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Abstract

In this thesis we give some new asymptotic formulas for mean values of
multiplicative functions of several variables depending on GCD and LCM of
arguments.

We obtain an asymptotic formula with a power saving error term for the
summation function of a family of generalized least common multiple and
greatest common divisor functions of several integer variables.
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Also we obtain an asymptotic formula with a power saving error term for
the summation function of Fuler phi-function evaluated at iterated and gen-
eralized least common multiples of four integer variables.
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1. ARITHMETIC FUNCTIONS

In this chapter, we will recall some of the well known facts about arithmetic
functions of one integer variable and give some representative examples. We
focus mainly on multiplicative arithmetic functions. Also we will discuss
the Dirichlet convolution of arithmetic functions of one variable and present
some properties which are related to it.

Definition 1. An arithmetic function is a complex-valued function defined
on N={1,2,3,...}
f:N—=C.

Two classes of arithmetic functions play particularly important roles: addi-
tive functions and multiplicative functions.

Definition 2. An arithmetic function is called additive if it satisfies

f(mn) = f(m) + f(n)
for all m,n € N such that ged(m,n) = 1.

Definition 3. An arithmetic function is said to be multiplicative if f(1) =1

and
f(mn) = f(m)f(n)
for all m,n € N such that ged(m,n) = 1.

The null function is not multiplicative, because it does not satisfy the con-
dition f(1) =1.

A function f is called completely additive or completely multiplicative if the
conditions above hold even when (m,n) # 1, that is if f(p”) = vf(p) or

f(") = f(p)?, respectively.



And f is called strongly additive or strongly multiplicative if, in addition to
the conditions above, we have f(p*) = f(p) for all v > 1.

The following proposition is useful in constructing new multiplicative func-
tions from known ones.

Proposition 1. Let f be a multiplicative arithmetic function and

F(n) = f(d).

dn

Then F is also a multiplicative arithmetic function.

Proof. Let m and n be two coprime integers. If d|mn, the divisor d can be
expressed uniquely as a product d; - de with di|m and dz|n. Conversely, if
dilm and ds|n, therefore dids|mn. Obviously, if m and n are coprime, so

their divisors are d; and ds.
Then

F(mn) =Y f(d)

d|mn

= Y fldidy)

di|m,da|n

= Z f(dr) f(dz)

di|m,da|n

=" fd)Y f(dy)

di|m da|n

1.1 Examples of arithmetic functions

Here we will define and present some examples of important arithmetic func-
tions.

1. The counting functions



e The counting function of the total number of prime factors of an
integer n:

Qn) => .
p¥lIn

e The counting function of the number of distinct prime factors of
an integer n:

w(n) = Z 1= Z L.
p¥lln pln

It is immediate from their definitions that 2 and w are additive, the
former completely, the latter strongly.

2. The sum of the k-th powers of the positive divisors of n including 1
and n

ox(n)=>_d* (keC).
din
e The sum of divisors function.
o(n)=o1(n)=> d (k=1).
dn
e The number of divisors function.

T(n) = oo(n) = Z 1 (k=0).

din

Proposition 2. The function o is multiplicative.

Proof. Since we have ged(m,n) = 1, then every divisor d of m,n can

be written uniquely as d = dydsy such that d;|m and ds|n.



Therefore

or(mn) = Z d*

dlmn

= Y (didy)'
di|m,da|n

~(xa) (xe
dilm da|n

= ox(m)og(n).

]

. Euler’s totient function, counts the number of invertible residues mod-
ulo n, that is:

o(n) = Z 1.

1<h<n,(h,n)=1

Proposition 3. The Fuler’s totient function is a multiplicative, 1i.e.,
if ged(m,n) =1 then p(mn) = p(m)p(n).

o If pis prime and k£ > 0

p(p*) =p* = p*!
and when k£ = 1, then we have
p(p)=p—1.

e The sum of the Euler’s totient function over all positive divisors
of n (including 1 and n itself) is n.

Proposition 4. For any positive integer n we have:

> eld) =n.

dln

4



Proof. Let

F(n) =Y ¢(d).

din

As ¢ is multiplicative function, so is F'(n) by Proposition 1.
For integers which are prime power, i.e, of the form p* for some
kE>1,

F(p") = o(1) +¢(p) + o(0?) + - + (")
=1+(p-1)+@ —p)+-+p—p""
Now consider any integer n, and consider its prime factorization.

Then,
n=pi'pse-pht, k> 1

= F(n) = F(pi'py* ")
= F(py")F(py?) - F(py")
— P]f1p§2 . _pfr
=n.
O
e Because of multiplicativity of Euler’s function we have the follow-

ing explicit formula.

Proposition 5. For any positive integer n, we have:

@(n)an(l—%).



4. Mobius function
The Mobius function is defined by:
(—1)~m if nm is squarefree,
p(n) = .
0 otherwise.
For example, the values of this function at the first few positive integers
are:
n{l| 2|34 5|6 7/8[9|10 111213 |14 15
pun) | 1|-1{-1]0-1|1|-1|0|O0| 1|-1|] Of-1] 1| 1
n| 16|17 18 1920 |21 |22 |23 |24 |25|26|27|28]29 30
pun)| 0| -1 Of-1| O] 1| 1]-1{ 0 O] 1] O Of-1|-1

Proposition 6. The Mdbius function is multiplicative, that is, p(mn) =

u(m)u(n), whenever (m,n) = 1.

Proof. Let m and n be two coprime integers. We consider the following
two cases.

Case 1: Suppose pu(mn) = 0. Therefore there is a prime number p
such that p?|mn. Since m and n are coprime, so p can not divide both
integers m and n. Hence either p?|m or p?|n. Then, either u(m) = 0

or u(n) =0, and we conclude that p(mn) = u(m)u(n).

Case 2: Let u(mn) # 0. Therefore, mn is squarefree, hence so are m
and n.

We can write m,n as m = p1ps...p, and n = q142 . . . ¢s where p; and
q; are all distinct primes. Then, mn = pip2...p,qi1q2 ... ¢s where all

the primes occurring in the factorization of mn are distinct. Hence,

u(mn) = (~1)** = (~1)7(~1)° = p(m)p(n).



e The sum of the Mo6bius function over all positive divisors of n (in-
cluding 1 and n itself) is zero except when n = 1.

Proposition 7. For any positive integer n we have:

1 if n=1,

> p(d) =

Proof. Let

F(n) =3 u(d).

dn
Since p is multiplicative, so is F'(n) by Proposition 1.

Obviously,

F(1) = u(d) = p(1) = L.

dj1
Now consider the integers which are prime powers, i.e., of the form

p¥ for some k > 1,

F(p*) = p(1) + p(p) + p(p®) + - - + p(p")
=1+(=1)+0+---40
— 0.

And for any integer n, consider its prime factorization.
Therefore

n=pyph-phr, k> 1

— P = [[Fo!)

=0.



5. The von Mangoldt function
The von Mangoldt function is defined by:

Inp if n=p" for some v>1,
A(n) = .
0 otherwise.

e For example, the values of this function at the first few positive

integers are:

nil 2 3 4 5|6 7 8 9110 11
A(n) | 0] log2 | log3 |log2 |logh |0 | log7 |log2 |log3 | 0 |logll

n |12 13|14 ] 15 16 17 ] 18 19 | 20 | 21 | 22
A(n) | 0|log13| 0| 0 |log2|logl7| 0 |logl9| O] 0] O

n 23 | 24 25| 26 27 | 28 29 | 30
A(n) | log23 | 0 |logh| 0]log3| 0|log29 | 0O

e The sum of the von Mangoldt function over all divisors of n (in-
cluding 1 and n itself) is logn.

Proposition 8. For any positive integer n we have:
Z A(d) = logn.
dln

Remark 1. The von Mangoldt function is neither multiplicative nor

additive.

1.2 The Dirichlet convolution of arithmetic functions

Definition 4. If f and ¢ are two arithmetic functions, the Dirichlet con-
volution of f and ¢, denoted by f % g, is the arithmetic function defined
by
(f+9)(n) =>_ f(d)g(n/d) = f(n/d)g(d)
djn

dln



Remark 2. We can write the Dirichlet convolution also as follows

(fxg)(n) =) f(m)

mk=n

where m and k run over all pairs of positive integers whose product equals n.

Proposition 9. Let f and g are two multiplicative arithmetic functions.

Then, f = g is also multiplicative.

Proof. As we did in Proposition 1, for coprime integers m and n,

(f xg)mn) = > f(d)g (=)

dlmn

— Z f(didy)g (d1d2>

didz|mn

= > fld)f(d2)g (%) g (%)

di|m,da|n

-2y rwneon (5 )o(G)

di|m da|n
(o) (S 2

which implies the Proposition.
O

Example 1. In the following, we offer some examples of arithmetic functions

which can be expressed as Dirichlet convolutions.

L. 7(n) =>4, 1,7 =1%1, where 1 is the arithmetic function defined by
1(n) =1.

o(n) = > 4, d,0 = 1xid, where id is the identity function such that
id(n) =

3. 2gmi(d) = 6(n),px1 = 4, where ¢ is the unit function such that
d(n)=1ifn=1and d(n) =0ifn > 1.

9



4.3 g 1d)(n/d) = ¢(n), pxid = ¢.
5. 2gmp(d) =n,ox1=1id

6. > g Ald) =Inn,Ax1=log.

1.2.1 Dirichlet inverse and the Mobius inversion formula

Proposition 10. [}, Th. 2.8] Let f be an arithmetic function with f(1) # 0,
then f has a unique arithmetical function f=1 called the Dirichlet inverse of
f, such that

fxflt=f1txf=0
Furthermore, f~1 is given by the recursion formulas
1
-1 _
= S
- —1 ny\
=g 2 (5) M@ for n>1

d<n

Example 2. We have px1 = 9, therefore the Mobius function is the Dirich-
let inverse of the function 1.

Remark 3. We have (f x g)(1) = f(1)g(1). Therefore, if f(1) # 0 then
(f*xg)(1) # 0. So this fact inform us that, the set of all arithmetical func-
tions f with f(1) # 0 forms an abelian group with respect to the operation x,
and the unity being the function §.

Proposition 11. (Mébius inversion formula). If we have

fn) =3 g(d) (1.1)

dln

10



This equation implies

g(n) =" fldn (4) (1:2)

d|n
Conversely, (1.2) implies (1.1).

Proof. Equation (1.1) can be written as f = gx1. Multiplying each side of the
equation by the function p we obtain fxu = (g*1)xpu = gx(1xp) = gxd = g,
which is (1.2). Conversely, multiplying f * yu = g by 1 gives (1.1). ]

11



2. SUMMATION OF ARITHMETIC FUNCTIONS

In number theory, a summation function F'(x) of an arithmetic function f(n)
is defined by

Fa) =3 f(n).

n<zx

Definition 5. Let f(n) be an arithmetic function. It is said that f(n) has

a mean value (average value) c if the following limit

exists and is equal to c.

In this chapter we will review some of the well known summation tools which
are used to evaluate sums of arithmetic functions. Also we give examples
of the summations of some arithmetic functions and estimate their average
order.

2.1 Partial summation

In this section we derive an identity used in many situation. Partial sum-
mation is an extremely useful and has various applications in number theory
and analysis. The partial summation identity yields a formula that is very
convenient for estimating sums of arithmetic functions.

Proposition 12. (Partial summation formula, see [28]) Let {a,}>, be a
sequence of real or complex numbers, and f(t) differentiable function for

t >0, and set A(x) =5 . a,. Then

n<x

> anf(n) = Al (o) - [ A 0.

n<x



1
n<x n

Now we will estimate the function by applying the partial summa-

tion.

Example 3. Let x > 1, then

1 1
Z—:logx—i—fy—i—O(—)
n x

n<x

where 7y is Euler’s constant.

We will apply Partial summation formula by taking a,, = 1 forn € N, A(z) =
[z] and f(t) =1, then

-ty [ @

n<x
So, we can write the function [z] as [z] = z — {z} in (2.1), where {2} denotes
the fractional part of x.

Therefore

1 z—-Ax Tt —A{thdt
e

n<x

=140 (1) + logz — {thdt

x 12

_logac+1—< i%‘/j%)“)e)

zlogx+1—/ {t}dt—i—O(l).
. 1P x

Where

£2 2

< Ll de < dt 1
{1} <[

xT

{t}dt

This is precisely the formula we need, if we denote v =1 — floo 2

13



Letting x — oo in Example 3, we find that

. 1 < f1ydt
J:%(Zrlogx>=1—/l 2

n<x

and the value of 7 is equal 0.5772156649 ... .

2.2 Dirichlet hyperbola method

Here we will explore the average order of the divisor function 7(n). A simple
interchange of summations gives a first estimate. Indeed we have

Zr(n) :ZZI

n<z n<z dn

MM

d<z qd<z

Sl
X row

d<z
1
= x; p + O(x)

= zlogx + O(x).

We can improve this estimate by using so called ” Dirichlet hyperbola method”,
invented by Dirichlet to evaluate the sums of the arithmetic functions.

The Dirichlet hyperbola method is a technique in number theory to estimate
the sum > __ f(n), where f is an arithmetic function of the form f = g *h.
That is -

f(n) =7 g(d)h(n/d)
din

for two arithmetic functions g and h. We denote by

G(z)=> g(n),

n<x

14



H(z) = h(n),

n<x

the corresponding summation functions.

Proposition 13. If f is an arithmetic function and g,h are two arithmetic
functions with summatory functions G, H respectively, then for any parame-

tery, 1 <y <z, we have

> fn)=> gla)H (g) +3 hh)G (%) —Gy)H (f> .

n<x a<y b§§ y

Proof. We have

S rm) =3 gla)h(d)

: - i g(@)h(b) + > g(a)h(b)
= ol (%) + S HOHG (3) - G)
= o (7) +3_ne)6 (7) - G)

We will evaluate the partial sums of the number of divisors function by apply-
ing the Dirichlet hyperbola method which give us more precise information
on the average behavior of 7(n).

Example 4. Let x > 1, then

Z 7(n) =xlogz + (27 — 1) + O(V/7)

n<z

where 7(n) is the number of divisors function and v is Euler’s constant.

15



ab=x

VX

Fig. 2.1: The equilateral hyperbola and the lattice of integral points.

First we have

dor)=> > 1=>Y 1L

n<lx n<z ab=n a,b<z
ab<z

Now, we can apply the hyperbola method where g(n) = 1,h(n) = 1 and
G(z) = [z], H(z) = [z] as follows:

16



n<z a<y b<Z Yy
-SEEf)-w
_a:; +O(y +x;b+0(§) (y + O( ))( +O(1)>

So

ZT(TL) =z(logvVx+~v+ 0 (%

=zlogz + (27 — 1)z + O(Vx).

))+x(1og\/5+7+0 (%))—I+O(\/E)

n<x

Which is the desired estimate.

In the following we will give more examples of the summations of arithmetic
functions and estimate the average order of that functions.

2.3 The average order of the sum of divisors function

The following example evaluates the average order of the function

=> d

din
Example 5. Let © > 1, then we have
L 5
Za(n) =T et O(zlogx).
n<lz

The idea of solving this example is to write the function under consideration

as a sum over the divisors of n and then interchange summations. Thus we

17



have

D omy=3 > d

n<zx n<z d|n
=D > a
d<z qd<zx
1 T T
— =S E (] 1)
2 [d] ([d] +
d<z
1 x?
=3 7 +0 |z Z -
d<z d<z
It gives the following formula
1 2
d>1

This implies the stated formula.

2.4 The average order of Euler’s p-function

In the following example we will estimate the average order of the function
p(n).

Example 6. Let x > 1, then we have

ng(n) = %xQ + O(zlogx).

n<x

We start by using the formula

18



Then

- dZmd)qu
=S [3] ([ +)
=3u (5(3) 0 (3)
x0T

We know that the Mdébius function is the inverse of 1 under convolution, so

d 1
() (5i)
d>1 d>1

Where the two series are absolutely convergent, and by (2.2) in the Example

we have

5 we have

This giving the required conclusion.

2.5 Generating Dirichlet series

A Dirichlet series is an expression of the form

where s is a complex variable and a,, is a sequence of complex numbers.

19



Dirichlet series play an important role in analytic number theory and espe-
cially in the theory of arithmetic functions. If we write the a,, as the values
of an arithmetic function f(n) = a,, then we say that the above series is the
Dirichlet series associated with f.

Definition 6. Let f be an arithmetic function. The Dirichlet series associ-

ated to f is the series

For two Dirichlet series D(f;s) and D(g; s) represented respectively as fol-
lows:

and

where both Dirichlet series converge absolutely in the half-plane, we define
the product of them in the following way by:

D(f:8)D(g:s) = 3 2.3)

and

h(n) = f(m)g(k) = (f * g)(n)

mk=n

where h = f * g is the Dirichlet convolution of f and g.

Because of absolute convergence of these series we can multiply them to-
gether, hence the product definition agrees with the formal calculation

20



Example 7. If f(n) =1 for n € N, then

ini_ R(s) > 1

defines the Riemann zeta function.

Example 8. Taking f(n) = 1 and g(n) = p(n), Mobius function, then in
(2.3) we have h(n) = d(n), so

ns ns
n=1 n=1
therefore
> 1
S _ L s
n=1 ne C(S)

Example 9. Taking f(n) = 1 and g(n) = ¢(n), Euler’s totient function,
then h(n) =n, so

3
Il
—
3
Il
—

therefore

Proposition 14. Let D(f;s) = > 0 1% converges absolutely for R(s) > a.

n=1 ns

If f is a multiplicative function, then the Euler product is:

D(f;s)—H<1+Lf)+Lpz)+...).

2s
» p p

21



Proof. For each integer n, there is a unique expression in the form

Therefore, we have

fn) _ i (Pr'py” - i)

NE

D(f;s)=
(f;s) 2o T L gl ey
= SOV F 52 - f (k)
; Py - pghe
f f(p?
:g(H D L),

]

If f is a completely multiplicative function, then each factor in the product
is a geometric series. Therefore the Euler product becomes as following;:

b =TI (1-12) .

S
» p

2.6 The Riemann zeta function

The Riemann zeta function is an important function in number theory. It
is very useful for investigating properties of prime numbers especially and
helpful in the proof of the prime number theorem.

Definition 7. The Riemann zeta function is the function written as ((s),

defined in the half-plane with R(s) > 1 by the absolutely convergent series

) =3~ R(s) > 1

where s is a complex variable of the form s = o + it.

As we mentioned in the last section about the Euler’s product when f is a
completely multiplicative function, so the Euler product of the Riemann zeta
function is as follows:

(o) =11 (1 _ l>_1 R(s) > 1. (2.4)

S
» p

22



The Euler product is absolutely convergent for R(s) > 1.

Example 10. We obtain the following Euler products which are related to
the Riemann zeta function and Dirichlet series by taking f(n) = 1, u(n), ¢(n), A(n),

respectively
1 1
ey —_— = 1
=3Il »>
1 o) ~
c(s) ;:1 . |p|(1 —-p ) R(s)>1

¢(s) — n’ L1-p
¢(2s) _ = A(n) _ 1
@ 2w s Rt

Where A(n) is the Liouville lambda function which is defined as A(n) =
(~1)7)

Now taking the logarithms of equation (2.4) and using the power series
—log(l—z) =3 Z", we find that

log((s) = — ) log(1—p~*)

By differentiating, we obtain

¢'(s) _ 3 — logp
C(s) S i= p™
for R(s) > 1. This is a Dirichlet series which is written as
o0 an

ns
n=1

23



and its coefficient is the von Mangoldt function; therefore

(ngiAm),MQ>L

(s) n

C/
¢

n=1

This is fundamental relationship between prime numbers and Riemann zeta

function.

We now present that the Riemann zeta function can

be continued analyti-

cally beyond the line (s) = 1 to a function which is analytic for s except

for a simple pole at s = 1.

So we can get analytic continuation of the Riemann zeta function by apply-

ing the partial summation and taking a,, = 1, f(n) =
For R(s) > 1 we have

1 [a] T [¢)dt
ZE—F—FS/l tST

n<x

Let x — oco. We get

ii _S/OO [t]dt
ns o 1 ts+1'

n=1

Now we can write [t] =t — {t}

C(S): izs/w(t_{t})dt

1 terl

# as follows:

:S/ __S/ {t}dt
1 s 1 t5+1
s < {t}dt
— S .

s—1 1 ts—f—l

We noted that the integral is absolutely convergent for $(s) > 0, which is

defines analytic function in this region.
Therefore the RHS of the last equation is an analytic
except s = 1 where it has a simple pole.
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2.7 Multiplicative arithmetic functions of several

variables

In this section we recall some well known properties of multiplicative func-
tions of several variables, which are needed in later chapters.

We say that an arithmetic function f : N* — C in k variables (k > 1) is
multiplicative if it is not identically zero, and we have that

f(mlnl, c. ,mknk) = f(ml, c. ,mk)f(nl, c. ,nk) (25)

for any 2k integers my, ..., mg, nq, ..., ng such that ged(my ... mg,ny ... ng) =
1.

In this thesis we denote with M, the set of all multiplicative functions in &
variables.

Further, a function f is completely multiplicative if f(1,1,...,1) # 0 and
(2.5) is satisfied for any two k-tuples of integers, without restriction.

Remark 4. In this thesis we will denote with (nq,...,ng) and [ny, ..., ng

the greatest common divisor and the least common multiple of k integers

Nni, ..., Nk, respectively.
Example 11. e The ged function (ng,...,ng) — (n1,...,n;) and the
lem function (nq,...,ng) — [ng,...,n,] are multiplicative for any k& >
1.
e The function (nq,...,ng) — 7(ny)---7(ng) is also multiplicative in k
variables.
e The function (nq,...,ng) — ny---ny is completely multiplicative.

The set of all arithmetic functions Ay of k variables, for any £ € N is a
complex vector space with the addition and scalar multiplication defined as

usual. One can define the Dirichlet convolution in the setting of k variables
by

(frg)ny,.com) = Y fdi,....dp)g(na/dy, ... m/dy).

di|ni,....dg|ng
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Then (A, +, %) a commutative C—algebra with multiplicative identity. The
Dirichlet convolution preserves the multiplicativity of functions as in the one
variable case in the first chapter.

To any arithmetic function f in k integer variables, one can associate the
corresponding Dirichlet series

D(f;Zl,..., Z fnh"'”, k)’
ny

ni,...,np=1

which is a function of k£ complex variables z1, zs,...,2;. In this thesis we
will use the following basic and well known, but important property: if
D(f;21,...,2) is absolutely convergent at the point (si,...,s;) € C¥, then
it is absolutely convergent for every (z1,...,z,) € C¥ which satisfy

%Zj 2 éRSj (1 S] S k)

Moreover, if we have any two arithmetic functions f,g € Ay, such that
D(f;z1,...,2x) and D(g; 21, . . ., zx) are absolutely convergent at some (2, .. .,
2¢) € CF, then the Dirichlet series D(fxg; 21, . . ., 2) corresponding to Dirich-
let convolution f * g is also absolutely convergent at the same point and

D(f*g;zh”‘azk):D(f;zla"‘7Zk)D(g;Zla"'7zk)'

For multiplicative functions of several variables we have the following basic
proposition, which can be found, for example at ([29]).

Proposition 15. Let f € M,. For every (z1,...,2:) € CF the series

D(f;z1,...,2k) is absolutely convergent if and only if

Lf(ps - p™)]
H Z pU1§RZ1+"'+Uk§RZk < 0.
v1,...,0=0
v+ v >1

In that case we have the following Fuler product expansion:

D(f’ SRR H Z f v1z17—|: . :HJka ) ' (26)

P V1,...,0=0
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Example 12. For every arithmetic function g of one integer variable, we

have the following identity

f: g(<n1>""nk))_ C(Zl)c(zk) = g(n) (27)

n’il .. nzk - C(zl + .. _I_ Zk) — n21+“‘+zk ’
If we take g(n) = n, then (2.7) gives for k > 2 and Rz, > 1,..., Rz > 1,

o (nl,...,nk) _ C(Zl)"'C(zk)C<zl+"'+Zk—1)

On the other hand, if we take g = §, we obtain in the same region

Z 1 o C(z) - Q)

M(f)= lim ——— > fl,.. ),

n1 <1, STk

if this limit exists. For example, the following theorem is proved for multi-
plicative functions of several variables:

Proposition 16. (N. Ushiroya, [31, Th. 4]) Let f € My, (k > 1) such that

P V1,..,0=0

v+ v >1
Then the mean value M(f) exists and

=TI (1-1) 3 St

pUittuk < 00

i: (= ) (™, .. p™))]

p Vlyeeey v=0
Example 13. e For any multiplicative function g € M, the function
(n1,...,n%) = g((nq,...,ng)) has the mean value
1 )
M(f)=—=) T2
(f) (R 2=
e In particular, for any k& > 3, the function (n4,...,ng) — @((n1,...,nk))

has the mean value ¢(k —1)/¢?(k).
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3. ON SOME MULTIVARIATE LCM AND GCD
SUMS

In this chapter we obtain an asymptotic formula with a power saving error
term for the summation function of a family of generalized least common
multiple and greatest common divisor functions of several integer variables.

3.1 Introduction

Let [nq,...,ng| denote the least common multiple (lem) and (ng,...,n)
denote the greatest common divisor (ged) of positive integers ny, ..., ng. Al-
though looking simple, their statistical behavior is non-trivial. See for ex-
ample the recent study [7] of the least common multiple function from the
probabilistic point of view. A related and natural question would be to study
asymptotic formulas for mean values of the ged and lem functions of several
integer variables. For example, P. Diaconis and P. Erdés in [9] obtained the
following asymptotic formulas in case of k = 2 variables:

Z (m,n) = % (logm + 2y — % - %2) — g(<22))> +O0(z%?log z)

m,n<x

and

a a+2 2a-+2 2a-+1
Z [m,n]* = Mx + O(z*" log x)

where a is any positive real number, 7 is Euler’s constant and ((s) is the
Riemann zeta function. In [16] the authors considered also the problem

of establishing an asymptotic formula for the summation function of the
quotient ([:Z—Z]) of the least common multiple and the greatest common divisor

of integers m and n and obtained the formula

2

Z ([Z:Z]) = %x4+0(3§3 log x).




For some interesting properties of the arithmetic function % we refer the

reader to the recent paper [14] and the more extensive biblibgraphy of the
related results in this area is presented in the introductory section of [16].
Moreover, T. Hilberdink and L.T6th in [16] derived more general asymptotic
formulas, concerning the summation over k£ > 3 arguments: for any real
a > 0 and for any € > 0 they obtained

> [ = Cop O 4O (aMerD7E)
ni,...,np<T
and
E <M> = D pCICERY 10, <xk(a+1)*%+e)
N yeeey N ST (nh ... ,nk)

for some positive constants C,  and D, .

In this chapter we will generalize these results (in case of integer a) further
and consider the arithmetic function of k + ¢ variables:

[n17"‘7nk]a [nk+17"'7nk+€]b
ni,...,n = )
f( . ’ k+€) |i<n17"'7nk)c’ (nk+17"'7nk+f>d
This function satisfies
flmana, oo omppmeye) = f(ma, .o mege) f(na, - i),
for any my, ..., mgye, N1, ..., Nk € Nosuch that (my ... Mg, 0y . Npyg) =

1, i.e. f is an example of a multiplicative arithmetic function of several
variables. Using the methods from [16], we will prove the following theorem:

Theorem 1. Let k> 2, /> 1, a>c>1and b > d > 0 be fized integers.

Then for every € > 0 we have

> {[nl""’”’f]a [nk’—‘rl,-..,nk_i_z]l;}

N1y Mgt <T (nla s 7nk)c7 (nk+1, R 7/n’k’+€)

_ : f};;kcébj 7 Gt Db+ 4 o) (Ik(a+1)+z(b+1)f§+e) (3.1)
a
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and

|:[n17"'7nk}a [nk-l-lu"')nk—i-ﬁ]b
Z (nla"wnk)C? (nk+17"'7nk+f)d

(ng .o .ng) (Mg -« - Nprp)®

_ k+¢ k+e—L4e
— Ck,a,c;@,b,d xz + Oe (37 2 > )

Ny Ny g <T
(3.2)
where the constant Cy g copa 15 given by the Euler product

> max{(amax —cmin){v1,...,vx },(bmax —dmin){vg41,....vk+e}}

k+¢
[1(: 1 y
D p(a+1)(V1+'"+V/c)+(b+1)(Vlc+1+'"+1/k+e)

D VlyeensVit =0

Here and through the chapter we will use the following notation:

(amax —cmin){vy,..., v} = a -max{vy,..., v} —c-min{vy, ..., g}

As an illustration, we obtain the following corollaries:

Corollary 1. For every e > 0 we have

5 [[nlanZ] ng} _ Coannio 6 o ()

(nl,ng)’ 8

ni,n2,n3<w

and
[nb 77/2]
(m ng) 18 5
Z ——————= =C511.110 z* + O, <$5+6>
ningng
ni,n2,n3<T
where
3 3 2 1
Coi110 = C(3)C(4 (1——+———+—). 3.3
9.1,1:1,1,0 ()()1;[ P R (3.3)

Corollary 2. For every e > 0 we have

[n1 n2]3 2 Co31:1,20 11 21
’—7 —= —Shd O€< +e)
> [l ] < Cssnse o (12

n1,n2,n3<x
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and

[, ”2]37 2}

3
[ ny, N2 5
Z ( 3 3) 2 = Cy31.1.20 2° + O, <x2+5> ,

ning2,n3<w

where

_p9+]ﬁ_ﬁ_]ﬁ+]ﬁ_p SERST,
2 1 ) 1 3 1
b et gt ) 4

By the method of proof in Theorem 1 we obtained the relative error of size
O(z~/%%¢). It remains as an interesting open question to determine the best
possible exponent in the error term.

3.2 Proof of Theorem 1
To prove this theorem we need the following lemma:

Lemma 1. For integers k> 2, {>1, a>c>1 and b > d > 0 we have

|:[n17"'>nk]a [nk+17"'7nk+f]b
o Y

Ny ...,NME)¢ (Ng ey Ngete)?
L(Zh cee Zk—i—é) = Z ( S : )Zk (Zk:l_l’ ;k+€+ )

21
=] nit.oontngtoong

=((z1—a)...C(zx —a)((zk11 — b) ... C(2kse — b) H(21, ..., 2610), (3.5)

where the multiple Dirichlet series H(z1,...,z,1¢) 1S absolutely convergent
for
1 1
Rz1,..., Rz >a—i—§ and %zk+1,...,%zk+g>b+§. (3.6)

31



Proof. Since the function

Ly T S TRV Tk
(P, )" (Mkgty s M) ?

(N1, .oy Ngppg) — [

is a multiplicative function of k£ + ¢ variables, the multiple Dirichlet series

L(z,...,2zr+e) has the following Euler product expansion

max{(a max —cmin){v1,...,vx },(bmax —d min){vg41,....Uk+e} }

— P
L(z,...,z = H g
( L ’ k+£) pV1Z1+---+Vka+Vk+1Zk+1+-.-+Vk+ezk+£

P ViyeoyVgte=0

In each Euler’s local factor, we single out the contribution of the terms for
which vy + ...+ < 1t
a a b b

B p p p p
L(Zl,...,Zk.M)—H(1+E+-..+ﬁ+p%+l+"'+pzk+g+
p

max{(a max —cmin){v1,...,vx },(bmax —d min){vg41,....Vk+e}}

p
T Z pUlZl+...+Vk+éZk+g : (37)

VitV >2

Now, for (z1, ..., zk1e) in the region Rzy, ..., Rz, > 5 > a, Rzprq, ..., Rk
> §y > b (for some fixed d; > a, d2 > b), we have that

pmax{(a max —cmin){vy,...,vx },(bmax —dmin){vi41,...,vg4e}}

priFt Fo AVt Zkte

pa(ul+---+Vk)+b(l/k+1+---+l/k+1z) 1

S p(sl(Vl+~--+Vk:)+52(Vk:+1+~~~+l’k+€) = p((51—a)(V1+...+l/k,)+(52—b)(Vk+1+...+llk+g)‘
Therefore, since Ni(n) := #{(v1,...,v3) |vi + ... + vy =n} = ("T*]), the
sum over vy + ...+ Vg4 > 2 in (3.7) is bounded by

p(51 7a)m+(627b)n - p2(51 70,) p2(527b) :

m+4n>2

Hence for Rz; > max{a+1,6;} for all 1 < j < k and Rz; > max{b+ 1,0}
forall k+1 < j <k —+/ we have

H(z1,. .o 2jee) == L(z1, .- ze)CH(z—a) - C M (ze—a) T (Zrg1=D) - ¢ (2o —D)

1 1 1 1
:H<1— )...(1— ><1— b)...(1— b>
pz1—a pzk—a pszrl* pszrE*
p
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1 1 1 1 1 0 1 1
X + p—a +oF pr—a + pzk+1—b +oF pzk-HZ—b + p2(617a) + p2(627b)

1
= H (1 +0 ( 2Gi—a) pz((sgb))) : (3.8)

since the terms =+ R and ﬂ:p — cancel out.

The Euler product in (3.8) converges absolutely for §; > a+ 3 and §5 > b+ 3.
Thus the identity (3.5) holds in the product of half-planes (3.6). O

Proof (of Theorem 1). Let us define the multiplicative function h(ny, ..., ngys)
as coefficients of the multiple Dirichlet series expansion of the function H(zy, ..., 2x1¢)

from Lemma 1:

o0

Z TR )
21 240 .

ny' .l

H(z1, .o 2k40) =

NyeeNpype=1

From the identity (3.5) we obtain the following convolution identity between

the corresponding arithmetic functions:

|:[TL1, o >nk]a [nkJrla <o 7nk+f]b:| (3 9)
(N1, np)e (Mgt -y gpye)?
= > G GR dR dhe Pdy - ).

J1d1=n1,...jrptedkre=nk1e

By using this identity we get

2 HZi::'.’nk]aa [nk“""’”kM]b}

c ) (Mts oy )

= > Je g ey b h(dy, i)

J1d1<z,....Jk+edk1e<T

= D Bldidie) YOG D D R D e

1.yt e Sz n<gr jkﬂgd,:H jkuéﬁ
:L.aJrl % berl ZL'b
_ h(dl,...,dkM)(—aJrO(a))... —+o<—>
dl,..ﬂzk;/gg (a + 1)dy™! d (b+ 1)dyty 7
S s > i, - i) + R(z),  (3.10)
(a+ Do+, L= d da“difl iy
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where the remainder term R(z) is bounded by

R ul+...+up+v1+...4+vp | ) ) )
(7) < 2 ! 2 ar Ay,

u1,...,uk€{a,a+1}, di,....dpe<zx
V1,...,u0 €{b,b+1},
(UL Uk VT 5,00
(a+1,...,a+1,b+1,...,b+1)

(3.11)
Here the first summation is over 28+ —1 (k+/)-tuples (uy, ..., u, vy, ..., )
in which at least one w; is a or at least one v; is b. Let (uq, ..., ug, vy, ..., vp)

be one such fixed (k+¢)-tuple with s > 1 w;-coordinates equal a, for example
(Uly ey Ugy Uy 1y e e ey Uy V1, ooy V) = (@y ..o ya a1, 00 a+1,0+1 ... b+1).
The corresponding contribution on the right hand side of (3.11) is bounded
by

< it (k—s)(a+1)+L(b+1) 2 : |h(dlv - adk+€)|
e da da-i-l da+1 db—l—l db+1
dl,...,dk+g§df 1... s S—‘rl"' k k+1... k’+£
1
5+e€ 5te
2 2
RS CON S h(dy, ... dire)|df ... ds
a+gte atzte a4l a+1 jb+1 b+1
diedyer o<z Q4 co.ods deiy . dydy . d,
o
< xsa+(k—s)(a+1)+€(b+l)+s(%—l—e) } : |h(dy, ..., diyo)|
- atzte  jatgde goqn at1 b1 byl
dy i so=1 0y coods deiy ... .dy o dly . dy,

for any € > 0. Here, the exponents (a+%—|—e,...,a—|—%+e,a—|—1,...,a+
1,b+1,..., b+ 1) belong to the region of absolute convergence (3.6) and
hence, by Lemma 1 the last multiple Dirichlet series converges to a constant

and we obtain the bound

< xk(a+1)+€(b+1)—%+55'

This is maximal for s = 1. Similarly we bound the contributions in (3.11)
corresponding to all other (k+¢)-tuples (uy, ..., ux, v1,...,v;). Therefore we

get
R(x) < xk(a-ﬁ-l)-&-é(b-‘rl)—%—i—e‘ (3.12)

Next, we write the sum in the main term in (3.10) as follows:

h(d17"'7dk+€) _ - h‘<d17"'7dk+€)
2 g cdetr it 2 dgttdgt bt b

dl,...,dk+g§$ 1 k+1 - k+¢ dlv"'zdk:+Z:1 k+1 - k+2
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h’<d17"'7dk+f) 3.13
- Z Z da—i—l da—l—ldb—l—l db+1 : ( : )
OAIC{1,...k+€} di>zgel 1 7Tk kA1 kAL

The complete multiple Dirichlet series in (3.13) converges by Lemma 1 and
is equal H(a+1,...,a+ 1,b+1,...,b+ 1). For one fixed subset I, say
I={1,2,...,8, k+1,k+2,...  k+t}, 1 < s <k, 1 <t </ the corresponding
contribution in (3.13) is bounded by

E ‘h(dla"'adlﬁrf”
a+1 a+1 jb+1 b1
di,...,ds>x dl e dk dk+1 s dk+£
dst15e,dp<T
dio 150 sl t >T
ditt1yrdppe <

1 1 1 1
—5+e€ —5+€ ,—5+¢€ —5+e€
2 2 2 2
. Z |h(d1,...7dk+4)|d1 ...ds dk’-‘rl ...dk,_,’_t
N a+3+e atgte jat1 a+1 b+3+e bHi+e i1 b1
dly.,.7ds>z dl o e ds d8+1 o .. dk‘ dk+1 o .. dk'th kortJrl o e dk_+g
ds+1ye-d<x
41y dp e >T
Aitt41,-dk+e<T
00
< L(sH)(=1+0) 3 |h(dy, ... diyo)]
- atzte  jatide i1 gagl gbtgte  btgte i bl
d17._.,dk+e:1 dl “e ds d8+1 e dk dk+1 e dk+t dk+t+1 e dk‘Jre

Here, the multiple Dirichlet series converges to a constant by Lemma 1 since

1 1 1 1
a+5—1—6,...,&—1-§+6,a+1,...a+1,b+§+6,...,b—|—§—i—e,b+1,...,b+1
belongs to the region (3.6). For all I # () we have that s + ¢ > 1 and hence

the total error introduced by completing the series in (3.10) is again

O <xk(a+1)+€(b+1)—%+e>
and matches the bound for the remainder (3.12).

This proves the asymptotic formula (3.1), with the constant Cygcopa =
H(a+1,...,a+1,b+1,...,b4 1) which can be explicitely calculated from

Lemma 1:
1 k42
Ck,a,c;é,b,d = H 1—--
p
p
y i pmax{(a max —cmin){v1,...,vx }, (bmax —dmin){vg11,....Vk4e}}
p(a+1)(l’1+~-~+Vk)+(b+1)(Vk+1+~~+l/k+é)

VlyesVi40=0
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Proof of (3.2): From Lemma 1, i.e. from the convolution identity (3.9) we

obtain
N1, ..., ngl® [nk+1a'-->nkz+£]b:|
(1) (Mgt )] Z h(dy,. .., dise)

(n1 e nk)“(nkﬂ ce nk+g)b d‘ll Ce d%dz-i-l ce dZ—f—E‘

J1di=n1,....jxtedk1e=nk1¢

Replacing this to the left-hand side of (3.2) we get

[[nlv---vnk]a [nk+1,---,nk+z]b}
Z (s me)® (Mg - - -5 M)
(n1 e nk)a(nkH .. .nk+g)b
h(dy, ..., dgye)
= 2 .. dd, ... 2 L 2]
1 k,‘ k+1 k“rﬁ ]lgﬁ jk‘FZSdkiz

= 2 o 7@;@2{ LUED (dﬁl + 0(1)) . (i + o(1)>

b
k+1- " korZ

h(dy, ..., dyse)

k+¢ ) y Wk+

=7 ’ Z a+1 da+1db+1 db+1 + Rl (x), (314)
Tk k+1 Ykt

where the remainder R;(x) is bounded by

hdi,....d
Ry(z) < 3 gt 3 | (u117 ivo)|

duk+£
U1, up g0 €{0,1} di,...,dp o<z Lo Tkt
(w1 upre)#(1,1,...,1)

By the same arguments leading to the bound (3.12), here we obtain
Rl(x) < Ik+€_%+€.

Similarly, we can complete the multiple Dirichlet series in the main term in
(3.14) with the cost of the error term O (:ckM_%*E), which proves (3.2). O

3.3 Proofs of Corollaries

Proof (of Corollary 1). By Theorem 1, we have that

max{max{a,b} —min{a,b}, c}

1\* p
02,1,1;1,1,0 = H (1 - 2_7) Z pz(a+b+c)




3
:11(1—1)(5r+%g+2&y
» p

where | | .
S; = = . ,
RO e
c>0
1 1 1 1
SQ - Z pa+3b+2c = 1— 1 ( Z pa+3b - Z p3a+b>
a>b>0 p? \a>b>0 a>b>0
0<c<a—b
1 1 1 1 1
_1_# (p(l—%);p% p3(1_%)§p4b>
1 1 ‘ 1
=3 1= p(1=3)
and . . .
S3 = a C = a
a>zb;0 p2 e 1 - % a>26;0 p3 0
ca—b
1 1 ' 1
11 1% (1 - %)
Then we obtain
1+2+ %
Si+ 285, + 285 = p_P
(=55 (1)
and hence ( 1)2< , X )
— ) (1+24+ =
Co o _ p p__v/
2,1,1;1,1,0 1;[ (1 — 1%) (1 — #)

which gives (3.3).

Proof (of Corollary 3). By Theorem 1, we have that

max{3 max{a,b}—min{a,b}, 2¢c}

1\* p
Co31:1,20 = H <1 - _) Z phlatb)F3e

p p a,b,c>0

3
:H(l—}—lj) (S1+ Sz + 285 +28,),

p
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where

1 1 1 1
S - = 94 )
D T P ()
1 1
S = = ’
i 0<cz<;:bpﬁa+3C (1_#)(1_;%)
1
Ss= ) e
a>b>0
3a—b<2c¢
1 1 1 1
= +
a=b (mod 2) azb (mod 2)

1 1 1 1
D IEES) Zﬁ%a( 1 (1— 1) ZW

11

B (1—%.)(1—1)(1—% <z%+1%)

pg pll
and
1
S1= Z patobtac
a>b>0
3a—b>2c>0

1 1 1 1
- 1— 1 Z potob o E Z Lot Th

P a>b>0 a>b>0 P?
a=b (mod 2) a=b (mod 2)
n Z 1 1 1
at5b 3 Z i, 7,
a>bz0 P N
aZb (mod 2) aZb (mod 2)

:1—1,%(p(l—i)l(l—,%)_(l—#)l(l—%) <1%+1%)>

Collecting everything, we obtain (3.4).
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3.4 An example with four variables
In this section we perform explicit computation of the arithmetic constant

in a case with four variables.

Corollary 3. For every e > 0 we have

3
Z [n1, ng, ng| 2| = C33.9:1.20 2 40, 2
(n1,n9,m3)2" * 192

ni,n2,n3,na<w

and ;
[nl7n27n3} 2
(n1,ng,n )2,n4 7
1,702,703 4 5+e€
E = 3321202 + Oc (22 )
n3n3n3n?
1non3ny
ning,n3,n4<T
where

1 4
03,3,2;1,2,0 - H (1 — 5) (51+SQ—|—353+3S4+3S5+356+657+658), (315)

p

and each of the sums S;, 1 < j <8 is calculated explicitly below.

Proof. By Theorem 1 we have

1 ) 4 & pmax{(3 max —2 min){v1,v2,v3}, 2va}

03,3,2;1,2,0 = H (1 - 5 Z

p4(V1 +vo+v3)+3ry
p v1,v2,v3,04=0

We divide the inner four-fold summation into the following cases:
1. vy =1y =v3and v; > 2y
2. 11 =vy=r3 and v < 2y
3. 11 =y > vz and 3v; — 23 > 2v4 (and two more symmetric cases)
4. v1 = vy > vz and 31y — 2v3 < 2v4 (and two more symmetric cases)

5. v1 = vy < vz and 33 — 211 > 21, (and two more symmetric cases)
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6. 11 =1y < v3 and 3v3 — 211 < 2v4 (and two more symmetric cases)
7. v1 > vy > vz and 3v; — 2v3 > 21, (and five more symmetric cases)
8. 11 > 1y > vz and 3v; — 23 < 24 (and five more symmetric cases)

For a fixed prime number p, we denote with S; the contribution to the inner

summation of all the terms which satisfy j-th condition. In that notation we

can write:
N\
) (S1+ So 4 353 + 354 + 355 + 356 + 657 + 6.S%).

C332120 = H (1 — 1—?

p

Now, we calculate the first two series:
1

pmax{ul, 2v4}
Z o Z pllvi+3va

121/1 +3v4
v1,v42>0

v1,04>0
v1>204 v1>204

- Z 51/4 111/1

V4> >0 V1 >21/4

1

1
1 Z Wos )
e <1_%><1_#>

=1 T
Pt >0 >

max{vi, 2v4
DI
121/1+31/4 - pl2vitra
v1,v42>0 v1,v42>0
v1<2v4 v1<2v4

1

1
- Z 12(2k + Z
P (2k)+va p12(2k’+1)+1/4
k,v4>0 k,vs>0
2k<2vy 2k+1<2uy
1

1
_Z P2k Z Z 24k +12 Z 1,4
p I/4>k+1p

k>0 1/4>k+1 k>0

(1+_>Z 24k Z vt

k>0 V4 >k+1

. (1+p)

N
T P05




For the series S3, we first make the following rearrangement

pmax{3u1 —2u3, 2v4} 1
S — frg -
3 : : p4(21/1+1/3)+31/4 : : p5V1+6V3+3V4
v1,v3,420 v1,v3,v420
v1>v3 v1>v3
3v1—2v3>204 3v1—2v3>2u4
P :
- 5v1+6v3 Z 3u4
V;{’;?»%O p 0§V4§%V1—V3 p
1
Z 1 1 3[%”1*”3J+3
= 514613 ) 1 _ 1
l/1,l/320 p p3
v1>v3
1

1 1 1
Z Z 5u1+6v3+3| 31 —vs]+3

1 — = 51/1+6V3 1 — =
p? 1,320 p p3 v1,v3>0 p
v1>U3 v1>U3

1 1
1_ 1 Z PR 3 Z 8V1+3V3+3|_2j

1 _ 1 5v1+6v3
=51, %% v ws>0 P
V1>V3 v1>v3
Z 1 1 1
pbvs 5V1 3 19k+3v3  pll Z 19k+3v3
p V3>0 I/1>I/3+1 p k‘,l/320p p k,v3>0 p
2k>v3 2k+1>v3
We calculate separately the three double sums
1

Z 61/3 51/1
5 1—=
G

I/3>0 I/1>I/3+1

1 1 1— POF
Z PLok+3s - Z Lok 11
k,v3>0 k>1 »?
2k>v3
1 | 1
Zl% ZZF)k 1 _ L " 1\ 95
k>1 p3 p <1 — F) p <1 —

p k>1



and similarly

Z 1 1 1 1
vy 1 o
2k+1>v3

Hence, together we get
< 1
3:

-5
15 L1 Lo (L, 1

p22 | pll 1_# p2 | pl 1_#

-0

Next, we compute the contribution in the fourth case:

prnax{31/1—2V37 2v4} 1
S4 - Z p4(21/1+1/3)+31/4 - Z p8V1+4V3+V4
v1,v3,v42>0 v1,v3,v42>0
v1>v3 v1>U3
3v1—213<2vy 3v1—213<2uy
> o =
o Sv1+4v3 Z 121
p 3 p
1 1
—1_1 Z vy +| 4 |+3u3+1
=3 kP ’
v1>v3
Y Y
- ] ot 2] 83
p (1 - ;) v>1P 2 o<vgzin—1 P
: (z Y
- 1 1 i+ 5] Lo+ |7
p <1 - ;) (1 - ;) m>1 Pty P ’

We calculate separately the sums for 1y = 2k and for 1y = 2k + 1:

1 1 1
o = 2 ok T 2 T
VIZ:ZI p9u1+L71J ; plok %; pLok+9

_<1+1) 1
R F ——
) 3)
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and similarly we obtain

Z;_ Loyt
pzl3l o \p? o pt (1- %)

Therefore we have

1 1 1 1
1 <19+_9) (25+ 12)
5,4: p p p 11)

(D) () (%)

The fifth series is

pma,x{Sl/g —2v1, 2v4}

1
85 - Z p4(21/1 +v3)+3v4 - Z

p101/1 +v3+314
v1,v3,04>0 v1,v3,v4>0
r1<vs 1 <vs
3v3—21v1 2214

3v3—2v1 221y

1 1
:ZW Z

3v4

v1,v3>0 0<wa<3v3—1n
r1<vs — %=z
1—- ——4+1
Z 1 p3L%V3*V1J+3
o 10v14v3 ' 1 — 1
v1,v3>0 p p3
1 <vs

1

Z 1 1 1
— = 10V1+V3 - = Z 101/1+V3+3|_§V3—V1J+3
1 p3 v1,v3>0 p 1 p3 v1,v3>0 p 2

1 <v3 1 <vs

1
T 1_ L Z Wvitvs 8 Z 7V1+41/3+3|_ 5 |
1 p3 v1,v32>0 p v1,v3>0 p 2
v1<vs v1<vs

s DIFTIDME S DT B

11k+711 7 11k+711
1/1>0 1/3>1/1+1 p kw120 p p kw120 p
2]€>IJ1 2k+1>v1

We calculate separately the three double sums inside the bracket:

1 1
Z 101/1 Z

1 plllll
l/1>0 l/3>l/1+1 b —p) v=0
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E eI

1 1—Zm

1
Z 11k+71 :ZW 1_[%

k>1

kw120
2k>1q

1 1 1 1
Z 1k Z ok | T 7 _ L
P P ) 1 o\ pl! (1 _ }%) P2 (1 _ 1%)

: <
1
1 p" \k>1 k>1

and similarly

Z 1 1 1
k+Tv1 1 _ L o
2k+1>11
Hence, together we get
1
S5 ==
- 50—
1— 1
P () e ()
pid T 1_}% p28 | pld 1_1%

RUCPICE

Next, we compute the contribution of the multiple series of type six:

pmax{31/3—21/1, 2u4} 1
Ss= 2. = D o
6 p4(21/1+1/3)+3l/4 p8l/1+4l/3+l/4
V17V3%V420 V17V3%V420
v1<r3 v1<vr3
3v3—211<2v4 3vs—211<2v4
1

1
=D w2

p 2 p
V4ZLTSJ—I/1+1

v1,v3>0
r1<vs

1 1
- 1 Z Tv1+5v3+| 3 | +1

11
P >0 P
v1<vs
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1 1 1
— p(l 1) Z 5V3+LV73J Z W

-5 vs>1 P 0<v1<vs—1

-—— > T~ 2
b <1 - i) (1 - z%> el A e S
In the r3-sums we separate the terms for v3 = 2k and for v3 = 2k + 1:

1 1 1
D ]~ 2w 2 S

vs>1 P k>1 k>0
_<1+1) 1

— N\ o5 /0 T\

) )

and similarly we obtain

vyl (L N L) _
=~ p12u3+L”73J p2 | pl2 (1 B L) .

Therefore we get

The seventh series is four-fold:

max{3v1—2vs3, 2v4} 1

so= Y 1 - Y
7 p4(l/1+112+1/3)+31/4 pV1+4V2+6V3+3I/4
V1,V§V3,;/420 VlngvsquO
V1 >v2>V3 V1>V >V3
3v1—2v3>20y 3v1—2v3>204
1 1
- Z pV1+4V2+6l/3 Z p3l/4
v1,v2,v32>0 3vp_
V1>V >13 OSV‘ISL 2 J v3

o B J———— :
o 1 _ i pV1+4V2+6V3 4V1+3L%J+4I/2+3V3+3

p? v1,v2,v32>0 v1,v2,v3>0 p
V1>V >U3 V1>V >U3
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The first sum is easy to compute:

1 1 1
D s = 2.y 2 gm

v1,v2,v32>0 v2,v32>0 v1>2ve+1
V1 >Uo>U3 vo>U3

v2,v32>0
va>v3

1 1
f— p—(l B l) Z p5l/2+6l/3
p

1 Z 1
)07 =

p

The second sum is

1 1 1
_3 Z A1 +3|_%J +4vo Z pSVS

vip>1 P 0<vs<vy—1
V1>V

V1,V221p V1,V221p
v1>v2 v1>12

1 1 1
- l) Z 4V1+3\_%J+4V2 - Z 41/14,-3\_"71J+7,,2 (316)

The first sum inside the bracket in (3.16) can be computed as follows:

1 1 1
PR iyerrl) Dlwrrer -y B Dl

vive>1 P n>2 P 1<va<vi—1
V1>V

- 1 1 (Z 4V1+13L”1J_p4z 8u1+13L”1J>
p <1—p> n>2P ’ n>2 P ’

1 1 1 1 1
gy (B b
T (1) Tt (4 5) T
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In the same way, the second sum in (3.16) is equal to

O
A +3[ 5 |+

vive>1 P
v1>U2

1 (g g
p18<1_%) 1—% 1 — o '

Taking everything together, the seventh series is equal to

—|3

1
G— L
2 1 1 1
p(i-3) L=5) (-3) (L-5)
B 1+ . 1+ 5
(=23 () 0
1+ 4 1+

We compute the last sum:

max{3v1—2vs, 2v4} 1

Ss= 3 ° - 2
8 — p4(l/1+l/2+l/3)+3u4 o p4l/1+4l/2+4l/3+y4
v1,v2,3,v42>0 v1,v2,v3,V42>0
V1> >U3 V1> >3
3v1—2r3<2u4 3v1—2r3<2uy
P -
- Ay +4vo+4 Z
V17V2,V3>0p v >3 | _pg41 P
l/1>l/2>l_/3 VaZl—3 v3

v1,v2,v32>0 p
v1>1v2>13

1 1
= p_<1 B l) Z 51/1+\_V71J+4V2+3V3
p

vie>1 P 0<v3<va—1
v1>Uo

1 1 1
- p (1 N 1) Z 5V1+L%J+4V2 Z p3l/3
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1 1 1
Z s+ G Ay Z v+ |+ Tre

p( - l> (1 - L3> vi,v22>1 p viv2>1 p
p V1> vi>va
(3.17)

The first sum inside the bracket in (3.17) can be computed as follows

1 1 1
e e LD D &

V1’V>221 p5”1+L7J+4V2 V122p 1<vo<v—1
V1 >Uo
B 1
= 1 > T 51/1+L2J ') 9u1+L2J
- F I/1>2 p I/1> p
1 (4 1) 1)
11k 5 19k
( k>1 p P/a=?
) 1+) ke
et
In the same way, the second sum in (3.17) is equal to
> vt -
vi,v2>1 p5V1+L%J+7y2 a
v1>U9
o (1ep e
p18<1_#) 1—1% 1—# '

5 1 1+ 5 1+ 5

8: J—

A0 00
+ X% 1+ 5

TN )

Finally, adding everything together, we get the constant (3.15)
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4. ON SOME MULTIVARIATE SUMMATORY
FUNCTIONS OF THE EULER PHI-FUNCTION

In this chapter we obtain an asymptotic formula with a power saving error
term for the summation function of Euler phi-function evaluated at iterated
and generalized least common multiples of four integer variables.

4.1 Introduction

In this chapter we denote by [ng,...,ng] the least common multiple and by
(nq,..., ng) the greatest common divisor of positive integers ni,...,ng. In
[9], Diaconis and Erdds obtained asymptotic formulas for summatory func-

tions
Z (m,n)  and Z [m, n|

mn<x mn<x

of the greatest common divisor and the least common multiple. More re-
cently, Hilberdink in [14] investigated in more details the arithmetic function
o:Nx N — N, defined by mon := ([Z "]) which has several very interesting
properties. For example, the set of squarefree positive integers is an abelian
group with respect to the operation o. Moreover, for any squarefree integer
k € N, the set D(k) of all divisors of k is a finite abelian group under the
restriction of o on D(k). Hilberdink investigated in depth discrete Fourier
analysis and multiplicative functions on these finite groups D(k). One par-
ticularly interesting feature is that the restriction of Mobius function g on
D(k) is one of the characters of this group.

[min] ]

Quotients (m of the least common multiple and the greatest common divi-

sor of mtegers m and n appear in many papers in linear algebra (dealing with
‘arithmetical matrices’) and in number theory, see for example [10, 11, 13, 15].

Recently, T. Hilberdink and L.Té6th in [16] considered the problem of es-

[m,n]

tablishing an asymptotic formula for the summation function of () and




obtained the formula

2

Z ([:Z:Z]) = %x4+0(:p3 log ).

Moreover, the authors in [16] derived more general asymptotic formulas,
where the analogous summation is taken over £ > 3 arguments. For an
arithmetic function f from a suitable class of multiplicative functions, the
authors of [16] obtained the asymptotic formulas for

> f(m,...om))  and > f<u>

ny,...,ng<T ny,...,nE <z

with the power saving of O(x'/?7¢) in the error terms in both cases.

We considered in [1] further summatory function for the following “general-

[n1,00,m8]% [Pty ete] .
) a2 | for integers a > ¢ > 1

and b > d > 0, which is a multiplicative function of k£ + ¢ variables. Our goal
in this chapter is to give similar generalization for the summation of Euler

phi-function ¢, where for simplicity of notation, we restrict ourselves to the
case k =/ = 2.

ized” least common multiple

Theorem 2. For integers a,b,c,d > 0, a,b > 1, a > ¢, b > d and for any
0<e< % we have
[7117”2]“ [n3,n4]b
Z ¥ (11, 112)° (ng, )4
n1,n2,n3,M4<T ’ ’

- +%z2¢(21 7 F2at2H o <x2a+2b+%+e> ’

where the implied constant depends only on € and the constant Cq cp 4 15 given

by the Euler product

max{(a max —cmin){v1,v2},(b max —d min){vs ,1/4}})

1 4 o]
(-1 > “v
D p(a+1)(V1+V2)+(b+1)(1/3+l/4)

D v1,v2,v3,v4=0

Here and through the thesis, (a max —cmin){vy, v} denotes a-max{v, o} —
c - min{v,n}. We recall that ¢ is a multiplicative function which is on
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prime powers given by ¢(p?) = p® — p®~ 1. Because of multiplicativity of ¢,

%, %D will be a multiplicative

function of 4 variables, enabling us to adapt the method from [16]. We recall
that a function f : N* — C is multiplicative if it satisfies

the function (ny,ng, ng, ny) — ¢ ([

f(m1n17 maong, ms3ns, m4n4) — f(mla mo,ms, m4)f<n17 No, N3, n4)

whenever (mimamgmy, ninangng) = 1.

4.2 Proof of Theorem 2

To prove this theorem we need the following lemma:

Lemma 2. For integers a,b,c,d > 0, a,b > 1, a > ¢, b > d and complex
numbers z;,1 < j < 4 such that

1
Rz, Rze > a+ 3 and Rzz, Rzy > b+ = (4.1)

we have

%) [nlvnﬂa [n37n4]b
v <[<mvnz>“ <n3,n4>d])

L(Z17227z3az4) = Z4
Ny Ny Ng Ny

ni,nz,ng,ng=1

= ((z1 —a)((z2 — a)((z3 — b)( (24 — b)H (21, 22, 23, 24), (4.2)

where H (21, 22, 23, 24) 1S a certain multiple Dirichlet series defined in the proof

and absolutely convergent in the region (4.1).

Proof. Because of the multiplicativity of the function

[n1, nal” [n3,”4]bD 7

(n1,m9)¢" (n3,n4)?

(n17n27n37n4) — 90 <|:

by [29, Proposition 11] the multiple Dirichlet series L(z1, 22, 23, 24) has the

following Euler product expansion:

max{(a max —cmin){v1,v2},(bmax —d min){vs ,1/4}})

= elp
L(Zl’ %25 %3 24) - H Z pulz1+VQZ2+V3z3+V4z4

p vi,v2,v3,va=0
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In each Euler’s factor corresponding to a prime p, we single out the contri-
bution of the terms for which vy + v +v53 + 14 < 1:

a _ po—l a _ pa—l b__ . b—1 b b—1
L(zl,zz,zg,z4):H(1+p S Ut LY et S d.

p p* p* p* p*
( max{(amaxfcmin){ul,ug},(bmax7dmin){1/3,1/4}})
+ ) Lt (4.3)
pV1Z1+V222+V3Z3+V4Z4 ’ ’
v1,02,V3,/420
v1+vo+v3+vs>2

Next, for fixed d; > a and d > b, in the region Rz, Rzo > 9, > a and
Rz3, Rzy > 62 > b we have that

max{(a max —cmin){v1,v2},(b max —d min){vs ,V4}})

o (p

pl’lzl +v2zo+v3z3+raza

pa(V1+V2)+b(V3+V4) 1

< p51(V1+V2)+52(V3+V4) - p(51—a)(V1+V2)+(52—b)(V3+V4)'

Since the number of solutions of v; + v = m in nonnegative integers vy, vy

is m + 1, the sum over vy + 15 + v3 + 14 > 2 in equation (4.3) is bounded by

m-+1)(n+1 1 1
Z <(5—))4(r(5 —b)) :O( 2(61—a) + 205 —b))'
p 1—a)m 2 n p 1—a p 2

m+n>2

Now, in the region Rz1, Rzo > max{d;,a+ 1} and Rz3, Rzy > max{d, b+ 1}

we can define the function

L(z1, 29, 23, 24)

((21 —a)C(z2 — a)((z3 — b)C(24 — D)’
which in this region has the following Euler product decomposition:

1 1 1 1
H(21722;237Z4) - H (1 - p21a) (]‘ - pz2a) (1 - pz3b) (1 - pZ4b)

p

1 1 1 1 1 1 1
X + pz1—a - pzl—a-i-l + pz2—a - ng—a-i-l + pz3—b - ng—b+1

1 1 0 1 1
+p24—b o pea—btl + p2(61-a) + p2(52-0)

52

H(Zh 29y %3, 24) =




1 1 1 1
= H (1 + O (p51a+1 + p2(61*a) + p627b+1 + p2(52b))) 9 (44)
p

since the terms :I:# and :l:# cancel out. But, the Euler’s product in
(4.4) converges absolutely for any &, > a + 5 and d, > b+ 3. Therefore, the
identity (4.2) holds in the wider region (4.1). O

Now we write the multiple Dirichlet series expansion of the function H (21, 22, 23, 24)

from Lemma 2:

i h(nlanQan37n4)

21 py %21y R3 )0 %4
1 Ny N3™ 1y

H(Zla 292, 23, 24) -

ni,nz,n3,ng=1

The function h(ny, ns, ng, ny) defined in this way is also a multiplicative func-
tion of 4 variables. From the identity (4.2) we infer the following convolution
identity between the corresponding multivariate arithmetic functions:

nynol® [ng. nal? I
soq[ 1,12]"  [n, ma D: ST R h(di, do, da, dy),

) d
<n17 n2)c <n3’ n4) Jidi=n1,....jada=n4

(4.5)

where the sum runs over all 4-tuples (ji, j2, j3, j4) in which j; is a positive
divisor of n;, for all 1 <17 < 4.

Proof. (of Theorem 2) We start by employing the identity (4.5) in our sum-

mation function:

Z o ([[nl,ng]“ [ng,n4]b})
ni,n2,n3,n4<T (n17 n2)6’ (n37 n4>d

— Z 31553535 h(dy, da, ds, dy)

J1d1<x,....jads <z

= > Wdidydsds) > YA g

d1.da.d3 da<a nSE pSE BSE asE

a+1

€ x®
— Z h(dy, dy, ds, dy) <—<a D& +0 <ﬁ>)
1 1

dy,d2,d3,ds<x

xa+1 O @ xb—i—l O .Tb l’b+1
X | ———7+0(= ————+ 0= —
((a+ 1)dg™ <d2>> <<b+1)d§“ (dg)) ((b+1>dii“

23

(

Ib

7))

db



:L,2a+2b+4

h(dla an d37 d4)
= — + R(x). (4.6)
(CL + 1)2(b + 1)2 dth%(MSx d1+1d2+1dg+1d2+1

Here, R(x) is the remainder term, which is bounded by

h(dy,ds,ds, d
R(I)<< Z purtuztoito Z | ( 1, 42, U3, 4)|7 (47)

A dyrdit dY?
w1 uz€{a,a+1} di,dodg,da<e L 2 T3 T
V1,02 E{b,b+1}

(u1,u2,v1,v2)#
(a+1,a+1,b+1,0+1)

where in the first summation at least one u; = a, i € {1,2}, or at least one
v; = b, j € {1,2}. For one such 4-tuple, for example for (uy,uq,vy,v2) =
(a,a+1,b41,b+ 1), the corresponding contribution on the right hand side
of (4.7) is bounded by

|h'(d17 d27 d37 d4>’
d(fdg+1dg+1 dZJrl

< $2a+2b+3
dy,d2,d3,ds<z
1
2
2a+2b+3 |h(d17 d27 d37 d4) |d1

at+3+€ a1 b1 gbt1
dy,d2,d3,dy<x dl : dg d3+ d4+

=T

< 202t e Z \h(dy, da, ds3, dy)| (4.8)

= at+3+e€ ja41 b1 b1
dy,d2,d3,dy<z dl d2 d3 d4

for any € > 0. Here the 4-tuple of exponents (a + 3 +e€,a+1,b+ 1,b+ 1)
belongs to the region of absolute convergence (4.1). Therefore, by Lemma
2 the multiple Dirichlet series (4.8) converges to a constant and hence we
obtain the bound O(220+2+3¢) We can bound all the other terms in (4.7)

similarly and we get

R(z) < g t2btate (4.9)

Finally, we return to the main term in (4.6). We have:

Z h(dldead3ad4) o f: h<d1ad2ad37d4)

a+1 ja+1 jb+1 3b+1 — a+1 ja+1 jb+1 jb+-1
d1,d2,d3,dy<w dl d2 d3 d4 dy,da,d3,ds=1 dl d2 d3 d4
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. Z Z h(dlad2>d3>d4) (410)

a+1 ja+1 jb+1 3b+1°
I1C{1,2,3,4} d;>w i€l dl d2 d3 d4
I#)  dj<wzj¢l
The complete multiple Dirichlet series in (4.10) converges by Lemma 2 and
its sum is equal H(a+1,a+1,b+1,b+1). All 15 terms for subsets I # ) can
be bounded similarly. For illustration, we bound the contribution in (4.10)

corresponding to I = {1, 3}:

Z |h(dlad27d37d4)| = Z |h(d1’and3;d4)|d;§+€d;§+e

a+1 ja+1 jb+1 3b+1 — a+l+€ 1 b+l+€ b1
di,d3>x d1 d2 d3 d4 di,d3>x dl : d(21+ d3 : d4+
d2,ds<z d2,ds<x
00
< gl Z |h(dy,ds, d3, dy)|

i dzlz+§+edg+1dl;+%+edzﬂ.
Here again the multiple Dirichlet series converges to a constant by Lemma
2, and we get the bound O(z7'2¢). In general we get that the contri-
bution of the terms corresponding to a subset I C {1,2,3,4}, I # 0 is
bounded by O (:)3(’%“)'[ ‘), where |I| denotes the cardinality of the sub-
set I. Therefore the total error obtained by completing the main term
n (4.6) is O(z2t2+3%¢) ie. it is the same as in (4.9). This finishes
the proof of the required asymptotic formula with the constant Cycpq =
Ha+1l,a+1,b+1,041). O

Remark 5. Theorem 2 can be generalized by similar methods to other sit-

uations, for example for summation functions of arithmetic functions of the

form
(nb na, ... 7nk’+f+m)
s f ([[nl, X ;nk]A [”k+17 R 7nk+£}B [nk+£+17 e ,nkz+e+m]01>
(nl, e ,nk)“’ (nk+1, e ,’n,k_;_g)b’ (nk+g+1, e ,nk+g+m)c

for mon-negative integers A > a, B > b,C > ¢ and for any complex valued
multiplicative arithmetic functions f which for some real r > 0 satisfy | f(p)—
P = O(p’"’%) for all primes p and | f(p”)| = O(p*") for all p and all v > 2.
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Ezamples of such functions are n — n', the sum-of-divisors function o,.(n) =
>_dn d or the generalized Euler function .(n) =3, p(7)d".
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Table of Notation

The standard notations which are used throughout the text:

C : The complex plane.

N={1,2,...},Ng={0,1,2,... }.

f * g : the convolution product.

e n = Hp p*r(™ is the prime power factorization of n € N, where v,(n)
is the highest power of prime p dividing n, the product being over the
primes p.

e d|n means that d is a divisor of n.
e d||n means that d is a unitary divisor of n, i.e., d|n and ged(d,n/d) = 1.

e > f(p) and [, f(p) mean that the sum or the product is over all
prime numbers.

® > 4 f(d) and T, f(d) mean that the sum or the product is over all
positive divisors of n, including 1 and n.

o f:N — C is the arithmetic function.

e ( is the Riemann zeta function.

e ¢ is the chebyshev function.

e ¢ is the arithmetic function given by 6(1) =1,6(n) =0 for n > 1.

e 1 is the Mobius function.

e ¢ is the Euler’s totient function.

e A is the von Mangoldt function.

e () is the total number of prime divisors of n.

e w is the number of distinct prime divisors of n.

e ai(n) =>4 d* (k€ C), is the sum of the k-th powers of the positive

divisors of n including 1 and n.

o7



7(n) is the number of divisors of n.
o(n) is the sum of divisors of n.
A(n) = (=1)%.

Ay is the set of arithmetic functions of k variables (k € N), i.e., of
functions f: N — C.

1y is the constant 1 function in Ay, i.e., 1x(ng,...,n;) = 1 for every
Nni,...,nE € N.

Ox(ni,...,ng) =0(ny)...0(ng), thatis ox(1,...,1) = Land ox(ny, ..., ng) =
0 for ny,...,ni > 1.
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