-2 g k
q4ltl-k Vr Sin[g3[t]]))-k Vr nil[t] (-R* pi[t]* p3[tF (M+2 m0-2 k g4lt])
(Cos[a3[t]]+Sin[g3[t]])+R (p2[tf+p3[tl*) (2 k R p3[t] (Cos[q3[t]]-Sin[q3[t]])+2 k Vr (-
Cos[q3[t]]+Sin[q3[t]])-R p3[tf (M+2 m0-2 k g4lt]) (Cos[qg3[t]]+Sin[q3[t]))-2 piJt(k
p3[t] (-Vr+R p3[t)+R p2[t] (g M+2 g mO-k Vr Cos[dg]-2 g k g4][t]-k Vr Sin[g3[t]]+k
R p3[t] (Cos[q3[t]]+Sin[a3[NN))/(R (p1[tH+p2[t]*+p3[t]*) (k Vr nil[t]+R 13[t] p1[t]
(M+2 m0-2 k g4(t]))))),

I37t]==-((k Vr nil[t] p2[t] (Cos[g3[t]]-Sin[@[t]]))/(p1[{] (M+2 (MO-k g4[t]))))+(k
Vr nil[t] (Cos[g3[t]]+Sin[q3[t]]))/(M+2 (mO-k g4]t)),

nilt==-((R 13[t] pl[tff (M+2 mO0-2 k g4[t])+k Vr nil[t] (p1[]+R p3[t] (-
Cos[g3[t]]+Sin[g3[tIN))/(R p1[t] p3[t] (M+2 mO-2 kg4[t])))-(nil[t] (2 R I3[t] pi[t]
(M+2 m0-2 k g4[t]) (k R Vr (p2[t}+p3[t]*) (Cos[q3[t]]-Sin[g3[t]])+p1[t] (-k Vr p3[t]+R
p2[t] (g M+2 g mO-k Vr Cos[q3[t]]-2 g k g4][t]-k VBin[g3[t])))-k Vr ni1[t] (-R? p1[t]?
p3[t]* (M+2 mO0-2 k q4[t]) (Cos[g3[t]l+Sin[g3[t)+R (p2[t+p3[t]) (2 k R p3[i]
(Cos[q3[t]]-Sin[g3[t])+2 k Vr (-Cos[g3[t]]+Sin[q3])-R p3[t]*> (M+2 mO-2 k g4[t])
(Cos[q3[t]]*+Sin[g3[t]]))-2 pl[t] (k p3[t] (-Vr+R p&D+R p2[t] (g M+2 g mO-k Vr
Cos[q3[t]]-2 g k g4[t]-k Vr Sin[q3[t]]+k R p3[t] (@s[q3[t]]+Sin[q3[t]])))))/(R p1[t]
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(PL[tI*+p2[tP+p3[t) (k Vr nil[t]+R 13[t] p1[f] (M+2 mO0-2 k g4[t])) (M2 (mO-k
q4{t])),

ni2t]==-((R I3[t] p1[t] p2[t] (M+2 mO-2 k gft])+nil[t] (k Vr p2[t]+R p3[t] (g M+2
g mO-k Vr Cos[g3]t]]-2 g k g4[t]-k Vr Sin[q3[t]HNR pl[t] p3[t] (M+2 MmO-2 k g4[t])))-
(ni1[t] (-2 R I3[t] p1[t] (M+2 mO0-2 k q4[t]) (k R V pl[t] p2[t] (Cos[qg3[t]]-
Sin[q3[t]])+R p1[tF (g M+2 g mO-k Vr Cos[q3[t]]-2 g k g4[t]-k Vr SinR{t]])+p3[t] (k
Vr p2[t]+R p3[t] (g M+2 g mO-k Vr Cos[q3[t]]-2 g k4[t]-k Vr Sin[g3][t]])))+k Vr
nilft] (2 k R p1[t] p2[t] (-Vr+R p3Jt]) (Cos[q3[thSin[g3[t]])-R p1[tF (2 g M+4 g mO-2
k Vr Cos[g3[t]]-4 g k g4[t]+R p3[d (M+2 m0-2 k g4[t]) (Cos[qg3[t]]-Sin[q3[t]])-2 k Vr
Sin[g3[t]]+2 k R p3[t] (Cos[q3[t]]+Sin[a3[N)+p3 (-2 k p2[t] (Vr-R p3[t])-R p2[t]*
p3[t] (M+2 mO0-2 k q4[t]) (Cos[q3[t]]-Sin[g3[t]])+Rp3[t] (-2 g M-4 g mO+2 k Vr
Cos[q3[t]]+4 g k g4[t]-R p3[] (M+2 mO0-2 k g4[t]) (Cos[q3[t]]-Sin[q3[t]])+2 k Vr
Sin[q3[t]l-2 k R p3[t] (Cos[q3(tlI+Sin[a3[NNKR Pt (PLIEF+p2[t*+p3[t)°) (k Vr
nil[t]+R 13[t] p1[t] (M+2 mO-2 k g4[t])) (M+2 (mO-kg4(t]))),

ni3'[t]==-13[t]-(ni1[t] (-((P2[t] (-2 R I13[t] p1[f] (M+2 mO-2 k g4[t]) (k R Vr pi[t]
p2[t] (Cos[qg3[t]]-Sin[g3[t]])+R pi[tf (g M+2 g mO-k Vr Cos[q3[t]]-2 g k g4[t]-k Vr
Sin[q3[t])+p3[t] (k Vr p2[t]+R p3[t] (g M+2 g mO-kVr Cos[q3[t]]-2 g k g4[t]-k Vr
Sin[g3[t]D)+k Vr nil[t] (2 k R p1[t] p2[t] (-Vr+R p3[t]) (Cos[g3[t]]-Sin[g3[t]])-R
p1[t]? (2 g M+4 g m0-2 k Vr Cos[q3[t]]-4 g k g4[t]+R p3ft(M+2 mO-2 k g4[t])
(Cos[qg3[t]]-Sin[g3[t]])-2 k Vr Sin[q3[t]]+2 k R p3] (Cos[qg3[t]]+Sin[g3[t]]))+p3][t] (-2
k p2[t] (Vr-R p3[t])-R p2[t]* p3[t] (M+2 mO-2 k q4lt]) (Cos[q3[t]]-Sin[q3[t]])+Ro3][t]
(-2 g M-4 g m0+2 k Vr Cos[q3[t]]+4 g k g4[t]-R p$‘ft(M+2 mO0-2 k g4[t]) (Cos[q3[t]]-
Sin[g3[tD+2 k Vr Sin[g3[t]]-2 k R p3[t] (Cos[q3[+Sin[g3[t]))))))/(R
(pl[t]2+p2[t]2+p3[t]2) (k Vr nil[t]+R 13[t] p1[t] (M+2 mO-2 k q4[t])))){pl[t] (2 R I3[t]
p1[t] (M+2 mO0-2 k g4[t]) (k R Vr (p2[f+p3[t]Y) (Cos[g3[t]]-Sin[q3[t]])+p1[t] (-k Vr
p3[t]+R p2[t] (g M+2 g mO-k Vr Cos[q3[t]]-2 g k gdik Vr Sin[g3][t]])))-k Vr nil[t] (-
R? p1[t]? p3[t* (M+2 m0-2 k q4[t]) (Cos[q3[t]]+Sin[g3[t])+R (p2[t+p3[t%) (2 k R
p3[t] (Cos[qg3[t]]-Sin[q3[t]])+2 k Vr (-Cos[g3[t[l+S[q3[t]])-R p3[t]* (M+2 m0-2 k
q4[t]) (Cos[q3[t]]+Sin[g3[t]]))-2 p1[t] (k p3[t] (Vr+R p3[t])+R p2[t] (g M+2 g mO-k Vr
Cos[q3[t]]-2 g k q4[t]-k Vr Sin[g3[t]l+k R p3[t] (Gs[g3[t]]+Sin[q3[t]]))))))/(R
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(pl[t]2+p2[t]2+p3[t]2) (k Vr ni1[t]+R I3[t] pl[t] (M+2 mO-2 k g4[t)))I(pl[t] p3]t]
(M+2 (mO-k g4[t]))),

g1[tf]==0.7a,q2[tf]==0,q3[tf]==q3f,q4[tf]==tf,p L[(FF=p1f,p2[tf|==p2f,p3[t{]==p3f,I3[t
fl==p3f/(p1f 2+p2f*2+p3f2),nil[tf]==0,ni2[tf]==0,i8[tf]==0

}{91,92,93,94,p1,p2,p3,13,ni1,ni2,ni3}{t,G}]]

xx2[tf_?NumberQ,plf ?NumberQ,p2f ?NumberQ,p3f_?NewrQh.=
First[(g2[0])/.NDSolve [identino kao xx1]]
xx3[tf_?NumberQ,plf ?NumberQ,p2f ?NumberQ,p3f_?NewrQh.=
First[(q3[0])/.NDSolve [identino kao xx1]]
xx4[tf_?NumberQ,plf ?NumberQ,p2f ?NumberQ,p3f_?Nerqt.=

First[(0.5*(M+2*m0)*p1[0]*2+0.5*(M+2*m0)*p2[0]"2+05*(M+2*mO0)*R"2*p3[0]"2
-EQ)/.NDSolve [identino kao xx1]]

sl=FindRoot[{
xx1[tf,p1f,p2f,p3f]==0,
xx2[tf,p1f,p2f,p3f]==0,
xx3[tf,p1f,p2f,p3f]==0,

xxA[tf,p1f, p2f, p3f]==0},{{tf,0.6644314995657453 }§1f,0.5203661531102902'} {
p2f,1.6818628508693163 },{p3f,1.151118472495597B 1}

xx1[tf/.s1,p1f/.s1,p2f/.s1,p3f/.s1]
xx2[tf/.s1,p1fl.s1,p2f/.s1,p3f/.s1]

xx3[tf/.s1,p1f/.s1,p2f/.s1,p3f/.s1]
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xx4[tf/.s1,p1f/.s1,p2f/.s1,p3f/.s1]
tf=tf/.s1

plf=plf/.sl

p2f=p2f/.sl

p3f=p3f/.sl

ss=FirstiNDSolve [identho kao xx1]]
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buorpadmja

Aytop je pohen 24. mapra 1988.roaune y I'opmem Munanosny, PenmyOnuka
Cpbuja. OcHoBHy mkony 3aBpmmo je y [opwmem Munanosuny 2003. ronune ca
OUTMYHUM yCTiexoM, TmpocedHoM omeHoM 5,00, kao Hocwianm gumiaome ,Byk
Credanosuh Kapapuh“ u hak renepamuje. TexHuuKky mKkoay 3aBpiiuo je y ['opmem
MunanoBuny 2007. ronuHe ca ONJTUYHHUM YCIIeXoM, mpocedHoMm omeHoMm 5,00, kao
Hocwian juruiome ,Byk CredanoBuh Kapapuh®. Hcrte roaumne ymucao je OcHOBHE
aKaJeMcKe cTyauje Ha MammHckoM Qakynrery YHuUBep3utera y beorpany. 3aBpurau
ucnut mosokuo je 25.06.2010.ca ornernom 10,00 fiecer) M mpoceyHOM OIICHOM Ha
OcnoBuuMm cryaujama 10,00 frecer), onOpaHMBIIM 3aBpUIHM paj Ha TeMy
» DHOMEXaHWYKH MOJIeT U KapaKTePUCTUKE MOJCHCTEMA CTOIANIO-WIAHAK-TIOTKOJICHUIIA
ca MPHKAa30M OpTO3a M TpoTe3a UCTUX® W3 mpenMeTa bnomexaHwka JOKOMOTOPHOT
cucreMa. Mcre rogune ynucyje Mactep akajgeMcKe CTyanje, MOy XUJIPOCHEPreTHKA,
Ha MammHckoMm Qakynrery YHuBepsurera y beorpamy. Ilonoxuo je cBe ucnure ca
npoceunom onerom 10,00 fiecer). Macrep cryauje 3aBpmmo je 15. maja 2012.ca
omenom 10,00 fiecer) u yKymHOM mpocedHoM orieHoM TokoMm cryauja 10,00 frecer),
on0paHUBIIM 3aBPUIHU paj Ha TeMy ,lIpojekToBame MHCTalanuje 3a oapehuBame
KapaKTepUCTHKa 3aTBapada’ U3 mpeaMeTa XHUAPOeHEPreTCcKa MOCTpojeha U OnpeMa, Ha
Karenpu 3a xumgpoenepretuky, YHuBep3uTeT y beorpagy — MammuHcku (akynrer.
MeHTOp 3aBpIIHOT paja Ha MacTep cryaujama Ouo je mpod. ap Mupocnas benumek.
JokTopcke crynuje Ha MamuHckoM (akyntery YHuBep3uteTa y beorpany ymmcao je
2012.roaune - O6p. naaekca J13/12. [ToTeHInjalHu MEHTOP JOKTOPCKE AMCEPTAIHje je
npod. np Anekcanmap O6pamosuh. On 1. jyma 2013.3amocien je Ha MammHCKOM
¢axynrery y beorpany kao capaaHuk Ha npojekty TexHomnomkor passoja ,, Oap>KuBOCT
U yHanpeheme MAIIMHCKUX CHUCTEMa Yy CEHEPreTHIHM W TPaHCIOPTYy NPHUMEHOM
(hOpEeH3NYKOT HHKEHEPCTBA, €KO M poOyCT au3ajHa”, kKoju ¢uHaHcupa MUHHCTapCTBO
MPOCBETE, HayKe M TEXHOJOMKOr pa3Boja PemyOmuke CpoOuje: TP-35006, unju je
pykoBonmnan mpod. np Cphen bommak. On 6. mapra 2014. 3amocneH je Ha
MammuuckoM ¢akynrery y beorpamy kao acHCTEHT Ha KaTelpu 3a MexaHUKy. ['oguHe
2015. mocraje wiman Cprckor apymrtBa 3a Mexanuky (CIM). Ox 2017. rogune
perieHseHT je y yaconucy Mathematics and Mechanics of Solids.
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ToxowMm ctynuja nobujao je cienehe moxsane moBogoMm Jlana MammHCKor akynrera:

— TloxBame MammHCKOT (hakynaTeTa 3a HajOOJBEr CTYACHTA Ha MPBOj, APYTroj U
tpehoj roawWHM OCHOBHHX akageMmckux cryaumja (2007/2008., 2008/2009%
2009/2010.),

— TloxBama MammHckor (Qakynrera 3a HajOOBEr CTYACHTA Ha OCHOBHUM
aKaJIeMCKUM CTyJIWjaMa U3 TEHepalMje yIucaHe Ha CTyadje IIKOJICKE

2007/2008roaune ca mpoceunoM oreHom 10,00,

— TloxBama MammuHckor (akynrera 3a oJjiM4aH YCIIeX Ha MPBOj U APYroj TOAMHU

macrtep akagemckux cryamja (2010/2011u 2011/2012.),

— TloxBana MamuHcKor ¢axyiTera 3a HajOoJber CTyIeHTa Ha MacTep aKaJeMCKUM
CTyAHMjaMa U3 TeHepaldje ynucane Ha cryadje mkoncke 2010/2011roaune ca

npoceunom orieHoM 10,00u

— IloxBama MammmHckor ¢akynarera — HajOOJbU CTYACHT HAa MacTep aKaJIeMCKUM
CTyHjamMa, MacTep MHXKEHEpP MAIIMHCTBA, U3 TeHepallije yIHUCcaHe Ha CTYIu]e

mkojicke 2007/2008roaune - CTyIeHT reHeparimje.
buo je Hocuman MHOTOOpOjHUX cTUIICHIM]a Meh)y KojuMa ce u3/1Bajajy CTUIICHIH]E:

— Crunennuja @onaa 3a miaae TajieHTe MHUHHMCTapcTBAa OMJIaJMHE U CIOpTa

Peny6nuke Cpouje 2009/2010.,

— Crunenaguja PoHma 3a miazne TajleHTe MUHHCTApCTBA OMJIAJAMHE U CIIOpTa

Penyonuke Cpouje — ,,Jlocureja” 2011/2012.,
— Crunenauja Onmrune ['opwu Munanosar 2009.,2010u 2012.1

— Crunenauja MunucraperBa npocBete U cnopta Penmyonuke Cp6uje 2009. u
2011.

Aytop ce ciayxu cnenehum nporpamckum nakeruma: Microsoft Office (Word, Excel,
PowerPoint), Autodesk AutoCAD, SolidWorks, SolidEed&roDeskop, MatLab,
Wolfram Mathematicagcuose LaTeX, Fortraru Ansys ¢oxyn CFD). Ayrop Biana
EHTJIECKUM jE€3UKOM.
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Mpwvnor 1.

U3jaBa o ayTopcTBY

NMoTtnuncanu-a _ BojaH M. Jepemuh

6poj nugekca __[13/12

UsjaBrbyjem
[a je JOKTOpCKa aucepTaumja nof HacrnoBoMm

Peanvlsau.uja 6anVICTOXpOHOF KpeTakba MeXaHN4YkKnxX cuctema npomMeHI/onBe
Mace ngeanHum Be3amMa ca orpaHn4eHmMm peaKquama

* pesynTart CorncTeeHOor NCTpaxmBa4kor pana,

* [a npennoxeHa gucepTauuja y LenuHM HU y AenosmMMa Huje 6una npeanoxeHa
3a pgobujakbe OMMNO Koje gunnomMe npema CTyaujCKMMm nporpaMmmma gpyrux
BMCOKOLLIKOJICKMX YCTaHOBa,

e [a Cy pe3yntat KOPEeKTHO HaBeaeHU U

e [a HMcaM KpLuimo/ma ayTopcka npaBa M KOPUCTUO WHTENEKTyamnHy CBOjUHY
Apyrux nuua.

MoTtnuc gokTopaHaa

Y beorpagy, 28.11.2019.




Mpwnor 2.

U3jaBa 0 MICTOBETHOCTU WITaMMNaHe U eNIeKTPOHCKe
Bep3nje OOKTOPCKOr paaa

Mme u npesume aytopa bBojaH M. Jepemuh

bpoj nHgekca 03/12

Cryamjcku nporpam [oKTopcke akagemcke ctyanje-MallumHCKO NHXEHEPCTBO

Hacnos paga Peanusaumja OpaxnMcToOXpoHOr KpeTaka MEXaHUYKUX cUcTeMa
NpoMeHSbUBE Mace naeanHum Besama ca orpaHMYeHuM peakuuvjama

MeHTop pepoBHM Npodh. Anekcangap Obpagoeuh u goueHT PagocnaB Pagynosuh

MNotnucaHw/a bojan M. Jepemuh

UsjaBrbyjem fa je witamnaHa Bepsvja MOr JOKTOPCKOr paga UCTOBETHA €neKTPOHCKO)
BEp3nju Kojy cam npepgao/na 3a objaBrbuMBawe Ha noprtany [AurutanHor
peno3utopujyma YHuBepauteTa y beorpaay.

[osBorbaBam ga ce obGjaBe MOju NUYHWM Mogaum Be3aHu 3a fobujare akagemMcKor
3Bakba JOKTOpa Hayka, Kao LITo Cy uMe 1 npesume, rogmHa n mecto pohewa 1 gatym
ogbpaHe paga.

OBu nuyHuM nogaum Mory ce o06jaBUTM Ha MpEeXHMM CTpaHuuama aurntanHe
OmbnunoTeke, y eneKkTPOHCKOM KaTanory ny nybnukaumjama YHmeepauteta y beorpagy.

MoTtnuc pokTopaHaa

Y beorpagy, 28.11.2019.




Mpwvnor 3.

U3jaBa o kopuwhemwy

Oenawhyjem YHuBepauTeTcky 6ubnuoteky ,CBetosap Mapkosuh* ga y OurutanHu
penosntopmjym YHusepauteta y beorpagy yHece Mojy OOKTOPCKY AucepTauujy nof
HacnoBomM:

Peanusauuja 6paxmcToXpoHor KpeTaka MeXaHU4KUX cMcTeMa NpoMeHIbLUBe

Mace ngearqHmm Be3ama ca orpaHn4eHmMmMm peaKLmjama

Koja je Moje ayTopcko gero.

OucepTtauunjy ca ceum npunosnma npegao/na cam y enekTpoHckoM oopmaTy NorogHoMm
3a TpajHO apxuBupae.

Mojy OOKTOpCKY AncepTtauunjy noxparweHy y OurntanHu penosvtopujym YHueepsauTeTa
y beorpagy mory ga kopucte CBM KOju nNowwTyjy oapende cagpxaHe y ogabpaHom tuny
nuueHue KpeatmeHe 3ajegHuue (Creative Commons) 3a kojy cam ce ogny4dno/na.

1. AyTopcTBO

2. AyTOpCTBO - HEKOMEPLMjanHo

AyTOpCTBO — HekomepuujanHo — 6e3 npepage

4. AyTOpCTBO — HEKOMEpPLMjanHO — AeNUTN No4 UCTUM yCnoBuMa
5. AytopcTtBo — 6e3 npepage

6. AyTOpCTBO — [€enuTu nog UCTUM ycrnosmuma

(Monumo [a 3aoKpyXuTe camo jedHy O LWecCT MNOHyheHuX nuueHuu, KkpaTak onmc
nuueHumM gart je Ha nonehuHu nucra).

MoTnuc gokropaHaa

Y beorpagy, 28.11.2019.




1. AytopctBo - [lo3BorbaBate yMHOXaBake, OUCTpUOyLMjy M jaBHO caoniliTaBake
Aena, n npepage, ako ce HaBeJe UMe ayTopa Ha HadvH ofpeheH of cTpaHe ayTopa
unu gaesaoua nuueHue, Yak n'y komepumjanHe cepxe. OBo je HajcrnoboaHuja og CBUX
nUEeHUMN.

2. AyTopcTBO — HekomepuujanHo. [lo3BorbaBate yMHOXaBawe, AUCTpMOyLnjy 1 jaBHO
caonwtaBawe fena, v npepage, ako ce HaBe[e MMe ayTopa Ha HauuH ogpeheH of
CTpaHe ayTopa wnu gasaoua nuueHue. OBa nuueHua He 003BOSfbaBa KomepuwujanHy
ynoTtpeby gena.

3. AyTOpCTBO - HekomepuujanHo — 6e3 npepage. [o3BorbaBaTte yMHOXaBahE,
anctpubyumnjy n jaBHo caonwitaBawe fena, 6e3 npomeHa, npeobnvkoBawa Wnu
ynotpebe dena y cBOM [eny, ako ce HaBede Mme aytopa Ha HavvH ogpeheH of
CTpaHe aytopa unu gasaoua nuueHue. OBa nuueHUa He [03BOSbaBa KoMepuwujanHy
ynoTpeby aena. Y ogHocy Ha cBe ocTane nuueHue, OBOM fMUEHLIOM Ce orpaHuyaBsa
Hajsehun o61m npaBa Kopuwhewa gena.

4. AyTOpCTBO - HekoMepuujanHo — Jenutu nog uctum ycriosuma. [osBosrbaBarte
YMHOXaBake, AMCTpMOyLMjy 1 jaBHO caonwiTaBawe gena, u npepage, ako ce HaBefde
MMe aytopa Ha HadvH ofdpefneH oA CcTpaHe ayTopa unu gasaola NuUueHLe U ako ce
npepaga Aauctpubyvmpa nog MCTOM WM cnudHoM nuueHuoM. OBa nuvueHua He
[03BOrbaBa koMepuujanHy ynotpeby aena v npepaga.

5. AytopctBo — 6e3 npepage. [Jo3BorbaBate yMHOXaBawe, OUCTPUOYLMjy U jaBHO
caonwTaBawe gena, 6e3 npomeHa, npeobnukoBara unu ynotpebe gena y cBom geny,
ako ce HaBede MMe ayTopa Ha HayuH ogpefeH of CTpaHe ayTopa wunu gasaoua
nuueHue. OBa nuueHua Ao3BoSbaBa KoMepuumjanHy ynotpeby aena.

6. AyTtopcTBO - [genutu nog uUCTMM ycrnioBuma. [Jo3BoSfbaBaTe YMHOXaBahse,
ANCcTpubyLmjy 1 jaBHO caonwiTaBawe Aena, u npepage, ako ce HaBege ume ayTopa Ha
HauuH oapefeH of cTpaHe ayTopa WM JaBaoua nuueHue M ako ce npepaga
anctpubyupa nog UCTOM uNM  crivdHOM  nuueHuoMm. OBa nuueHua [o3BoSbaBa
KomepuujanHy ynotpeby gena u npepaga. CnnyHa je codpTBEPCKMM nuMLeHLama,
O[JHOCHO INunLeHuama OTBOPEeHOr Koaa.



