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IN®Y3NOHO-TAJIACHA JEIHAYMHA PA3JIOMJLEHOI' PEIIA
CA KOHOHEHTPUCAHUM KAITAIIUTETOM N EbEHA
AITPORCUMAIINJA METOIOM KOHAYHUX PA3JIMKA

Pesunme

Ilndy3noHo-TasacHa jeqHadnHa Pa3iiOMJ/LEHOT pela IO BPEMEHCKO] IIPOMEH-
JbUBO] M0o0OUja ce m3 KiacuyHe Nu(y3rOHE WM TaJlaCcHE jeTHAUYWHE 3aMEHOM
MPBOT, OJHOCHO APYTOTr M3BOJA IO BPEMEHCKO] MPOMEHJLUBOj, M3BOIOM pas-
JoMmJsbeHOT pena «, rae je 0 < a < 2. IlocebHO, y 3aBUCHOCTU OJ BPEIHOCTU
napamerpa «, pasuukyjemo cybomudpysujy (0 < a < 1), Hopmasuny audysujy
(a =1), cynepaudysujy (1 < a < 2) n Ganucruuro kperame (o = 2). VzBoau
Pa3JIOMJLEHOT pena Cy HEJOKAJHU OMepaTOpH, IMITO OTE:RKAaBa KOHCTPYUCAHE

epuKacHe HyMEepUYKEe METOJIE.

I[Ipenmer oBe mOKTOpCKe mucepTranuje je Aupy3mOHO-TAJacCHA jeTHAUYNHA
Pa3JIOMJLEHOT pelia IO BPEMEHCKO] IPOMEHJbUBO] Ca KOe(PUINjEeHTOM KOJU Caap-
’KM CUHTYJIADHY IUCTpuOynujy, npe ceera IvpakoBy aucTpudOynujy, 1 anpok-
cuManuja OBOI HMpobjeMa MeTOIOM KOHAUYHUX pasiunka. llodyeTHO-rpaHMYHUI
npobJjeMu OBOT Tuia OOMYHO ce Ha3uBajy npodaemuma ¢ uarepdejcom. M3Bo-
[N pellema OBAKBUX IpoOIeMa mMajy npekune Ha uHTepdejcy, Tj. Ha HOCAUy
ITupakoBe nucTpuOyNyje, ma je TemKO YTBPIAUTU KOHBEPIEeHIN]Y Iu(epeHI-

jcrux cxema rkopuctehu ce kmacuunum TejimopoBuM pasBojeM.

Y pany je moka3aHa er3uCTEHIIMja MeHePaJUCAHUX PelIenha OBOT IMTOYETHO-
rpannyHOor npobiaema. McmmrtuBana je cTabMIHOCT M M3BeneHA je OIEHA
Op3VHe KOHBepreHnuje oaroBapajhux mupepeHnrjcKux CXeMa y 3aBUCHOCTU
Ol TJIATKOCTU YJIAa3HUX MomaTaka. Teopujcku pesysaraTtu cy moTBpbheHu HY-

MEPUYKUM IpUMEPUMA.

Kibyune peum: m3Boou pas3iioMJ/bEHOr pena, cyomudysuja, cynepaudysuja,
npobisemu ¢ uaTtepdejcom, npocropu Cobosmena, ciaaba pemema, aIpuOpHA

OIleHA, KOHAYHE Pa3juKe, Op3uHa KOHBEPIEHIU]E.
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FRACTIONAL DIFFUSION-WAVE EQUATION WITH CONCENTRATED
CAPACITY AND ITS FINITE DIFFERENCE APPROXIMATION

Abstract

The time fractional diffusion-wave equation can be obtained from the classical dif-
fusion or wave equation by replacing the first or second order time derivative, re-
spectively, by a fractional derivative of order 0 < a < 2. In particular, depending
on the value of the parameter «, we distinguish subdiffusion (0 < a < 1), nor-
mal diffusion (o = 1), superdiffusion (1 < o < 2) and ballistic motion (a = 2).
Fractional derivatives are non-local operators, which makes it difficult to construct

efficient numerical method.

The subject of this dissertation is the time fractional diffusion-wave equation with
coefficient which contains a singular distribution, primarily Dirac distribution, and
its approximation by finite differences. Initial-boundary value problems of this type
are usually called interface problems. Solutions of such problems have discontinuities
or non-smoothness across the interface, i.e. on support of Dirac distribution, making
it difficult to establish convergence of the finite difference schemes using the classical

Taylor’s expansion.

The existence of generalized solutions of this initial-boundary value problem has
been proved. Some finite difference schemes approximating the problem are pro-
posed and their stability and estimates for the rate of convergence compatible with
the smoothness of the solution are obtained. The theoretical results are confirmed

by numerical examples.

Key words: fractional derivatives, subdiffusion, superdiffusion, interface problems,
Sobolev spaces, weak solutions, a priori estimate, finite difference, rate of conver-

gance
Scientific field: Mathematics
Scientific subfield: Numerical Mathematics
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1 ¥YBon

Y muHaMUOU Qirynna, HopMajdHa mudy3unja ce MOKe OIUCATHU IPBUM U JIPYTUM
®UKOBMM 3aKOHOM. 3a CTAIMOHAPHO' CTame mudysuje, nppu PUKOB 3aKOH
riaacu ma je cIDJIyI-cc2 J mpomnoprnuoHajJaH rpaaljeHTy KOHIEHTPAaIKrje U
ou
J=—k—, (1.1)
ox
rzae je k > 0 koepunujent nudysuje, a r IPOCTOPHA KOOPAMHATA. Y HOPMAJI-
HOM CHUCTEMY, YECTUIlE C€ HE MOT'Y CTBOPUTU WJIW YHUIITATU, IMITO 3HAYUMA A&
IPOMEHA KOHIIEHTPAallije YeCTUIlla y HEeKOj 00jacTu Mopa OUTHU jenHaKa pa-
3unu Opoja vecTuna Koje Ccy yuie u usamnuie u3 te obmactu. To ce morke

MaTeMaTU4YKN 3all1CaTU je,ZIHa‘-II/IHOM onpikama

ou o0J

==t (1.2)

rae je t BpeMeHCKa IpOoMeHJ/puBa. 3aMeHoM jemHakoctu (1.1) y (1.2) moGuja

ce npyru PuxoB 3aKOH

N oz

ou_ 0 (o
ot Ox

), reR, t>0, (1.3)

KOjU TpeaCcTaBsha CTAHAADOHY jenHaunny mudysuje. OBa nuHeapHa Tapiu-
jasHa mudepeHnrjarHa je JHaUNHa, OCUM KpeTama YeCTUIA, ONNCYje U IIPEHOC
TOIUIOTE U TPEHOC eHepruje. Y ciydajy mpeHoca tomiore, jemHakoct (1.1)
ce HasuBa PypujeoBuM 3aKOHOM, a jemHakoctT (1.3) jemHAUMHOM TpPOCTUPAHA
tomsore. PyHKnUMja u mpencraBba TEMIEPATYPY, kK KOe(pUIWjEHT TOIJIOTHE
MPOBOIJLUBOCT U J TOIIOTHU (VIYKC, Tj. KOJIWYUHY TOIJIOTE KOja mpobhe Kpo3
jeIVHUIY MOBPIIVMHE, HOPMAaJIHE Ha IpaBall Iy:K KOra ce TeMIepaTrypa Mema,

Yy jJeIMHuIM BpeMeHa.

JemHOoCcTaBHOCTU pamau, NPETHOCTaBUMO na je k koHcTaHTa. AKO je 3amar
MMOYETHU yCJOB

u(z,0) =¢(x), =z €R,

ropucrtehmu ®ypujeoBy Tparchopmanyjy niu MeTony pa3aBajama IPOMEHIbU-

!Cpaka wectuna ¢aymma xoja ce mabe y Hekoj cTpyjHOj MMHMjKM HacTaBba da ce Kpehe y
IpaBIly CTPYjHUIE KAO U NPETXOIHA YECTUIA.

2 Bpoj uecTuna Koju mpoJa3e Kpo3 jeIMHUIY HOBPIIMHE, HOPMAJHE Ha IPABAIll TOKA, Y
jeIHUI BpEMEHA.



BIX, JIAKO MOKEMO INOOWUTU jeIMHCTBEHO pemneme jennaunHe (1.3):

u(w,t) = /Rz/f(x —y)e(y, t)dy, (1.4)

rme je
1 22

oz, t) = %e’m. (1.5)

dyuruuja ¢(x,t) npencrasma GyHIAMEHTATHO pemieme (nau ['pUHOBY (yHEK-

mjy) jep oarosapa moueTHoM ycuoBy ¢(z) = d(x), rme je d(z) Huparosa

OUCTpUOyIHja.

Y teopuju BepoBatnohe, pyuruuja p(x,t) mpeacraBiba QyHKIU]Y T'yCTUHE

HOpMaJiHe pacnozese (uau [aycose pacmompese)

1 22
plo,t) = pla;0?) = ——e 57,

na je pysgaMmentanno pemene (1.5) dyHKIMja rycTUHE pacuogese Koja oape-
byje BepoBaTHONY na ce ycami/beHa yeCcTUIlA HAJA3Y HA TO3UIUJU T Y TPEHYTKY

t, nok (1.4) onucyje kperame cucrema (rpyie) decTuia.

Cnyuajuy Beaunuuny X KOja MMa HOPMAaJHY PAaCIOAECNy KapPaKTEPUILY IBE

BPEIHOCTU:

e Maremarmuko odekmBame: EX = [7 xo(z;0%)de =0 n

o mucnepsuja: DX = E(X — EX)? = [* (2 — EX)*p(z;0%)dx = 0 = 2kt.

Kako je EX = 0 cnemu ma yecTuria y MpPOCEKY OCTaje Ha MECTy Ha KOM
je u ouna y tpenyTtry t = 0. ok HAa OCHOBY mucmep3uje 3aKbydyjeMO Oa je
IIoMepame YeCTHUIle TPONOPINOHAIHO KOHCTAHTY U(y3uje U pacTe JUHEAPHO

Cca BPEMEHOM .

MebyTum, y TypOyYJIEHTHUM CUCTEMUMA, KOjU HA TPUMEDP CAIP:KE BUPOBE
KOju MOry ma 3apobe uecTuile Ha HEKO OyKe BPEME WU HEKe TOKOBE KOju
MOT'Y Zla TToOMepe JYecTUuIly 3a Heko Behe pacrtojame, PUKOB 3aKOH He BaKU. Y
TAKBUM cucTeMuMa nudysuja je cnopuja miam Op:ka, OJHOCHO KapaKTepUIIe
ce ca

DX ~ k,t“.

Hudysujy KOm KOje je eKCIHOHEHT « # 1 HazmBaMO AHOMAJIHOM IU()Y3UjOM.

Ocum Tora mmamo u nozxeny Ha: cyoaudysujy 3a 0 < o < 1, HOp™MayHY Iudy3-



njy 3a a = 1 m cynepaudysujy 3a o > 1. IIpoctupame Tommore y cucreMuMma

KOju He 3a10BosbaBajy Pypujeos 3akoH je aHasu3upano y pamosuma [9, 34].

Avomanaa mudysmja ce MomesNyje MapIUjaTHuM Au(epEeHINjaJTHIM je -
HaUYMHaMa y KOjUMa Ce jaBibajy WM3BOAM pa3joMJibeHOr pena. ludysmono-
TaJIACHY je JHAUUHY Ca W3BOAOM Pa3JIOMJbEHOL pena o JOOMjaMo Kaaa y je 1Ha-
UMHU OIPOCTUPAaa TOwIoTe (Tj. jeaHaunuu nudysuje) IpBU U3BOI IO BPEMEH-
CKOj IPOMEHJbUBO] 3aMEHUMO U3BOJIOM passioMibeHor pena 0 < a < 2 [41, 53].
OsBa jemmaumHa ce MOKe HOOUTHM W Kao pe3yarar mpobiieMa HempeKuIHOT
cayuajuor xonxa [16, 17, 33, 44]. Momenan oBor tuma ce MOCJIEOHUX [OJUHA

VMHTEH3UBHO U3y4daBajy, aHAJUTUYKA U HyMepuukn [2, 12, 19, 37, 49, 54, 55].

Y meduHUNM]N M3BOAA Pa3IOMJLEHOT pella Cce NOojaBJbyje MHTerpaj Ha OC-
HOBY 4era 3aKJbYy4yjeMO 1a Cy OBO HEJIOKAJHU OMePaTOPU KOJU MOTY OTMUCATU
MeMOPUjCKu ederaT paznumuntux marepujana. Ca apyre crpaHe ympasBo Ta
HEJIOKaJIHOCT OTekaBa KOHCTPYHUCalkhe e(PUKACHUX METO4a 38 BbUXOBO allPOKCU-
MUpambe, jep npobJsem mocrtaje riiobangan. Pememe y mocMaTpanoOM TPEHYTKY
3aBUCHU O] IOHAIIAKa (YyHKOUje Y YNTABOM IIPETXOJHOM BPEMEHCKOM WHTEP-

BaJLy.

AKo je cpemuHa y KOjOj ce jaBJba IIPEHOC TOILIOTE HEXOMOTEHA, Tj. CacCTOju
ce ol OBa WUJIU BUIIE PA3IUUYUTUX MaTepujaaa, Tala AU(epeHIujaHa jelHa-
YMHA KOja OIKCYje OBa]j MPOIEeC MOXKe caIp:KaTh KOoe(QUIUjeHTe KOju uMajy
IpeKuie My:K XUIePIOBPIIA KOjy Ha3uBamo mHTepdejcom [14, 27, 57]. Y on-

ITeM CIAyYajy, jeAHaYrMHa TPOBOhHema TOmaoTe nMa ODJIUK

ou_ 0 (o
Pot ~ ox

rie je p ryCTUHA MaTepujaja, ¢ KOe(QUIUjeHT TOIIOTHOT KamanuTera (Croemnm-
¢uuna Tonnora)® u f(r,t) UHTEH3UTET TOIIOTHOT U3BOPA y TAUKUA Yy T Y BPe-

MEHCKOM TPEHYTKY t.

[Tocmarpajmo ciyvaj Kamga mMaMO KOHIEHTPUCAHU TOIJIOTHU KANAaIlATET
Besmuuae C' > 0 y Hekoj yHyTpammsoj tauku ¢ marepsadga (0,0). To 3maunm
a ce YKYMaH KAllallUTeT MOKe MPEICTABUTHU Ka0 CyMa KOHTUHYAJHO IPOMEH-
JBUBOT WiaHa Cp U KOoHIeHTpucanor wiana Cd(z — &), rae je meara luparkosa

mucrpubynuja (Bumu omemar 2.4). Ilakie, y OBOM cCJaydajy TOCMATPAMO

3Kosnmuuna TOIIOTE KOjy je MOTPEeGHO MOBECTH HEKOM TENIy Ja OM My ce TeMIepaTypa
noBucuia 3a 1°C.



npobiiem

[cp+ Co(z — 5)]% = % <k%> + flx,t). (1.6)

Y Tauku r = { MOpa OUTH UCIyHEH YCJIOB HEMPEKUIHOCTH TEMIIEPATYPE:
[u)p=e = u(§+0,t) —u(§ —0,t) = 0.

OBaj yca0B Ha3uBaMO IPBUM yCJI0BOM KoHjyranuje. urerpanehu jennavuuny

(1.6) mo = y rpanunama on [§ —e,£ + €| , 3a Heko € > 0, nobujamo

E+e E+e E+e
/ Cp%dﬂf + CM = k% + f(z,t)dz.
E—e

E—e §—e

ot ot Ox

Axro myctumo ga € — 0, y3 IpeTmoCTaBKy Oa je TOIMJIOTHU U3BOD f HENPEKUI-

HOI' MHTeH3UuTeTa, kao u Ju/0t, nobujamo

dule,t) [, O
¢ ot _{k(%Lg'

OBaj yca0oB Ha3uBaMO APYTUM YCJIOBOM KOH]jyTalluje.

[Tapabonuuke 1 xuMepOOIUUKE je THAUMHE KOje MOIENY]y IpobiaeMe ¢ KOH-
HeHTpUCAHUM GaKTopuMa (TOIIOTHY KAIAIUTET, MACA UT. ), HUXOBE allPOKCHU-
Maluje KOHAUHUM pa3jnKkaMa U OlleHe Op3uHe KOHBEPIeHNUje IPEIIOKEHUX

nudepeHnmjckux cxema ce mory mponahiu y panosuma (3, 14, 28, 29, 30].

3a nudepeHIunjCcKy aIpOKCUMAaIjy jeiHadyuHe cyOaudysuje, y pagoBruMa
[38, 55], mokasama je womsepremmuja pema O(727% + h?), rme je T Kopak 3a
BPEMEHCKY, a h KOpak 3a NPOCTOPHY NPOMEHJ/LUBY, y CJIydYajy Kada je pelre-
e jegJHaUYMHe [Ba IIyTa HENPEKUIHO AU(EepeHnnjaduiHo N0 ¢ 1 YeTUPHU IIyTa
HeNpeKuaIHo qudepennnjadbunuo mo . Y paxy [55] je npemnoskena u mude-
peHIjCKa cXeMa 3a jenHauuHy cynepaudysuje. lokaszaH je pen KOHBEpPreH-
nuje O(737® + h?) y3 ycJoB na je pememe TpU MyTa HEMPeKUIHO AU(epeHI-
jabMIIHO IO BPEMEHCKOj IPOMEHJ/LUBOj M YETUPH IIyTa HENPEKUTHO IudepeH-
1jadbuIHO O MPOCTOPHOj mpoMmeHbuBOj. l[lopebeme mo cama mpenmaranux

cxeMma MO¥Ke ce BuueTu y pany [21].

Hucepramnuja je monesbeHa Ha CemaM MOTJIABJbA, pAYyHAjyNhu u OBY Y KOjOj

je mata MOTHMBallja W OpelncTaB/beHa CTPYKTYpa.

Ilpyro morsaBspe caap:Ku OCHOBHE MOjMOBe U TBphema Koja ce Kopucre y

pany. YBozme ce npoctopu CobosbeBa KOju MPeacTaBibajy OCHOBHO OKPYKEHE



3a pemaBame IaphujaJHUX AU(epeHINjaJ HUX jeJHAUnHA.

Y tpeheMm mormaBmy ce yBOIU MOjaM MHTErpatia M M3BOJA PAa3IOMJIbLEHOT
pena. Y auTepaTypH ce I0jaBJ/by]y MHOre AeUHUIMje M3BOIA PAa3IOMJIbe-
vor pena: Puman-JlmyBunosa, Kamyrosa, I'pyuBann-JleTHUKOBBEBA, UTH.
Y oBoMm pany ce xkopucte Puman-JInyBunoB n KamyToB m3Bon pas3ioMibeHOT

pena.

YerBpTO noryasibe ce 0aBU €r3UCTEHON)OM pellema AU(Py3UOHO-TaJIacHe
jemHauwmHe. Y BeleHU Cy MPOCTOPU (PYHKIMja ca M3BOAVMMA PA3JIOMJLEHOT Pena

1 BUX0Ba Be3a ca npocropuma Cobosbesa.

[leto mornaB/e ce GaBu jemqHaumHOM CcyOmudy3uje ca KOHIEHTPUCAHUM
kanmamureroM. JlokaszaHa je eraucTeHHUja pemema, MTPEIOKEHA AITPOKCU-
Mallja U U3BeAeHa OlleHa Op3uHe KOHBepreHNuje. PesynraTtu oBor moriaaBsma
objaBmenu cy y pamosuma [5, 6, 8, 31, 25]. Illecro mornasime ce GaBu jen-
HAUMHOM cymepaundy3uje ca KOHIEeHTpucanmM kamanureroM. Jleo pesymnrara
13 OBOT moriassa je npuxashen 3a mramny [4], a neo je Ha peuensuju [7]. Y
oba cayuaja cy maTW HYMEPUYKU €KCIEePUMEHTU KOju MOTBPhHyjy Teopujcke

pe3yaTare.

3akpydak je OaT y CeaMOM IOTJIABJILY.



2 MaremaTuuyKkm; amapar

Y OBOM HOTJIABJLY j€ naT KpaTak IIPErJyiel]] pe3yJiTaTa nu3 Teopuje ¢yHKINOHAJ-
He aHAJIW3€ U NapIyjaTHuX OudepeHnn)aTHuX jeJHaunHa Koju e OuTu Kopui-

henu y nmamem pamy.

2.1 Teopmuja omeparopa

Heka cy (X,| - |lx) u (Y,|| - |ly) mBa mopMmupana BekTopcka mpocrtopa. Jlu-
Heapan omeparop A je mumeapua tpanchopmamuja A : D(A) — Y, rme je
norupoctop D(A) C X momen omeparopa A. Ilormpocrop R(A) = {y =

A(z)|z € D(A)} C Y HazuBaMO CJIMKOM MJIM KOZOMEHOM omepatopa A.

Jluneapan omepatop A je OrpaHuYeH aKO IMOCTOjU MO3UTUBAH Opoj M
TakKaB 1a je
[A()[ly < Mllz||x (2.1)

3a cBako r € D(A). Y cymnpoTHOM, KaskeMO Ia je OmepaTrop HeOrPAHUYEH.

Hopwma orpamuuenor omeparopa A je majmamu O0poj M 3a KOju Ba:Ku He-

jemnakoct (2.1), 1j.

Al’ Y
14 = sup @Y o a@) )y
zeD(A) ||55||X z€D(A)
|lz|| x #0 [lzll x=1

JluneapaH omepaTop je OrpaHMYEH aKO M CaMO aKO je HEeIPEKUIAH.

3a mBa HOpMHUpAaHA BEKTOPCKa mpocTopa X m Y KaKeMo na Cy U30MeT-
puuyky m3oMop(Ha, m mumemo X = Y, ako IOCTOju JMHeapHa OujeKIuja

L:X =Y 3akojy je |[[L(2)|ly = ||z|x-

3a mse HOpMme || - |y u || - |2 HA BekTOpCcKOM mpocTropy X EKakeMo na Cy
exkBuBasieHTHe 1 tumeMo |- ||; < || - [|2 ako mocroje korcranTe Cq,Cy > 0 TakBe
na je

Cillz|ly < flofls < Coflz]ly, Vze X.

Axo je Y = C, Tanma omeparop A : X — C mHaszsmBamMo (yHKIMOHAJIOM.
Cnenujanuo, ako je R(A) C R raemo na je A peanan ¢ysrmumonan. Ca
X' o3mauaBaMoO MPOCTOP CBUX HENPEKUIHUX JUHEAPHUX ()YHKIMOHAIA He(u-
HUCAHUX HA HOPMUPAHOM BEKTOPCKOM MPOCTOPY X UM HA3UBAMO T'a IyAJHUM

npocropoM npocropa X. X' je HOpMUpaAH BEKTOPCKUA IIPOCTOP y KOME je



JIHeapHa CTPYKTypa AepUHNCAHA Ca

(af + Bg)(x) = af(z) + By(x), fge X, zeX, a,peC,

1 HOpMa ca

HfHX’ .= sup ‘f(u)|
zex ullx
#£0

Hera je A orpamuuen smHeapaH omeparop m3 XuiabepToBor mpocropa H
y H. Ca (-,-) o3Haunmo ckajgapuu npousBon y H, a ca || - | oxrosapajyhy
VMHIyKOBaHy HOpMYy. Bemnnuwny (Az,r) HaszuBamo eHeprujoMm omepartopa A.
Oneparop A mazuBamo HeHeraTuBHUM ako je (Az,z) > 0, IO3UTUBHUM AKO je
(Az,z) > 0 3a z # 0 u nosurusHO neduruUTHUM ako je (Az,x) > d|z|? § =
const. > 0.
Herka cy A u A" nuneapHum omeparopu kKoju npeciaukaBajy H y H. Axko je
(Az,y) = (x,A*y) 3a cBako z,y € H ranma oneparop A* HazuBamMO KOHjyro-
BaHUM omneparopom omeparopa A. Aro je A = A* kaskemo ma je omeparop A

CaMOKOH]jYTOBaH.

Hexka je oneparop B Takas na je B? = A, tana B Ha3suBaMO KBaIpaTHUM
KOpeHOM m3 omepatopa A u mumemo B = AY?. Axo je omeparop A Hemer-
aTUBAaH M CAMOKOHjYIOBaH MOKe Ce MOKa3aT! Oa Tadad HOCTOJU jeqUHCTBEH

kBagparHr Koper A'/? koju je Tarobhe HeHeraTWBAH U CAMOKOH]yTOBAaH.

Axo je A mo3uTUBAaH CAMOKOH]yTOBaH ONEPATOD, Tala Beauuuna (r,y)q =
(Az,y) 3amoBOJBABA aKCHMOME CKaJapHOT IpomsBona, a ||z = (Ax,z)/? ak-
cuome Hopme. Axo mopen Tora noctoju u A™!) tama je A7! = (A7Y)*, ma ce

MOKe Ne(pUHUCATH ,,HeraTUBHA HOpMa

zla1 = (A2, x 2,
]| (A" z,
Moske ce mokazaTu na je
||| 4-1 = sup (:U’y).
y#0 |1yl

Nusepsuau onepatop A™!: R(A) — D(A) numeapror oneparopa A mocroju n

JauHeapaH je ako u camo ako je A(z) =0 camo 3a z = 0.

Teopema 2.1. [22] Hexa je A : D(A) — R(A) auneapan onepamop. a bu

uneepsnu onepamop A~ nocmojao u 6uo oepanuuen nompebro je u 0080610 Oa



nocmoju konemanma C > 0 maxaa da je 3a ceaxo x € D(A) : |Ax| > C||z||. Ipu
mowme je |A7| < 1/C.

Hexra 3a HOpMmupane BekTopcke mpoctope X m Y Baskum penanuja X C Y.
Hedpuaumemo nnertmnukm omeparop [ : X — Y, takaB na je [x = x 3a cBako
x € X. Ako je oBaj omepaTop HENpEKUIaH, OHAa NeMO TaKBO MPECINKABAHE
Ha3WBATU MOTamameM npoctopa X y mpoctop Y um mucahemo X — Y. U3
HEIPEKUIHOCTU OMlepaTopa MoTalama CJIeqr na MOocToju KouHcaTHTa C' TakBa
na je

Jzlly < Cllzllx Vo e X.

2.2 Peanna uaTepnoJsianuja barmaxoBux mpocTopa

Heka cy mara nBa BamaxoBa mpoctopa Xy m X, oba nmorommmena y banaxos
npoctop X, u meka je XoNX; # {0}. IIBa oBakBa mpocTopa HA3UBAMO UHTED-
nosarmmonnM napom {Xp, X;}. Peanna wmaTepnonanuja mpencraBma mpouec
nmoMony Kojer KoHcTpyumeMo muxoB ,mehympocrop”. Ilpecerk XoN X, u an-
rebapcka cyma oBux npocropa Xo+ X; ={r =1x1+ x5 : 11 € X1, 15 € X5} cy

BanaxoBu mpocTopu cHabmeBeHN HOpMaMa

1]l xorox, := max{ ||| xo, l[#[lx, }

T, €X;

2] xo4x, := _inf  {[|zol[x, + [[21lx, }-
0+x1

Ouurnenno, Basku na je XoNX; C X, C Xg+ X1,1=0,1.

dyuKIMOHAT
K(tx) = inf{Jollx, + thanllx, )

r,€X;
3a cBako ¢ukrcupano t > 0, medunume HOpMYy y npoctopy Xg + X; Koja je

CKBUBAJECHTHA C& HOPMOM || - || xy+x, -

Hepuaunuja 2.1. Hexa je 0 < 0 <1 ul < q < oco. Jepurnuwemo npocmop

[Xo, Xilo,q eremenama x € Xo+ X1 sa xoje je epednocm ||z([(x,,x,], , Konauna, 20e

je

<, AR
HCCH[XO,Xﬂ&q = {/0 (t’ K(t;x)) 7} axo je 1< q < oo,
2]l (x0, X119, 7= Os?p tK(t; x) axo je q = o0.
<t<oo



JIema 2.2. [56] IIpocmop [Xo, Xio, je Banazos npocmop y o0nocy Ha Hopmy
usz dedunuyuje 2.1. IIpocmop Xo N Xy je 2yem y [Xo, X1]o,4-

Jlema 2.3. [56, 27] Hexa je 0 <0 <1 ul <p<q< oo, mada je
(X0, X1]o,1 C [Xo, X1op C [Xo, Xilo,g C [Xo0, X1]0,00,
[X07X1]9,q = [XlaXO]lfe,qa [Xa X]G,q = X.

Teopema 2.4. Hexa je {Xo, X1} unmepnoaayuonu nap xoju ce cacmoju 00 08a
Xunbepmosa npocmopa u wexa je 0 < 0 < 1. Tada je [Xo, X1]p2 marohe Xunrbep-

moe npocmop.

3a BuUIlle neTaj/ba HA TEeMY peaJiHe WHTEePIOoJallije YyuTaolna ynyhyjemo Ha

(27, 39, 56].

2.3 PyHKIMOHAIHU TPOCTOPU

Hexka je (2 orBopen ckyn y R”. Y oBom pany, kopuctuhemo ¢pyHKIMIje 006IMKA
f:Q— C. Csary n-topry o = (aq,Qs,...,q,) HEHETATUBHUX [EJNX OpOjeBa

HaszmBaheMo myatuuHaekcoMm. [lapuujanane u3Bome o3HavyaBaMo Ca

e (0N ™ olely
#0=(on) (o) - mom

rae je |a| =a;+ -+ ay.

Ca C*(Q) o3mauaBaMO CKyTl CBUX HEMPEKUIHUX (YHKIUja f, Je@UHUCAHUX
Ha (), TakBux ma je 0°f HemperumHa ¢GyHENUja Ha () 3a CBAKU MYJTUUHIECKC
la] < k. C°Q) oznauasamo ca C(€). Axo je ) orpaHUYeH OTBOPEH CKyT,
ca C*(Q) osmauasamo ckyn cBux ¢ymrmuja f € CF(Q) 3a koje ce 0°f moxe
HEIIPEKMIHO MPOMYHUTH ca () Ha (), 3a cBaku mysnruunnekc |al < k. OBo je

BanaxoB mpocTop cHabIeBEH HOPMOM

| fllor @) = max sup | 0% f(z)].
<k zeq

lo|<k 4

3a ke Nu0<\<1, ca CPNQ) o3mauaBamo ckyn cBux ¢yHEIUja f €
C*(Q) 3a xoje

Y

0% — 0~
|f|Ck,A(ﬁ) = max sup 0% () f)|

o=k 2ty |z —y*
z,ye



rae je |r| = \/2?+---+22, wva womaumy Bpemmoct. CF*(Q) je Bamaxos

IPOCTOpP CHADIEBEH HOPMOM

[ fllera@y = [1fllce@) + | flora@):-

3a ¢yrxmaje f € C%Q), 0 < A < 1 xasmemo ma cy Xejmep HEIPEKUIHE Ca
cremeaoM \. Ako je A = 1 oHma kaskeMo na je ¢pyHkmuja Jlumnmun HenpekuaHa

na Q.

Hocauewm pyurunje f, y o3Hanm supp f, Ha3uBaMo 3aTBOPEHE CKyIla TadaKa
y xojuM je f(z) # 0. Ca C§(Q) ozmauasamo ckyn csux ¢ymrmmja f € CH(Q)

ca koMmakTHUM HocaueM y (). Iledpurumemo

Cie(@) = () Ch(@).

k>0

Ca LP(2), 1 < p < 00 03HAYABAMO NPOCTOP MEPJLUBUX (DYHKIMja TAKBUX
na je

/ flPde < 00, Vf € LP(Q).
Q

Hopwma ce medunume ca

|vmmw=(/uvm), I <p<oo
Q

3a p = 00 mePUHUIIEMO HOPMY

| fllzoo () = esssup | f(x)].

€N

3a QYHKIUjY KaKeMO Ja je JIOKAJHO MHTerpabuiaHa Ha () ako je MHTerpa-
OuiaHa Ha CBakKOoj orpaHuveHoj momobsactu obmactu (2. Ilpoctop mokamaHo

nHTerpabuiHux QyHKIMja o3HayasBamo ca Li ().

2.4 JIucTtpubynuje

Hedunnmnuja 2.2. 3a nuz gynryuja ¢; € C°(R") kaxcemo da xomsepeupa ka

dynryuju @ € CO(R™) axo cy ucnymwenu caedehu ycaosu:

(1) nocmoju xomnaxman ckyn K C R™ makae da je supp p; C K 3a ceako j;
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(2) 3a ceaxu myamuunderc o, nu3 0%@; yrudopmmo xoneepzupa ko 0% na K

xad j — 00.

ITpocrop C§(R™) ¢ oBako meMHMCAHOM KOHBEPICHIMjOM O3HAYABAMO Ca
D = D(R"), a esemeHTE TOI TPOCTOPA HA3UBAMO TECT WV OCHOBHUM ()yHKIIV-

jaMma.

Jluneapan ¢ymrnmonan Ha D je nuHeapHo mnpeciauraBawme [ @ D — C.
Bpenmnoct nuneapHOr (QyHEIUOHANA f Ha OCHOBHOj OYHKUUjU ¢ € D o3HAUA-
BaMO Ca <f7 <p>. dyrKnMoHaJ f je HeIpEeKUIaH aKo KOHBEPTEHIMja ©; — @, J —

oo y D mmnnunupa xousepreuuujy (f,¢;) — (f,¢), 7 > o0y C.

Hedpuanunmja 2.3. Juneapre nenpexuone gyrnxyuonane f : D — C naszusamo
Jucmpubyyujama uat zenepasucanum gyrnrkuujama. Cryn ducmpubyyuje o3naa-
samo ca D' =D'(R").

3a mm3 guctpubynuja f; € D' kaweMo Ja KOHBeprumpa Ka f 1 Iumemo
fi = f,j = oo, aro (fj,¢) — (f,¢),j — oo 3a cBako ¢ € D. Mowxe ce
MOKa3aTn 1a je mpocTop aucTpubymuja D' ¢ 0BaKO yBeIeHOM KOHBEPTEHIIN]jOM
koMmIteTad [58, 24].

1
loc

Hemnocpenno ce nmposepasa na csaka ¢pyurimuja f € L (R") dpopmymsom

(fio) = . f(@)po(x)ds

nedunume muctpubyuujy (kojy takobe obnexasamo ca f). Huctpubyuujy
KOja je MHAYKOBaHA HEKOM JIOKAJHO WHTErpadWIIHOM (YHKIVjOM HA3MBAMO

peryJsapHOM, y CYIPOTHOM, KayKeMO Mla je OUCTPUOYIMja CUHTYJIapHA.

[Ipumep cunrynapue muctpubynuje je lupakosa menara ¢pyHKmmja o, Koja
ce meduHUMIIE ca:

(0,0) = ¢(0), VpeD.
ITudpepennupame qUCTpuOynUja TepUHUMIEMO Ha ciaenehu HauwmH.

Hepununuja 2.4. Hexa je f € D' uw a € N*U{0}. Ca 0*f osnauasamo

pyrrkyuonan na D, dedunucar na caedehu nawun:
<8af7 SO> = (_]_)|04‘<f’ 80[90)’ \V/(P €D.

Heka je {0°f(z)} rnacuuan ussoxn ¢yurmuje f(x). Aro ¢pymrmmja f(x) €
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C™(Q), rana je 0°f(z) = {0°f(x)}, x € Q, |a|] < m. Axo je ¢yurmumja f(x)
peanHa (QYHKIUja jeAHEe IPOMEHJ/LUBE KOja je HEIPEeKUITHO MudepeHIyjaduina
Ha R ocum y Taukama x;, j = 1,2,... y KojuMa uMMa M30JI0BaHE IPEKUIE IPBE

BpCTE Tamna je

£'@) = @)+ D [feydla =), (2.2)

rae je [flo, = f(z;+0) = f(z; — 0) ckok dyHEIMje y Tausu x; (Bumm [24, 58)).

Heka cy mare ¢ymrmuje f(z),g(x) € L} (R"). Houxosa KoHBOJIymHja, y

loc

o3Harm f % g, mepumHume ce Ha cienehn HAYWH:

(fxg)(x) = - flz —y)g(y)dy.

Moske ce mepuHMCATI U KOHBOJIyIMja qBe mucTpubynuje (Bumu [24], moraasime
1.8). Hamomenmmo camo nma ako je f € D'(R"), tana Basku f+xd =0 f = f.

Jlako ce mposepasa ma je 0%(f xg) =0f*xg= fx0% 3a f,g € D'(R") .

Oznaunmo ca § = S(R™) ckyn cBux ¢ynrmuja f € C°(R") koje onanajy ka
HYJIU, 3ajeIHO Ca CBUM CBOJUM M3BOAMMA, OP/KE OJ] CBAKOT CTENeHA ()yHKIUje

1/|z|, kama || — oo:
S:={feC®R")| 2°0°f(x) =0, |z|] =00, Va,BecNy}
3a mn3 ¢pysrmuja {f;} € S kaskemo na komBeprupa ka ¢QyHrnuju f € S axo
Va, 3 Np:  2°0°fi(x) — 2°0°f(x), j— oo,

yaudopmuo o = € R".
IIpocTop Tect pyrkrmuja D je npaBu noackyn ox S, jep Ha nIpuMep QyHKITja

_ 2
e 1" mpunana S, amu me u D.

Hepuaunuja 2.5. Jluneapre nenpexudne fynrkyuonase na ckyny S Ha3ueamo
oucmpubyyujama cnopoz pacma, a Huroe ckyn osnwavasamo ca S'. 3a Huz duc-
mpubyyuja {f;} € S’ wamcemo da xoneepzupa xa f € S’ axo (fj, o) = (f,¢)

Kada j — 00 3a ceako p € S.

3a ¢yuruujy f € S PypujeoBa Tpanchopmaiuja ce nepuHUIIE Ca

£(6) = FIAE) = / e i f(2)dz, €€ R, (2.3)

n
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rae je £-x =218 + - + x,&,. IIpu Tome je f(f) € §. dypujeosa Tpanchop-

Maluja je HemperunHa onepamnuja u3 Sy S.

NuBep3na PypujeoBa tpancpopmanuja ce nepuHume Ha cienehn HaumH:

z)=F'fl(z) = i€ f )
@) = FUfN) = s [ e feae

Baxu cneneha Besa

F0)(E) = G FRO—) = G FIU(-0)](a).

Kopucrehn ®ypujeoBy Tpanchopmanujy usBona
Flovf1&) = (=i&)*£(&) (2.4)

BUIVMO na OudepeHnujaiHe jeJHaunHe MOKEMO IIPECINKATH y OOudYHe aJjre-

Dapcke jeTHAYMHE.

Heka ¢ymrmuja f € S(R) mma mocau campskan y {z > 0}. Tana je, 3a
cBako >0, u e * f(z) € S(R) . Cuemn

Fle f(2)](¢) = / " fa)em e dr = FIfE i),

Haxne, 3a f € S, supp f € {x >0} u u > 0 uma cmucaa neduancaru F[f](§ —
ip) xao Fle™ f(x)](£).

JlannacoBa TpaHCcopmaluja ce AeUHUIIE Ca
f(s) = LIf1(s) := Flfl(=is), se€C, Rs>0, (2.5)

rae je f € S'(R) wsupp f € {x >0} [47]. ¥Y cayuajy rana je f € S(R) onarne

nooujamo

f(s) = /000 e f(x)dx. (2.6)

Crasmajyhu y (2.5) s = p+iv, u > 0, u kopucrehiu uasepsny Pypujeony

TpaHchopmanujy, noomjamo

fl@) = e F LI (u+19)] (@),
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OHOCHO, MHBep3Ha JlammacoBa TpaHchopManmja ce m3paskasa GOpMYIOM
(L7 (@) = e F 7 [f(u+i0)] (), n>0. (2.7)

Y cayuajy kana je f GyHKIMja KOMIIEKCHE IPDOMEHJbUBE, AaHAJIUTUYKA Y IOy~

paBau Rs > 0, omariae mobujamo

210 J oo

f(2) = (£ () = — / T e f(s)ds. (2.8)

Hedunnnuja 2.6. [47] Hexa je L defepenyujarnu onepamop ca KOHCMAKMHUM
roepuyujenmuma. Tada je pyndamernmanrno pewemwe 3a onepamop L ducmpuby-

yuja g € D'(R™) 3a xojy je Lg = 9.
3Hauaj GpyHIaMEHTAJIHOT pellena JeXHN y ciaeneloj uyumeHun:

Teopema 2.5. [58] Hexa je f € D' makea da koneoayyuja f * g, 2de je g

Pyrdamenmanro pewewne 3a onepamop L, nocmoju y D'. Tada pewewe jednauune
Lu=f
nocmoju y D' w damo je gopmysom

u= fx*g.

2.5 DuimHeapHmM ¢yHKIMOHAJIU Ha XMJIOEPTOBMM IPOCTOpPUMA

Heka je V peasman XunaGeproB mpoctop ca HOpMOM | - || u Heka je af-,-)

¢yurmonas nedmumcan Ha lekaproBoM mpomsBonmy V X V TtakaB ma je :

(1) Gunuueapas, tj. a(u,v) je IuHeapaH O U 3a (UKCHPAHO U W JIUHEADAH

IO v 3a (UKCUPAHO U.

(2) orpammuen, Tj. mWOCTOjU HO3UTHUBAH peanan 6poj C' TakaB ma BaKU

caemeha HejeqHAKOCT
la(u, v)] < Clluflflvll,  Yu,veV,
(3) V-roeprusas, Tj. HOCTOjU MO3UTUBAH PEAJAH OPOj ¢ TAKAB & BAKU
alu,u) > cllul]?, YueV.
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DBununeapan ¢yHKIMOHAJ ce JOII Ha3uBa W OMIWHEAPHOM (POPMOM.

Bapwujamvona ¢gopmysanuja rpaHUYHUX OpodOeMa 3a mapuujaJHe aude-
peHIMjaliHe jefHAUYMHE YecTOo uMa cienehy ¢popmy: 3a matu orpaHndeH (yHK-
nmuoHaJ f Ha peasHoM XwuabepTtoBoM mpoctopy V um V-roepruBaH OrpaHu-
ueH OumimHeapaH (yHrmumoHaa a(-,-) Ha V x V, mahu u € V rako na Baxkwn

a(u,v) = f(v), 3a cBarko v € V.

Teopema 2.6. (Jlaxc-Muazpam) [27] Heka je f peasan ozpanuver auneapan
Pynryuonan na peaarom Xunbepmosom npocmopy V- ca mopmom || - || u nexa
je a(-,-) V-xoepuyusan, oepamuuen, buauneapar gyrnkyuonan wa V x V. Tada

nocmoju jedurncmeen eaemenm u € V. mako da saxcu:
a(u,v) = f(v), YveV.

Ocum moza saxcu u ||ul] < 1/¢||f||v:-

2.6 IIpocropu CobGosreBa
Heduaunmja 2.7. Hexa je k nenezamusan yeo 6poj ul < p < oco. Ilpocmop
k _ fe}
W5 (Q) = {u e LP(Q)| 0% € LP(Q), |a] <k},
ede je 0% u3800 y cmucay ducmpubyuuja, waszusa ce npocmopom Cobomesa.

Y mpocropuma CobosseBa, 3a 1 < p < 00 HOPMY aePUHULNIEMO Ca,

P

k
HUHWI’S(Q) = (Z\u’;,g(QJ )
=0
OZHOCHO, 3a P = 00,
k
lellwe @ = 3 [ohys
=0
rae Cy IMOJyHOPME |u|€vj(m u |uly o) DepunuCcane ca
P
P
[y = | 2o 10%ulloqy | ommocHo Julyy ) = max 19%ull =@
laf=j

[Ipenackom HaA Hemesmobpojue mHAekce nobujajy ce mpoctopu CobosseBa—
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Cnobomenxkor.

Hebunuaunmuja 2.8. [10] Hexa je s nosumusan peaaan bpoj, s ¢ N, m = |s],
20e je |s| najeehu yeo 6poj mawu 00 s, ul < p < oco. IIpocmop Cobowesa-

Caobodeyroz deduruwe ce na caedehu nawun
W5 () = {u e W"(Q) : |lullws@) < oo}

20e je

=

[ullws @) = (||U||];vz;n(n) + [uly ;(Q))p )

[uly S(Q) T Z |8O‘u|Wé m) |

laj=m

_ p
g = ([ [0 )
P ala |z —ylrt

ede je n QUMEH3IUJa NPOCMOPa.

dox je 3a 0 € (0,1)

[pocrop W; (), s > 0 je Bamaxos npoctop. 3a p =2, W3 (Q2) je Xunbep-
TOB IPOCTOP KOju jour o3uauaBamo ca H*({)). Y memy ce CKaJapHU IIPOU3BOI

neduHUIIE ca
(u, V) s Z / 0%u(z)0%( s e N,
ok je 3a s ¢ N

(1, 0) (02 Z /801 2)0%v(z)dx
laf<[s]
/ / (07 u@)(0v(z) = @)

W—M%M

\al Ls]

rae je 0 = s — || u n quMeH3uja TPOCTOPA.
Teopema 2.7. [39] IIpocmop D(R™) je zycm y WF(R") 3a 1 < p < .

Ako je Q mpasu orBopen monckyn ox R™ tana D(2) Huje rycr y Wlﬁ“(ﬂ)
Hedbuaunuja 2.9. 3ameopewe npocmopa D(Q) y mopmu npocmopa W;(Q) 03-
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HAUABAMO CQ W;(Q) .

Hedunumnuja 2.10. [27] 3a s> 0 ul < p < oo dedunuwemo npocmop W *(§2)
Koju cadpacu cee ozpanuvene gyrkyuonane na npocmopy Cobomesa W;(Q), 20e

je 1/p+1/q=1. Osaj npocmop je crhabdeser HOPMOM

[(u, )]
e e e
peWs(@) 1PIIWs(Q)

Hedbuuunuja 2.11. Hexa je  oepanuven omeopen ckyn u R". Kaxwcemo da
je epanuya 02 obaacmu  Jlunwuy nenpexudra axo 3a ceaxo x € 0S) nocmoju
omeopen ckyn O C R, x € O, A0KaAHO 0PMOZOHANHY KOOPOUHAMHU CUCTIEM CA

xoopournamama ¢ = (C1,..., () =: ((',¢n) wa = (ay,...,a,) € R", maxo da saxcu
O={C:—a; < <a;, 1<j<n},
u nocmoju Jlunwuy nenpexuona gynrkuuja ¢ dedurnucana na cryny
O={CeR"":—aq;<(<a;, 1<j<n-—1}

ca 0cobuHOM
() < an/2, 3a (€0,
QNO' ={C: ¢ <p((), e} u INNO={C:( =), ;e O}

OrpannueH oTBOpeH CKym ca JIummuil HempeKruIHOM TPaHUIIOM Ha3UBaMO

JIunmumoBom obmamhy.

Teopema 2.8. [27] (Ppudpuzrcosa nejednarocm) Hexa je Q) JTunwuyosa obaacm
y R" ca xonawnom wupurom d, y cmucay da Q0 sencu usmehy dse napanesme
runeppasru doumenzuje n — 1 xoje cy na pacmojany d. Tada nocmoju KoHcmarma

C, xoja 3a8ucu camo 00 s, p u d, maxsa da je

1By 0y < Cldyso (2.9)
30 ceakxo u € W;(Q), s>0,1<p<oo,s—|[s]>1/p.
Teopema 2.9. [27] Hexa je Q2 C R™ Jlunwuyosa obaacm u 1 < p < co. Tada je

(1) npocmop C=(Q) ceyda zycm y WIf(Q) 3a k> 0;

(2) Axo je k > 1, mada nocmoju nenpexudan auneapar onepamop E : W;(Q) —
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WHR™), Koju Ha3uBAMO OTNEPAMOPOM NPOOYNCEDA, €O OCOOUHOM
(Eu)lo=u, ueWrQ).

Teopema 2.10. [39] Hexa je Q? Jlunwuyosa obaacm. Ipocmop D(S2) je eyem y
H5(Q) aro u camo ako je s < 1/2 (mada je H¥(Q) = H*(Q)). Axo je s > 1/2,
mada je H*(Q) empozo cadpacar y H*(Q).

Teopema 2.11. [27] Hexka je Q2 Jlunwuyoea obaacm, 0 < s1,85 < 00, $1 # Sa,
0<f<1lul<gqg<oo mada je

(W (Q), W2 (Q)]sg = W5(Q) 30 s=(1—0)s;+0sy ¢ N.
Axo je g =2 onda s moxce bumu u npupodar 6Po].

Y ommreM ciydajy, peaJHOM MHTEepIoJdanujoM, nobujamo mpoctope bBecosa:

By (Q) = [W1(Q), W;2(Q)]sg, 5= (1 —0)s1 + Oso.

XunbeproBe npocrope CobomeBa pema s € R moskemo medpunmcatu u

npexko PypujeoBe TpaHCchopManyje.
Hedpuannuja 2.12. 3a caaro s € R dedunuwemo npocmop
HR") :={ueS8'| (1+[¢f)*a() € LR},

Y KoMe ce HopMa Dedunuuie ca

lall gy == (L + [E17)*ll 2 -

Teopema 2.12. [59] IIpocmopu W5 (R") = H5(R") u H*(R") cy exeusanrenmmu

Y CMUCAY 0a CY HUTOBE HOPME EKBUBANCHINHE.

Hedbumuunuja 2.13. Hexa je Q2 omeopen ckyn y R™. IIpocmop f[s(Q) ce cacmoju
00 pecmpuryuja na Q ceur ducmpubyuuja u3 F[S(R”). Hopma y npocmopy fIS(Q)

dedurnuwie ce ca

Ul gsion = Inf  ||T] 7smny -
ey = inf e

il o=u

18



Teopema 2.13. [59] Axo nocmoju nenpexudan onepamop npooyncena
E W3 (Q) — WS(R™),

mada cy npocmopu Wy (Q) u ﬁS(Q) EKBUBANCHMHU Y CMUCAY 04 CY BUTOBE HOPME

eKxs8uBaNeEHINHE.

Teopema 2.14. [43] Hexa je Q) Jlunwuyosa obaacm, s >0 u 1 <p < oo. Tada

nocmoju auneapan onepamop E : W3 () — W7 (R"™) maxae da je
(1) Eulg =u, u

(2) E je nenpexudan onepamop. Tauwuje, nocmoju xoncmawma C(s,Q), pacmyha

Yy o0Hocy Ha S, maksa da je 3a caarxo 1 < p < 00,
| Eullws@ny < C(s, Dlullws@) 3a ceano u € Wi(Q).

Teopema 2.15. [39] Hexa je Q Jlunwuyosa obaacm. IIpodymcewe dynruyuje
u Hyaom uzean obaacmu ) npedcmasma nenpexudno npecaukasamwe H(Q) —
H*(R™) axo u camo axo je 0 < s < 1/2. Ipodyxmceme wyasom npedcmasna
nenperxudno npecaurasame H*(Q) — HY(R™) sa s > 1/2, axo u camo axo je
s # ueo bpoj+ 1/2.

Teopema 2.16. [23] Hexa je Q Jlunwuyosa obaacm y R™, s >0 u 0 < p < oo.

Taoda saxmce caedeha nomanama

1) W2(Q) — LI1(Q) 3ap < q<-"E axo jes—2 <0,
(1) W, P=q j .

— n—sp

(2) Ws(Q) = LUQ) 3ap < ¢ < 00, ako je s — 2 =0,

(3) W2(2) = C(Q), ako je s — 2> 0.

Teopema 2.17. [23] Hexaje 0 <t <s<oo,l<p<g<ococus—n/p>t—n/q.
Taoda je
s t
W3(Q) — W, ().

Teopema 2.18. [39] Hexa je Q) Jlunwuyoea obaacm, k € NU{0} u 0 < s <
1, s #1/2. Tada je
H*(Q) = [HY(Q), H* (),

)

U PUTOBE HOPME CY EKBUBANEHTNHE.
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3a s = 1/2, peayarar peaJjiHe MHTEPHIOJALKjE je IPOCTOD
Hog () = [HH(Q), H ()]s 2,

Koju ce Ha3mBa JImonc-MaskeHEeCOBUM NIPOCTOPOM, a CAAPKU (QYHKOUje U €
H*1/2(Q) 3a koje je o /20%u € Ly(Q) [56, 39]. ®ymrmmja o je HeckoHAUHO

mipepentjabunaa pyHEIMja Ha (), MIO3UTUBHA 3a CBAKO & € () 32 KOjy BasK;

o(z)
<
PR S |

rae je d(x,I") pacrojame Tauke x on rpanune I' obmactu (2.

Teopema 2.19. [23] Hexa jeu € W;(Q2), s > 1/p, s # ueo bpoj+1/p, u nexa je
eparuna obaacmu Q dogonno zaamra (I' € CLIHY). Tada nocmoju mpae pyrryuje

u na eparuyu I, xoju npunada npocmopy W;_l/p(F), u eaxcu caedeha oyena

leallys-17m s < Cllullwgon-

2.7 Amnuzorponuu mpocropu CobosseBa

Osmaummo ca R, CKyn cBUX HEHeraTUBHUX peaJyiHUX OpojeBa. Ememente
ckyna R’ masuBahemo mynTummnexcuma. 3a a = (oq,...,0,) € R} nedus-

nnieMo

ol =t tan, o] = (], lea), o) = (lad, - Lond),

rae je [o;] majsehu neo 6poj < a; u |«;] majsehim meo 6poj < «;. Herka je

622(611,57”) 3ai:1,...,n, rae je

1 sai=j,

0 3a1#j,

51']' —

Kponerkepos cumbo.

Ilepuuaumenmo cinenehe ckynose

Ql(l’) :{hz T+ hiei c Q},
QZ](ZL’) :{(hz, hj) X+ cihiei + thjej c Q, Ci, Cj = 0, 1},
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Q. n(z) ={(h1,...,hy) 2+ chhkek €EVep=0,1k=1,....,n}

k=1

YBeauMo U KOHAYHE DPA3JIUKE

Apu(z) == u(x + h) —u(z), Afu(z) = Ap(AF u(x)).
Hexra je €2 C R" Jlummumnosa obnact. 3a a € R} u 1 < p < oo medpurmmemo
ulf =lull7r g 38 ap ==, =0,

a |Ahez [Aneu@) ) O<as<liap=0, ki
Ua |h|1+p04z i AT, 3a Q; ; O = U, 2,

ulf = ’AhieiAh ke u( )’pdhdh dr, 3a0<aq;,a;<1l;0,=0k#1,j
0 o Sy T e pusReemR T

A A P
ul?,, = / / Bnser = Dy, O gy
Ql n

) |h1|1+pa1 ce |hn|1+pan

3a 0 <y, ...,a, <1;a,=0, k#1,7,

|U|Z,p 3:|8[Q}U|Z_[a],p7 ako je, 3a HeKo k, oy > 1.

Kana je p = 0o, monyHOpMA | - 4,00 CE€ OeduHUIIE CA

|“|a,<><> ::HUHLOO(Q)a 3a ap = - =y, =0,
Ape
[U]a.00 == esssup | hzez?i($)‘7 3a 0<a; <1, a4 =0, k #1,
2€Q, h €94 ()

1 TakKO OaJbe.

Komauanm cxynm mynrumanexca A C R! masmBamo perymapraum axo je 0 :=
(0,...,0) € A, n 3a cBako a = (ay,...,q,) € A mocroje peasnu GpojeBu

O > i, k=1,...,n, TakBu na [ie, € A.

Ca mpernocraBroM na je A perymnapan CKyIl MyJITHUUHIEKCA, Ae(QUHUIIEMO

caenehe Hopme:

1/p
HUHW;‘(Q) = (Z ’ulg,p> ) 1< p < 00,

acA
lullwa @) = max fula,cc-
3arBopeme mpocTopa O (Q) y mHopMmu || - ||W];4 03HAYABAMO 3a W;‘(Q).
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Heka je u k € Ny. IIpoctop C*(I; X) canpxu oHe GYHKIUje UUjU M3BOIN
0 TPOMEHJPMBO] t 3aKBYYHO ca penoMm k mpumnanajy npocropy C(I; X). Ca
C*(I; X), osmagaBamo mpoctop cBux ¢ymknuja u € CF(I; X) unju ce m3Bomm
[0 MPOMEHJLUBO] ¢ 3aKLYUHO Ca PEIOM Kk MOTY HENPEKUIHO MPOLYKUTHU Ca
orsopenor unTepsana I = (a,b) ma 3aTBOpenu muTepsBaa I = [a,b]. OBo je

BanmaxoB mpocTop ca HOpMOM

- Pp— m
lellon ) = max max [0™u(t)]x.

Iepuanmmumo npocrop D'(I; X) ¢BUX HENPEKUIHUX JUHEPHUX OIEPATOPA
koju npecaukasajy D(I) y X. Bpennoct nuneapuor oneparopa u € D'(I; X)
Ha OCHOBHOj ¢pyuruuju ¢ € D'(I) osnauaBamo ca (u,p). Ha ocuoBy medumu-

muje je (u,p) € X.
Hera je a mo3utuBan neo 6poj. M3Bon y cmucay muctpubynuja, 1Mo mpo-
MeHBUBOj €, pena « oneparopa u € D'(I; X) nepunummmo ca

<8au7 Q0> = (_1)a<u7 aa@’ Vo € D([)7

Y CMUCJIY JeTHAKOCTU Yy MPOCTOPY X.

Hexka je Q Jlunmunos nomen y R™ u Q = () x [. 3a meHeratuBHe OpojeBe

s 1 r gedpuHUeMo annzoTponHau npoctop CobosseBa
WyH(Q) == LP(L; W (Q)) N W (1; LP(Q)),

cHADOIEBEH HOPMOM

1/p
[wllws @) = (”w”ip(kwg(g)) + (w5 ;([;LP(Q))) , 1<p<oo.

Teopema 2.20. [27] Heka je u € W' (Q), s,r > 0 u nexa o € Ny u k € Ny
3a0080.m08aJY YCA08 % + £ <1. Tada 820Fu npunada npocmopy Wi (Q) 2de je
E=t=1- (% + %) , 6 0y u Oy 03HaMa8aTY Napuujaste uzeode no r = (Ty, ..., Ty,)

U t, pecnexmusHo .

Teopema 2.21. [27] Hexa je u € W5 (Q),s > 0 uwr > 1/2. Tada je, 3a

Heweeamuean yeo 6poj k, k <r —1/2, mpae

oku
o0
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dobpo defunucan esemenm npocmopa Wi (Q), 20e je ¢ = 2 (7" —k— %)

2.8 Jlema Bpambaa-Xwuadepta

OsmauuMo ca Pm CKYII CBUX IIOJMHOMa CTEIEHa 1M Ca 1 IPOMEHJ/LUBUX.

Jlema 2.22. [27] Hexa je Q C R" Jlunwuyosa obaacm u meka je, 3a peasme
bpojese s > 0 u p € [1,00], n ozpanuuer auneapar GYHKUUOKAA U3 NPOCMOPA

Cobowesa W3 (Q2) makae da je, 3a s =m+a, m € Ny, 0 <a < 1:
P C Ker(n).
Tada nocmoju nosumuean peasar 6poj C' = C(s,p,n, ) maras da je

()] < Cllnllvlwge) Yo e Wi(Q).

3 n
Heka je A C R’ perynapaH Ckyl HEHETaTUBHUX DEAJHUX MYJITUAHICKCA.
Ca k(A) osmaunmo komBekcan omorau ckyma A y R™. Heka je Oyk(A) meo
rpanune ckyna k(A) Koju He mpumana KOOPIAMHATHUM XUIeppaBHUMA U Ay =

ANdyk(A). Heka je B menpasan nonckymn on Ay, takas na je BU{0} perymapan

CKYII MYJITUUHIEKCA, U
v(B) ={p e NI :9%2f =0, Vo € B}.
Hera je Pp ckyn cBUX mOJMHOMA Ca 1 IPOMEHJLUBUX OOIUKA

P(z) = Z Do

acv(B)

Jlema 2.23. [27] Hexa cy Qr CR™, k=1,...,m Junwuyose obaacmu u nexa
ckynosu A u By peaanur HenezamueHur MYyAMuUHOEKca 3a00805G8GJY YCao8e
Koju cy zope opmyaucanu. Hexa je (v1,...0,) = n(v1,. .. 0n) 02panuser Myamu-
AUHEAPHY, PYHKUUORAA Y NPOCMODPY
A Am
Wi () x - W ()

Pm

KOJu ce arysupa xada je Hexu 00 wezosur apzymerama obauka vy = x%, x € (U,
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a € v(By). Tada nocmoju nozumuear peasar 6poj
C= C(Ala Blapla ni, Ql) s 7Am7 Bm7pm7 N, Qm)

maxas oa je

(o1, o) < Cllll TT D loklane

k=1 OLGBk

3a ceako (v, ... vy) € WAH(Q1) x -+ x Wi (Q,,).

3a m = 2 nobujamo ObunmueapHy Bep3ujy jdeme Bpambia-Xumabepra.
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3 HWuarerpasm m m3BOIM pPa3jIOMJBEHOT pea

IIpe Hero mro yBeneMo mepumHUIMje NHTETPAJIa U M3BOAA PA3JIOMJBEHOT Pela
HABOJAVMMO caMO OCHOBHe ocobune ['ama u Bera ¢ysrnuje. 3a Bume nerasma

noruaenaru (46, 32].

lama ¢yurmuja ['(z) ce medpunume momohy OjimepoBor maTErpasia apyre

BpCTE
I(2) = / Fletdt, (3.1)
0

Koju KoHBeprupa 3a Re(z) > 0. Baxku cuaeneha jemmaroct

T(z) = @ (3.2)

Kopucrehu oBy penamnujy, rama (@yHKIU]y MOXKEMO IPOILYKUTU IO (QYHKIje
nepunncane 3a csako z € C ocum 3a z = 0,—1,-2,.... Kako je ['(1) =1, u3
(3.2) cnenu na je

I'n+1)=n!, VYneN. (3.3)

Bera ¢yurnuja B(z,w) medunume ce momohy OjmepoBor mHTerpasga mpse

BpCTE

1
Bz, w) = / F11— )" dt,  Re(2), Re(w) > 0.
0
Nameby rama ¢ynrnuje m 6eta GpyHKIUje noctoju ciaeneha Besa

[(z)'(w)
B(z,w) = m, zow#0,—1,-2,....

3.1 Puman-JluyBmioB uHTErpaJj pa3jioMJb€HOT pena

[Ioncernmo ce popmyiie 3a y3aCTONHY MHTEIrDALU]Y:

/: /atl . /atn_l Ftn)dty -+ dtydt, = ﬁ /:(a: — )" L f(t) dt, (3.4)

KOja Cce jeTHOCTAaBHO MTOKa3yje MaTeMaTUYKOM WHAYKIMUjOM U 3aMEHOM pe-

nociena MHTerpaluje.

Kako je (n —1)! = I'(n) Buaoumo ga mecHa crpaHa jemHakocTu (3.4) moxke
MMATH CMHUCJa U 33 PAa3jioOM/beHe BPETHOCTH Opoja m. 3aTo je HPUPOIHO

,E[eq)I/IHI/ICElTI/I nHTErpaJ pa3JJOMJ/LEHOI peda Ha CJIe,IIehI/I Ha4YMH:
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Nedurunmja 3.1. Hexa je f(x) € L'(a,b) u a > 0. Onepamop 0, defunucan
ca . .
—Q P a—1
(072 f) () = @/ (x— O f()dt, > a, (3.5)
ce nazuea aesum Puman-JIuyeuiosum unmezpastum onepamopom pPasiommenoz
peda a. 3a o = 0, deunuwemo (9a_+0 =1, 20e je I udenmuuxu onepamop. Axo

. o —Q
je a = —oo xopucmuhemo osnary 0. .

Ouwnrsenno je nma 3a « > 1 mHTErpas mocroju 3a cBako x € [a,b], jep je
O AMHTEr paHa (YHKINja TPOU3BOI NHTEerpabuine QyHKIUje [ 1 HenpeKuaHe
no t ¢gymrmuje (v — ¢)*"'. Y cayuajy 0 < a < 1, eraucTennujy uMHTErpaJa
MOKEMO JOKA3ATU TAKO IITO 06e MOJUHTErPaIHe (YHKIH]e PO MLYKAMO HYJIOM

Ha neuao R.

Hepumanmmja 3.2. Hexa je f(x) € L*(a,b) u a > 0. Onepamop 0, “ dedurucan
ca

@ S ’ — )t x
(05 Pla) = T / (t— o) f(t)dt, x <D, (3.6)

NG
ce naszusa dechum Puman-JIuysusosum unmezpasom pazrommsenoz peda . 3a
a =0, degunuwemo 9, ° = I, 20e je I udenwmuuxu onepamop. Axo je b = 400

rxopucmuhemo osnaxy 0_°.

Teopema 3.1. [52] Heka je o > 0. Onepamop 9, : LP(a,b) — LP(a,b), odnocno

0, “: LP(a,b) = LP(a,b), je nenpexudan auneapar onepamop.

Joxas. Hera je f € LP(a,b). Jlumeapuocr omeparopa 0, je OYMIIeIHA.

IToka;KMMO 1a je HENpPeKUIaH OnepaTop, Tj. A BayKWU

||8;ff||Lp(a7b) < OHfHLP(a,b), C = const > 0.

105 Vi = 51y [ || (o= 0 0| o
i | b | @ sa [ @9 pe)as da
< ot | b [ @t [ @9 s ldss
-5 ) b [ |[ @0 " o= (s s
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3aMeHOM pemociiena WHTerpaluje nodumjamo

p—1

105 iy < 75 (= 0" fOdt]  (x— 9)* [ f(s)|duds

- ama) /

[Ipumemyjyhu uctu nmoctymak jom p — 1 myTa mobujamo

104 F I (o) < prp /If |pb—s)mds<< )/|f )|Pds,

oJaKJie cIenm ma je

p—1

(b — 8)Yf(s)|dzds.

/a@_t) (et

H +fHLpab SI(,IE ))HfHLPab

[]

Teopema 3.2. [52] Hexa je o > 0. Jlesu u decnu Puman-JIuysunosu unmezpaiu
PasaoMpenoe peda cy yaajammno adjynzoeany onepamopu y oowocy na L?(a,b)

CKAAAPHU NPOU3BOD, M.
(a‘;af’ g>L2(a,b) - (f’ 81;"‘g) L2(ab)

Murerpanau pa3aoMbeHOT peaa MMajy OCOOUHY MOJIyTpyIe

0,00, f=0.2""f, 9,70, °f=0,""f a>0,8>0. (3.7)

Crnemneha Teopema mokasyje na MHTerpalja pa3ioMbEHUM PeIOM ¢ TTOO0IL-

maBa OCOOUMHY TJIATKOCTU (PYHKIU]E.

Teopema 3.3. [52] Hexa je f(x) € C**a,b], k € Ng, 0 < A <1 ua > 0. Tada

Puman-JIuyeuros unmeepan passommernoz peda o gyrwkyuje f, uma obaur

k .
_ f(j)(&) a+j
- ]EO —F(a D (x —a)*™ 4 g(x).

Hexa je s =k+ A+ a. Axo A+ a Huje yeo 6poj uau axo cy A u & yeau bpojesu,

mada Pynryuje g npunada npocmopy
g(z) € Clsls=Lsl[q, b].
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Hamomena 3.4. Hexa je o >0 u > —1. Tada je

Lpg+1)

(0.2t —a)’) (z) = m(x —a)**’,
00HOCHO
(00— 07) (0 = oy 0= 20

3.2 Pwuman-JluyBmioB u3Bom pa3jioMJEEHOT pena

[Ipuponso je medpuHMCATH U3BOJ PA3JIOMJEEHOT pena Kao OIepPaTOp MHBEP3aH

OIlepaToOpy WHTErpallije pa3ioMJ/LEHOI pena.

Hepuannuja 3.3. Hexa je fynkuuja f dedunucana na unmepsany (a,b), a >0

un Hajmany yeo 6poj cmpozo eehu 00 o (n = [a] + 1). Onepamop 0. deunucan

(92 f) (x) ::% (0. f) (@)
:ﬁ%/x(gg—t)”‘“‘lf@)dt, (3.8)

Hasusa ce aesum Puman-JIuysusosum uzgo0om pazrommenoz peda . 3a o =
0 ._ : : _
0, defurnuwemo 9, = I, 2de je I udewmuuwu onepamop. Axo je a = —o0

xopucmuhemo osznary O .

Hedounnunuja 3.4. Hexa je pynxyuja f degurnucana na unmepsany (a,b), a >0

un Hajmany yeo bpoj cmpozo sehiu 00 o (n = [a]+1). Onepamop Of Odedurucan

(05 1) @) =1y (7775 (o)
_%% / (t — &)™ F(1)dt, (3.9)

na3uea ce decrwum Puman-Jluysusosum u3g00om passommenoz peda o. 36 o =
0, dedunuwemo Y = I, 20e je I udenmuuru onepamop. Axo je b = 400 Ko-

pucmuhemo osznaxy 0°.

Teopema 3.5. [52] Hexa je f € L'(a,b). Tada je aesu (decrnu) Puman-Jluysuros

3600 PA3NOMMEROZ PEda & A8l uneep3 aesoz (decroz) Puman-JIuysunosoe un-
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MELPANG DASAOMDEHOZ PEOA (L, M.

9, 0.°F=1, 029,°f =1,

ay Yay
ckopo ceyda na (a,b), 3a ceaxo a > 0.

Jemnaroctu (3.10) cy moceban ciyuaj ommre 0coOUHE:
Teopema 3.6. [46, 32] Hexa je a > B3>0 u f € L'(a,b). Tada je

of .0 f=0lf oo, f=0,"F.

a4 a4

(3.10)

(3.11)

Teopema 3.7. [52] Hexa je a > 0 u mexa je gynruyuja f maxsa da je 0,01 €

C™a,b], oonocno 0, “f € C™a,b], san=[a]+1. Tada saxncu

(0702.4) (0) = i) = D (= (024) @
00HOCHO

(08) ) = 5@ = X gy (847) @

PECNERTMUBHO.

(3.12)

Teopema 3.8. [46] Hexa je dynxyuja f € C" a,b], nexa je men n-mu uzeod

unmezpabusan 1a (a,b] un —1 < a <n. Tada je ycaos

et _
8a+f‘:c:a =0
ex8uUBaANEHMAH YCA08Y

f®a)=0 30 k=0,1,...,n—1.

Jlema 3.9. [46] Hexa cy ucnymwenu ycaosu cmasa 3.8, a > 0 u Q‘if!x:a = 0.

Taoa je 3a ceaxo 0 < § < o maxohe u Gif‘x:a = 0.

Ouursenso Baxu ciaeneha ocodbuna

dr dr
(0 ) =0 (O f) =9,

dz™ dz™

(3.14)

rae je n € N, a > 0, nok 3a OOpHYTU penocien omepaluja eJOOPOjHOT u
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pPa3yIOMJLEHOT Au(epeHIpama BaKk jeTHAKOCT:
o dn a+n « dn a+n
3a+ <%f) = 8a+ 5 (9b_ (%f) == 8,)7 f, (315)

caMo y caydajy Aa gymEnuja f 3amososmana ycaos f(a) = 0, omrocuno fF(b) =
0,3a k=0,1,...,n—1 [46].

Teopema 3.10. [46] Hexa cy o, > 0, n = max(|«a],|8]), f € C™(a,b) u
f®(a) =0, (f®(b)=0) sak=0,1,...,n. Tada eaxcu

on, 00 =0e0f, (g0 f=057r).

a4 ~a4
Hamomena 3.11. Hexa je a > 0 u > —1. Taoda je

Lpg+1) Y
(8§+(t—a)5) (%): F(ﬁ—a—l—l)(x_a)ﬁ , Oé—ﬁgN’
0 , a—peN

00HOCHO

LB+1) ﬂ
(85‘7(19—1&)/3)(95): F(ﬁ—a+1)<b_x)6 ’ a—ﬁgéN'
0 , a—peN

HpI/IMeTI/IMO Ja odJaBae cJedu Oa je PI/IMaH—HI/IyBI/IJIOB n3BO O pa3JIOMJ/LEHOT

pena a (o >0, o ¢ N) roucranre C jennar

C(x—a)™@

I'(l—«) 70

(07,C) (x) =

3.3 KanyToB m3Boa pa3jioMJb€HOT pena

KaHyTOB 13BO O Pa3JIOMJ/LEHOT pena Cce lIe(bI/IHI/IHIe Ha aHaJOr'aH Ha4YMH, CaMO

je pa3nmka y TOME MITO Ce pemOocCJel MHTerpalyrje n mudpepeHnupama o0pHe.

Hepumaunuja 3.5. Hexa je fynkuuja f dedunucana na unmepsany (a,b), a >0
un Hajmany yeo bpoj cmpoezo sehu 00 a (n = [a]+1). Onepamop C@gﬁ dedurucan

ca

(o5 f) () := <aa+<“>ﬁ> (z) = ﬁ / x(a: — )" M ()dt,  (3.16)

dx™
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Has3usa ce aesum Kanymosum onepamopom uzsoda passommenoz peoa .

Hepuannuja 3.6. Hexa je dynkuuja f dedunucana na unmepsany (a,b), a >0
un Hajmanu yeo 6poj cmpozo eehu 00 o (n = [a]+1). Onepamop 0 Odedunucan

ca
(05.1) (@) =1 (0, G ) o)
T a) /b(t —z)" oL ()at, (3.17)
Ha3usa ce decnum Kanymosum onepamopom u3eo0a Pasznommenoz peoa .
[Mpumerumo na je [32, 35, 36]:

lim (C0gf) (z) = fP(x).  lm (C05 ) () = (~1)"fO(). (3.18)

oa—=n— a—n=

Teopema 3.12. [46, 11] Hexa je a > 0, n = [a|+ 1 u nexa je gynruuja f maxea
da cy dedunucaru 0% f u Oy f, odnocno Cop f u o f. Tada je

+

3
—

d*f(a) (x—a)*~

(02.0) @) = (00.) @) = X =k T —a v 1)

i

0

00HOCHO
LAdRF(b) (b — x)Fe
(02 1) (@) = (01 () = 2 di(k)r((/c—o?H)'

k=0

IMocnemuna 3.13. Hexa cy ucnywenu ycaosu meopeme 3.12. Tada je
Cog.f=05f (O f=0"F)

axo u camo axo je

dk’f(a,):O’ (dkf(b)zo) 3a k:()’l,”"n—l,

dxk dxk

Teopema 3.14. [11] Hexa je a > 0 u f € Cla,b]. Taoa je
(02, 0,01) (@) = fla), (05 0,°F) (@) = f(@)). (3.19)

Teopema 3.15. [46, 11] Hexa je a >0, n = [a]+1, f € C" '[a,b] u nexa je f™
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unmezpabuara gynkyuja. Tada je

(027 02, f) () = fla) =

(0" 05 1) (@) = f (=) -
Hamomena 3.16. Hexa je « >0 un = [a] + 1. Tada je

{M(x —a)’=® sz fB>n-1,

(Cog (t—a)?) (z) =S T(B—a+1)

0, 30 f€{0,1,...

,n—1}.
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4 Judy3moHO-TAJIACHA jeTHAUWHA Pa3JIOMJbEHOT

pena

4.1 Ilpocropm ¢pyHEKIUja c M3BOOMIMA PA3JIOMJBEHOT pena

OBme majemo mpersien pesyiarara koju ce mory mpornahwm y [19, 37, 12, 48,
52, 32].

Teopema 4.1. [48] Hexa je u € CP(R). Tada je dypujeosa mpancdopmavuja

uz800a pazrommeroz peda o > 0:
Floful(§) = (—i§) a(8), (4.1)
F1O2u] () = (i) a(§)- (4.2)
Jlema 4.2. [37, 48] 3a ceaxu peanan 6poj o >0 u u € C°(R) samcu
(0, 0%0) ) = cos(ma) |93l ey = cos(m)]| 0%,y (4.3)

Teopema 4.3. [11, 46] Hexa je ¢ywryuja v : [0,00) — R maxea da nocmoju
Jlanaacosa mpancpopmayuja Llu] na unmepeany [so, 00) 3a nexo so € R. Taoa

je, 30 a >0 u s > max{0, so}

£ [o5] (5) = s~u(s), (4.4)

L [agO+u} (s) = s“u(s) — g s* [a;ﬁ—lu} iy N= la) +1, (4.5)
k=0

L [Cﬁt‘fmu} (s) = s%u(s) — ; s 0), n=|al+1. (4.6)

Hedpuanunuja 4.1. Hexa je a > 0. Ledunuwemo noayropmy

|ulsp @) = [|0%ul| L, @)

U HOPMY

)1/2

HUHJ;*(R) = (HUHLz(R) + |u I (R)

u nexa je J*(R) sameopeme npocmopa C*(R) y odnocy na nopmy || - || je(x)-
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Hepumaunuja 4.2. Hexa je o > 0. Ledunuwemo nosynopmy

|ulse@) = [[0%ullL,®)
U HOPMY
. 1/2
lullse@ = (lullzo@) + lulsem)
u nexa je JE(R) sameopewe npocmopa C=(R) y odnocy na wopmy || - || jow)-

Heduuunuja 4.3. Hexa je o # n — %, n € N. Aedunuwemo noayropmy

[ul se @y = (02, 0%u) )|
U HOPMY
1/2
[ull e = (lulla@) + lulsem)
u nexa je J&(R) sameopewe npocmopa C*(R) y oonocy na nopmy || - || jo(w)-

Teopema 4.4. [37, 12] Hexa je o« > 0, a # n — 1, n € N. Tada cy npocmopu
JER), JXR), J*(R) u H*(R) exsusarenmmuu y cmucay 0a ¢y HUT08e nosyHopme

U HOpME EKBUBANEHTTIHE.

Heka je Q = (a,b) orBopen unrepsan y R.

Hepunnnuja 4.4. Jedurnuwumo npocmope J*(Q), J*(Q) u J*(Q) xao sameopema

npocmopa C°(Q) y odeosapajyhum nopmama.

Teopema 4.5. [48, 37] Hexa je « > 0, a #n —1/2, n € N. Tada cy npocmopu
Je(Q), JQ), J*(Q) u H*(Q) exeusarenmmu y crmucay 0a cy mUrose noaynopme

U HOPME EKBUBANECHITVHE.

Heka je u mpoumsBomua ¢yurmuja mepuuaucana wa 2. [lpomyskeme HyIOM

¢yurnuje v Ha R o3mavaBahemo ca u. Ilepurummmo npocrope:

CHQ) ={u e C®(Q)|u™(a) = 0, Vk € No, k < o —1/2},
CHQ) ={u e C®(Q) |u™(b) =0, Vk € Ny, k < a —1/2}.

Osmaumvo ca H (1) <0I[HOCHO, Hﬁ‘(Q)) IPOCTOP OHUX (YHKIUja UMje IPO-

IysKeme HyJIOM Ha mHTepBas (—oo,b) (omHocHO, (a,00)) mpumajga mTpocTopy
H®(—00,b) (ommocuo, H*(a,00)). 3a ¢pyrrmujy u € H(Q), <u € Hﬁ(Q)) neduH-
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nmeMo

g = Nllmocoon: (s = Nl ooy ) -
IIpocropu C*(Q) u C*(Q) cy rycru y HH(Q) u H*(Q), pecnexrusao [19].
Teopema 4.6. [12] 3a ceaku peanrar 6poj o> 0 u u € C°(§2) samncu
(Oa,u, Oy u)r2(0) = cos(wa)||8;’+u||%2(a7oo). (4.7)
Hedpurnnmja 4.5. Hexa je a > 0. Jedunuwemo noayropme
[ulse) == 1105 ulla@) v |ulse@) = 1105 ullL,
u HOpMe
1/2 1/2
lullsp@) = (lullpae) + lulsp@) ™ u lullse@ = (lullzag + lule@)

Hexa cy J(Q) u J*(Q) samsopemwa npocmopa C(Q) u C*(Q), pecnexmueno, y

odzosapajyhum Hopmama.

Teopema 4.7. [19, 18] Baxce caedeha mephemwa:
(1) Onepamopu Oy, uw Oy ce mozy nenpekudno npodyacumu 00 ONepamopa Koju
npecaurasajy H*(Q) u H*(Q), pecnexmueno, y L*(Q).

(2) Hexa je s,a > 0. Tada cy 0, : Hf(Q) — Hl‘”s(Q) u 0, “ : H3(Q) —

Ho™$(Q) oepanuuenu auneapary onepamopu.

ITocnemuna 4.8. [19] Hexa je s > 0. Tada pynryuje (r—a)® u (b—x)® npunadajy

npocmopuma H*(Q) u H*(Q), pecnexmusno, 3a céaro 0 < o < s+ 1/2.

Cnnuro rao y [48] (mema 3.1.7) Moike ce mokaszatu na Baxku cuexehwn

pe3ynaTar:

Jlema 4.9. Hexa jen —1/2 <o <n, ne€N. 3aue H*Q) je 0,205 u=wu, dox

sau € H2(Q) samcu 0, “0 u=u.

Jloxas. TIpoctop C¥(Q) je ryer y H*(Q), ma nocroju mm3 {p,}22, € C¥(Q)
TakaB na je

Tim lu = on| @) = 0.
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Kopucrehu mejennaxkoct Tpoyria mobujamo

10,705, u = ull ) <110,705, (w = @n)ll (@) + 105,795 on — enllup (@)

+ lon — ullze@)

Ha ocmosy crasa 3.7 m neme 3.9 ciemu na je [0, %05 on — @ullre) = 0.

Iame, kopucrehu Teopemy 4.7 umamo na je

102705, (w = ) llp ) < cll 05 (u = @n)ll2@) < Cllu = @nllug@)-
]

IMocnemuma 4.10. Hexa cy ucnywenu ycaosu aeme 4.9. Tada, 3a u € HO‘(Q) je
9,700 u=u, dox 3a u € H2(Q) samcu 9, ") u=u, 3a cearo 0 < § < a.

Teopema 4.11. Heka je n —1/2 < o < n, n € N. IIpocmopu J*(Q) u H? ()
(Jﬁ(Q) u H;?‘(Q)) CY EKBUBANEHMHU Y CMUCAY 0G CY HUTOBE NOAYHOPME U HOPME

eR8UBANEHTINHE.

Joxas. HejemmaxkocT

102, wllLae) < ellull e,

cnemu u3 teopeme 4.7. Ca mpyre crpane, 3a u € Hla(Q) ropuctehu pesynrare

n3 4.9 u 4.7 cnenu
[l ey = 10,705, ull ooy < cll 07, ull o) = clulsm@
]
Teopema 4.12. [37] 3a cearxo 0 < a < 1, axo jeu € H*(Q2) uv € C(L), mada
je
(8§+u,v)Lz(Q) = (u, 8,;"_U)L2(Q). (48)

IMocnemuma 4.13. Hexa jen —1/2 < a < n, n € N. Tada je 3a u € Hla(Q) u
v e H*(Q)
(8§+u,v)Lz(Q) = (u, 81?‘_1))1;2(()).

Joxas.

(Oa, u,v) 2y = (95" u, Oy “ 0y v)r2(0) = (0,705 u, O v) 20y = (U, " v)r2()-
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[]
Teopema 4.14. [37] 3a cearo 0 < a < 1, axo jeu € H(Q) uv € HQ/Q(Q) mada
je
(05, w02y = (0220, 0" u) ().
4.2 Coenujanue ¢pyHKIUje

IlBonapamerapcka ¢pyuknuja Murar-JlepimepoBor tuna nedpunuiie ce pemom

> k:
Eoc,@ :;m 66@ Re( ) 0 (49)

KOjU je KOHBEPreHTaH 3a cBako 2z € Z. OBo je mema ¢GyHKUMUja.

Teopema 4.15. [46] Hexa je 0 < a < 2, f € R u p maxso da je ma/2 <
p < min{m,ra}. Tada nocmoju konemawma C = C(a, B, ) > 0 makea da je 3a
p<|arg(z)| <7

|Eap(2)] < (4.10)

14|z

N3 nepunnnuje (4.9) ciaenn
> 2k
El 1 Z T = e,
k=0

Ey1(2 Z 2 —cosh (2),

k

1 N _ sinh(2)
E = - )
22 z Z; 2k + 1)! z

(e 9]

0

3a =1 nobuja ce jemnomapamerapcka Mwrar-JledaepoBa ¢yHkmuIja
o)
=: F,(2), eC, R > 0.
D=5 iy = B TRl

Baxu cneneha ¢opmyna 3a mudepennupame Mwrar-Jledpaepose ¢yHEnuMje
[46]:

dn

T (P Bap(t?) = 1" Eapa(t?), meN, t>0. (4.11)
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Y xacHmjeM pany Owmhe ropucHa JlammacoBa TpaHchopManmja (QyHKIUje
tP 1By p(AL?)

L[t Eys(AtY)] (s) = (4.12)

3a Re(s) >0, Re(B) >0, A€ Cu |[As®| <1 [46, 32].

4.3 IImdy3moHO-TAJIaCHA jemHAUWHA PpPa3JIOMJBEHOT pena Ha

IpaBoj

IludpysmoHo-TaacHa jeIHAYMHA Ca M3BOJOM PAa3JIOMJLEHOI pena IO BPEMEH-
CKOj MMPOMEHJbMBOj MOOMja ce 3aMEeHOM IMPBOI M3BOJIA IO BPEMEHCKO] IMIPOMEH-
JbUBOj M3BOMOM pazsiomibeHor pena « € (0,2]:

C ata a2u

7()4_16213@. (413)

Sanary jemmaunny nocmarpahemo y momypasuu D = {(z,t)|x € R, t > 0}.
[IpernmocraBumo na je 0 < a < 1. Kako Oum mocTojasio je IMHCTBEHO pENIeHe

naTtor nmpobjeMa moTpebHO je 3aJaTu MOYEeTHU YCJIOB:
u(z,0) = v(z). (4.14)

MebyTtuwMm, ako je 1 < a < 2, moTpebHO je 3a0aTU U TOYETHY BPEIHOCT IIPBOT
M3BOJA 10 BPEMEHCKOj] MPOMEHBUBOj, Tj. Ou(x,0)/0t. Ila 6ducmo obesbe-
MU HENPEKUIHY 3aBUCHOCT pellema O apaMeTpa ( IPUJINKOM Ipesacka

ca BpemHocT v = 1~ Ha o = 1T mzabpahemo ma je

Ou(z,0)

5 =0 (4.15)

Onpemuhemo ¢pyrnamenranso pemese npobiema (4.13)-(4.15) meronoMm koja

je manowxkena y [40, 41, 42].

Hakme, pemaBaMo mpobiieMm

0°G
¢ 0, G=Dos, 0<a<2 (4.16)
G(z,t) = 6(z), (% - 0) t =0. (4.17)

Hajupe ompemumo PypujeoBy tpanchopmanujy jemnauwmue (4.16) mo mpoc-
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TOPHO] TPOMEHJLUBO]:

“op) G(&,t) = —DEG(E 1),

a 3aTuM JlammacoBy TpaHchopmanmjy HoOHMjeHe jeqHAKOCTU IO BPEMEHCKO)]

ITPOMEHJILUBO]

Sa—l

S + D€2

Kopucrehu unBepsny JlannacoBy TpanchopManujy name je

G(&,s) = (4.18)

G(€,1) = Ba(—DEX").

NuBep3nom PypujeoBoM TpanchopManmjom noduja ce

Glat) = / e, (— DEH)de

2 J_

_1 /oo E (—D&*™) cos(x€)dé¢
0

™

el
ov/Dte P\ VDt )

dyuruuja M,(x) je y nureparypu mosnara kao M-Bpajrosa ¢ymkumja miau

kao MawnnapaujeBa GyHKNUja U ge(UHUIIE CE cCa:

- 0o (—1)k2k
M, (2) = ; RID(—vk + (1 +v))

, O<rv<l, zeC.

[Mocebno 3a v =1/2 je
1 —z
Ml/Q(Z) = —=€ 2/4,

ollakje BUAVMMO Ja 3a o = 1 nobmjaMo (yHZAMEHTAJIHO pelleme IpobieMa

HOpMaJIHe audy3uje.

Oyuruuja M,(z) je mena ¢yurmuja. Ako je mocMarpamo Kao (yHKIU)Y

peajiHe IPOMEHJ/bMBE Tada CE€ MOKE IIOKa3aTU Oda je

1 o0
5/ M, (|z|)dx =1
Ia je MOKeMO cMaTpaTu (YyHKIUjoM ryctue pacnozaene. Ocum tora je

1 [ I'2 1
5/ 2 M, (|z|)dx = T@n+1)

=0,1,2,...
- F(27’LV+1)’ n ) Ly 4y )
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Tj.

/_00 272Gz, t)dr = %Dt“,

oJakJie BUAUMO 14 je BapujaHca IPOMopIuoHaJJ Ha ca Di®.

Cana mako mobujamo pereme npobiema (4.13)-(4.14) xoHBOIYIMjOM:

u(z,t) = /_00 G(z —y, t)v(y)dy.

4.4 JemmauwHa cyOmudy3uje — er3ucTeHnyrja U je MHCTBEHOCT

peniema

Heka je 2 C R" orpannuena, KOHBEKCHa, je ITHOCTPYKO mMoBe3aHa obiact, ' =

00, 0<T <oomu0<a<l. ITocmarpamMo MOYETHO-TPAHUYHN TPOGIIEM

oy u+ Lu= f(zx,t), (z,t)€Qx(0,T), (4.19)
Ul (o) = 0, (4.20)
uli—o = v(x), (4.21)
rie je
.0 ou
_ N9, Ou _ 4.
Lu Z o (a” 8xj> + cu (4.22)

ij=1

IIpernocraBmaMo na KOeQUIMEHTH a;; U € 33J0BOJbaBajy CTaHIapIHE YCIOBE

peryjnapHOCT M CJIUIITUYHOCTU:

01 (1).6(x) € Loo( ), a5(2) = a4(),  efx) >0

n

Z aij(2)&i; = co ZSQ, V¢ € R" cropo cBygza y €.
i=1

1,j=1

Omneparop L je mo3uTWUBHO Ae(@UHUTAH, CAMOKOH]jYTOBAH U IIPECIUKABA

cxyn D(L) = H2(Q) N HY(Q) y L2().

Hexka je {\;}72, m {¢x }72, HU3 CONCTBEHNX BPEIHOCTHU U COICTBEHUX (YHKIU]ja

onmeparopa L. Iloznaro je ma je [13]

O<M<A<...
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lim )\k = 0Q,
k—o0

1 QYHKIUje ©p ce MOT'y onabpaTu Tako la unHe opToHOpMupany 6a3zy y L2().

YBenumo osuare ug(t) = (u(-,t), or)r2@ 1 fu(t) = (f(-,1), ¢r). Cramapuum

MHOkemeM jennaunse (4.19) ca ¢y ,IIO6I/IJaMO

C@ﬁmuk(t) + Meug(t) = filt), k=1,2,...,

ur(0) = (v, &) r2(0)-

OBo cy obuune mudepeHIMjaiHe jeqHAUNHE PA3JOMJHEHOT pela (v 4uja pe-

mema cy [46]

uk(t) = up(0) Egq (—Aet®) + /Ot(t — T)a_lEma(—Ak(t — 7)) fr(T)dT

ITakme, MeTOMOM pa3aBajama MPOMEHJbUBUX AOOUIM CMO Ha je
= u(t)on(x). (4.23)
k=1

[Torpebuo je mokazatu ma pen (4.23) KoHBeprupa ka pememy mnpobiema
(4.19)-(4.21). 3a csako ¢ > —1, me¢urmmmmo mpoctop HI(Q) C H~ ()

cHaDIEeBEH HOPMOM:

’uHHq Z)‘k‘ U k) 12(0 ‘
Baxu canenehe [15, 20]

ull 7oy = llull 220y, lull -1 () = llull a1,

HUHFP(Q) = ’u|H1(Q), 3a u € Hl(Q),
[ull g2 = [ulme@  3a we HX(Q)N HY(Q).

Ommrruje, mpoctop HY((Q) je exBUBaJeHTaH TPOCTOPY KOju ce MoGMja MHTEP-
[OJIAIM]OM IIPOCTOPA [f[q(Q) u L?(Q) 3a q € [0, 1] u unTepnoNanujoM IpocTopa
H7Y(Q) u L*(Q) 3a q € [-1,0].

Teopema 4.16. [49] Heka je v € L*(), a;; € CHQ), ¢ € C(Q) u
Tada uspas (4.23) npedcmasna jeduncmeeno pewemwe u € C([0,T7]; Lz(Q))
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C([0, T, H*(Q) N H'(Q)) mareo da je 07y u € C([0,T]; L*()).

Teopema 4.17. [15] Hexa je f € L*((0,7T); L*(2)), a;; € CY(Q), c € C(Q) u

newa je v = 0. Tada uspaz (4.23) npedcmasnwa jedurcmeeno peuwene

u e LX((0,T); H*(Q) N H'()),

H~(0,T), 0<a<1/2
u(z,-) € I—?ﬁ(O,T), 1/2<a<1 3ackopo ceaxo x € )
Hy’(0,T),  a=1/2

npobaema (4.19)-(4.21). IImasuwe, nocmoju xowcmawma C > 0 maksa Oda

8AMU OUEHA

[ull 7o 0,/rys220)) + ullL2o.r)m20)) < Cllflz2o0r):22(0)-

Teopema 4.18. [20] Hexa je f € L*((0,T); H1(Q)), -1 < ¢ <1, ajj = 6;, c=0
uv=0. Tada uspasz (4.23) npedcmaena dynxyujy v € L*((0,T); H12(Q)) xoja

je pewemwe npobaema (4.19)-(4.21) u 3a0o6omasa oueny:

HUHLZ((O,T);HQJFQ(Q)) + ||8tO,CO+UHL2((O,T);H‘1(Q)) < CHfHL2((0,T);Hq(Q))-

Axo f € L*((0,T); H12(Q)) mada je dyrnwyuja u(x,t) € L2((0,T); HT272(Q)) u

3000805084 OUyEeHnY

||U||Hq+2f€(9) < C"3_17560[/2||f||L2((0,T);}§m(Q)) (4-24)
3a ceaxo € > 0.

Hanomena 4.19. [20] Yenoe f € L((0,T); H12(Q)) ce monce ocaabumu: f €
L7((0,7); H12(Q)), r > a/2. Tada je

¢ 1+ (a—1
luCs )l o) < TTra—1) CN Nl oy o).
ede je 1/r + 1/r" = 1. Osde nouemmnu ycaoe u(x,0) = 0 eaxmcu y cmucay

lim,_,+ HuHﬁq(Q) = 0. Jakne, 3a o € (1/2,1) uspaz (4.23) je pewewe u nod
caabujom npemnocmaskom f € L2((0,T); HI(2)).
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4.5 JemmauwmHa cynepaugy3unje — er3auCTEHINja U je TMHCTBEHOCT

penrema

Heka je €2 C R" orpannyena, KOHBEKCHA, jeTHOCTPYKO moBe3aHa obJsact, ' =

00, 0<T<ooul<a<?2. IMocMaTpaMo MOYETHO-TPAHUYHU TPOOIEM

Cofgu+ Lu= f(x,t), (,t)€Qx(0,T), (4.25)
ulrx (o) =0, (4.26)

ou
Um0 = v(x), i w(z), (4.27)

rae je oneparop L nedpunucan ca (4.22).

Y cayuajy kana ce y jemaunnu (4.19) nojasmyje Puman-Jlynsunos usson
pasaomimenor pena « € (1,2) ymecro KamyToBor, apyru modeTHu ycioB ce

3amaje ca ﬁg‘(iluh:o = w.

CauvyHO Kao y IpeTXOAHOM OIEJbKY, Pa3aBajameM IPOMEHBUBUX T00UjaMo
nudepeHnjagie jeqHaunHe pa3JIoOMJbeHOr pena 1 < a < 2. YBeauMo O3HaKe
up(t) = (u(t),on)r2@ 1 fu(t) == (f( 1), )12, Cramapaum MHOXEHEM
jemnauwune (4.25) ca ¢y mobujamo

C(’?ﬁmuk(t)—i-)\kuk(t) = fk(t), k= 1,2,...,

duy (0
up,(0) = (v, %)L?(Q), ;E ) = (w, QOk)m(Q),
yuja Cy pelema
duy, (0
Uk(t) :Uk(O)Ea,l(—)\kta) + %tEmQ(—)\kta)

t
+ / (t = 7)2 B (Mt — 7)) fu(r)dr
0
[TorpebHO je mokazatu ma pen
u(a,t) = u(t)px(x) (4.28)
k=1

KOHBEPIupa Ka pememny npobiaema (4.25)-(4.27).

Teopema 4.20. [49] Hexa je v € H*(Q) N HY(Q), w € HY(Q), a; € CY(Q),



Q) u f =0. Tada uzpaz (4.28) npedcmaswa jeduncmeeno pewemne u €
C([ LT H2(Q) N HY(Q)) N CY([0,T); L*(Q)) npobaema (4.25)-(4.27) u 02 Fo,u €
i L*().

,Q
“ﬂ

Teopema 4.21. [49] Hexa je v = w = 0, a;; € CY(Q), ¢ € C(Q ) [ €
L*((0,T);Q). Tada ped (4.28) npedcmasnwa dynwyujy u € C([0,T); H>2/%(Q))
U 8aMCU OYEHA

“u”C([O,T];FI?*?/a(Q)) < C||f||L2((0,T);Q)-

ITpernocraBumo cana na je a;; = 0;; u ¢ = 0.

Teopema 4.22. [21] Hexa jev=w =0 u f € L=([0,T); H1()) 3a —1 < ¢ < 1.
Tada je 3a ceaxo ¢ € (0,1)

Ju(s )| gara—- < Cgiltsa/z”fHLOO([O,T];H‘J(Q))~

Teopema 4.23. [21] Hexa je f € WL ((0,T); L*(Q)) uv=w = 0. Tada je

10¢0.ullr2) < Crt* || fllwo-1or)z2), ™€ {12}
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5 Jemmauwmna cyomudy3mje ca KOHIEHTPUCAHUM

KallanmTETOM

Heka je 0 <a <1, Q=(0,1), I =(0,7) u Q = Q x I. Ilocmarpamo crenehn
IOYETHO-TPAHUYHY NPOGIIeM 3a IapunjaHy Iu(epeHnnjaltHy jeJHAaunHy pas3-
JOMJLEHOT PeJia O BPEMEHCKO] IPOMEHJBUBO] Ca KOHIEHTPUCAHUM KAAIATE-

ToM y Tavru £ € ()

1+ Kdé(z = §)] 0, u+ Lu= f(x,t), (x,t) €Q, (5.1)
w(0,t) =0, wu(l,t)=0, tel, (5.2)
u(z,0) =0, ze€q, (5.3)

rae je L cumeTpuyaH €JIUNTUYKU OTEPATOP

0 ou
=-2 (p<x>%) ,

K mosuruBra roucranta u 6(x) ImpakoBa mucrpubyumja. Jemmaroct (5.1)
BaskKM y CMUCIy Teopuje nuctpubymmja (Bumu [58]) u Moske ce Gpopmyucaru
v Ha Apyraunju HaumH. Heka je mara meo mo meo riartka (pYHEIUja v €

C0,£)NCY[E,1]. Tana je ma ocHOBY (2.2) HeH U3BOJ Y CMUCTY AUCTPpUOyTMja

V(z) = {v'(2)} + [v]ed(z — §), (5.4)

rae je {v'(z)} u3Box dpyHERnUje y KracuuHOM cMUCTY, a [v]e = v(£+0) —v({—0)
CKOK (DYHKIUje y Taudru .

Kako je §(x — &) =0 3a = # £ u3 jequaunne (5.1) cnenu na je
Ofo,u+ Lu = f(x,1), (5.5)

y obnactuma Q1 = (0,£)x(0,7) u Q2 = (§,1)x(0,T), mok cy 3a = £ uCHyHmHeHn

caenehmu ycaoBu KoHjyranuje

(U] p—e = u(§+0,t) —u(§ —0,t) =0, (5.6)
{p %} = K97, u(§,t). (5.7)
a=¢
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[TpernocraBibamo na koedunujeHT p(r) 3a40BObaBa YCIOBE PEryIapHOCTH

1 €JINIITUYHOCTHU

p € L>(Q), p(x)> py = const. > 0. (5.8)

5.1 Er3smucreHmuja caabor periema

IlepuHUIIUMO TPOCTOP 52(9) Kao 3aTBOpeme npocropa C§°(2) y HopMu

1/2
HUHZ2(Q) = (u, U)ZQ(Q):

rme je

(U, 0) 720y = /0 u(z)v(z)de + u()v(§).

Amnasorso, meUHANIIMO ITPOCTOP ZQ(Q) Kao 3aTBOpeme npocropa CFP(Q) y

HOPpMHA
_ . 1/2
HUHLQ(Q) - (u7 U)Z2(Q)7

rme je
T 1 T
(u,v)ZQ(Q):/D /0 u(x,t)v(x,t)dxdt+/0 u(&, t)u(&, t)dt.
3a «, > 0 mepmuumemo annzorponne npocrope CobosseBa

H*)(Q) = L*(1, H* () n HP(1, L}(Q))

U IIPOCTOpE
TEHQ) = LA(I, H(Q)) N JL(T, L(Q)).

Harnacumo na je 3a 0 < < 1/2: J22(Q) = J*P(Q) = H*(Q).

Hedurumumo Banaxose mpocTope
C(LU) m Cﬁ(f,b()
dysEmmja u : I — U cHADIEBEHUX HOPMOM
T — t a(T — aa t
lulloa = max @l n Nulles o = max 105 u(t)

PECIEeKTUBHO.

[Momuoskmmo jemnaumny (5.1) ca TecT (YHKIMjOM ¥ M MHTErPAIUMO IIO
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obnactu (). Kopucrehu maprujanny waTerpamujy, cras 3.10 m ocobuny
(4.8) mobujamo cuenehy cmaby dopmynanujy npobaema (5.1)-(5.3): ompe-
muTn GyHEEIMjy u m3 mpocropa HY/2(Q) = L2(1, HY(Q)) N HY/2(I, L*(2)) Taksy

Ja BaikU

au,v) = U(v), Vv e H'2(Q), (5.9)
rme je
a(u,v) = <3%fu, at&ﬁu) L2(Q) R (8%iu(€7 ), aﬁﬁu(f’ ‘)>L2(I)
(0o
p@l" 31’ LQ(Q)
u

I(v) = (f,v)r2(Q)-

Teopema 5.1. Hexa je a € (0,1), f € L*(Q) u nexa saxce ycaosu (5.8). Tada
je sapujayuonu npobaem (5.9) dobpo nocmaswen y npocmopy fILO‘/Q(Q) U HezZ0so

cnabo pewemwe 3600805080 ANPUOPHY OUEHY

||u”ﬁ]17ﬂ/2(Q) < Clfllexe) - (5.10)

/loxas. IoBommHO je mokaszatu ma cy ucnymeHu yciaoBu Jlaxkc-Mwuarpamose

aeme.
Orpannuenoct ¢pyHrnuoHaga [(-) je ounrienHa.

IlorasxuMo na je OminmHeapHa ¢opMa orpanmdeHa. Kopumcrehm ocobuny

perynapaocTy Koedunujenara (5.8) mobujamo

T T
la(u,v)| §/ / 8%@8%%@ dxdt+K/ 8%@(5,15)8%%@(5,25) dt
0 Jo 0
T M
ou Ov
o0 — — | dxdt.
Ly A

Hame, kopucrehu wejennaroct Komu-IlIBapna nmamo na je

a/2 2 2 2
la(u,v)] < 1078 2ull 2 | 054 0l 2 (@) + KN4 2ul€, 2105w (€, )2y
ou ov

D o

Pl Lo (@) e

L2(Q)

ou
a/2
e (nat,&uu%g@ v

L2(Q)

/
+ HUH%Z’(Q))

2
L*(Q)
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1/2
+ HUH%Z(Q)>

C =max{L, K, |pll=@}

o/2
x@@é H

< Cllulg

Hl,a/2(Q) HUH :

Hbo/2(Q)

rie je

Ioraskumo na je OusnmHeapHa (Gopma KoepuwBHa. KRopuctehu ocobuny

(4.7) moBujamo

. a/2 a/2 2
a(u,u) = cos— Dpo.u 2(Ooo)dx—i—[( o u(E, ) o
+< 8u 8u)
Yoz ox 12(Q)
T (19972, ou||?
> cos T (1971 2ull () + KNG € M) +p0 | 5| -
L2(Q)

Ha ocuoBy Iloenkapeose HejenuarkocTu je ||ul| 2 ma Ha Kpajy

< 5 1152 2y
nodujaMo na je

) 2 Culull, o

rme je C) = [(1+ K)/(K cos(ra/2)) +3/po] . Ilakme, ucmymenu cy ycioBum

Jlakc-MuarpamoBe jeme.

Anpuopna ouena (5.10) ciaenu u3 KoepuuBHOCTU OuInHEeapue popme af-, )

1 orpaHudeHoctTu (Gyuriumonasa [(-), Tj.

Cullull By < alu,u) < I fllcz@llulliz) < 1f 2@ Nl gror2g)-

[

Hanomenumo na pememe npo6iema (5.9) He MOpa 3a/10BOJbaBATH XOMOTCHH
nouernn ycaos (5.3), jep 3a gyHrmmje u3s npocropa H /2(Q) ca o € (0,1) me
nocroju tpar 3a t = 0. JacHo je ma je pememe npobaema (5.1)-(5.3) yjenso
u pememe npobiema (5.9), IOK je caMO TOBOJLHO PEryJsapHO pemieme (TakBo
a MOKeMO ne¢uHrcaTy Bpensoct ¢pyurnuje 3a t = 0) npobrema (5.9) rakobe

u pememe npobiaema (5.1)-(5.3).

Moske ce mokasaru na je (Bumu [39])

[ull rarzigy < ClIf 2@ » (5.11)
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y caabujoj HOpMU

T
[l = [ [T =07 MOl + IOl dt. (5.12)

Teopema 5.2. Hexa cy ucnymwenu ycaosu meopeme 5.1 u nexa je p € WL(Q).
Tada je npobaem (5.1)-(5.3) dobpo nocmasmen y npocmopy H>(Q1)NH>"(Q2)N

jﬁ’“(@) N ﬁl’a/z(Q) U BE20BO Pewene 304008050804 ANPUOPHY OUEHY

2

1970 |2 ) + 22

i=1

0%

ox?

ou

ox

+llull o) < Cliflleeg - (5-13)

L2(Qi) ' L2(Q)

Aoxaz. [omuoxumo jemnauuny (5.1) ca 8{3‘0+u 1 UHTErPaJIUMO 1o obsactu ().

IloBujamo

ou 0 _, N
|| uHL2(Q) + (p %7 %at,oﬂb) @) = (f7 a7&,O_~_,U’)L2(Q)-

Camuno kao y mokasy teopeme 5.1, kopucrehu ocobuny perynapuoctu (5.8)
koepunujerra p, cras 3.10, ocobune (4.7) n (4.8), MmokeMO mokaszaTu na je

Opyru cabupak ca jieBe CTPaHe jeqHAKOCTU MO3UTUBAH

ou 0 9o > a/g
—, 0> u cos 28 u
p@x dx 0+ L2(Q) bo t 0+

ma ra Mo;keMmo um3octaButu. [lame, kopucrehu Komu-IlIBaproBy HejemHnakocT

2

: (5.14)
12(Q)

nobujamo

100,102 ) < (- 00) 1y < Izl 2l 2) < 121950 2oy
Tj.
1950, ullz2(q) < Ifllz2@)- (5.15)

Hasme, nomuOkUMO jenuaunny (5.5) ca Lu u uaTerpasumo no obmactuMma (g
u (). Cabupamem noOUjeHUX jeTHAKOCT UMAaMO

2 2 2
« 2
S (081 L) g, + I Ll 2y = SO(F L), (5.16)

i=1 i=1 =1

Kopucrehu napnujasny naTErpanujy mo ipoMeHbUBOj T U yCIOB KOHjyTaIlrje
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5.7) mobujamo na je
( ] ]
2
0 ., ou
Z tO u, L'LL Lz(Qi) = (633_87504r u,p I) +K/ t0+ 6 t
=1

OJaKJIe CIeIU Na je IPBU diiaH y jeqHakoctu (5.16) mo3uTrBaH ma ra MOKEMO

nzocraButu. Ropucrehu Komu-IlIBapnoBy HejemmarocT masse mobujamMo ma

je
2 12
D HLullia gy < 11320 + 52 I Lull2(0,)
i=1 i=1
OIIHOCHO
[ Lullz2(Qi) + 1 Lullr2(qq) < Cllfllr2@)- (5.17)
3aMEHOM OIICHA
ou
Lull 120y = , 1=1,2
Il H Vo T 395 12(Qy) H Yo ‘p&ﬂ 12(Q))

y HejemHakoct (5.17) mobujamo

2 2

0%u ,0u
NZ Eye <Ol flr2 + Y P o
i=1 L2(Qi) i=1 L2(Qi)
Ju
< Clfllz@ + IPlwa @ . : (5.18)
Tl
W3 nperxonne TeopeMe ciaenn na je
ou
lullzz@) < Mfllze) = |5~ < Collfllz2(@)- (5.19)
RAEICe)

Ha ocuoBy nejemuakoctu (5.15)-(5.19) cnenu anpuopsa onena (5.13). ]

5.2 Amnpokcumanmja MeTO/I0M KOHAUHHUX Pa3JiKa

Heka cy N u M mpupomau 6pojesu. Y obaactu Q = [0,1] x [0,T] yBemmmo

pPaBHOMEPHY MpexY Qn, = Wy X Wy, TIE je

wp={z;=ih|i=0,1,...,N; h=1/N}

w,={t;=47|j=0,1,...., M; 7=T/M}.
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YBemamo tarkobe ckymose wy, = w, N (0,1), w;, =&, N[0,1), w = @, N (0,1],
wr =0, N(0,7), wy =@, NI[0,T) nuw/ =dw N(0,T]. Paau jennocraBroctu,
npernocTaBuieMo Ja je Tauka KOHIEHTPUCAHOT KANAIUTETa YBOP Mpeke £ =
Tm = m/N € w,. Kopucrmhemo crammapase o3Hake u3 Teopuje KOHAYHUX
pasauka [50]:

~

v=uov(z,t), v=wv(r,t+71),

v; = v(x;,t), tew,, v =v(x,t), T €Dy,
h+h,t t h,t — t
x:U( t 7]2 (I ) (.’L‘—i—ht) t:U(7 +T) U(l’, ):U{(x,t—i—T).
T

JleBn KamyToB m3Box pasinomieHor pena o, 0 < a < 1, pyHEKIUje u Ha Bpe-

MEHCKOM CJIOjy t; ampokcmMupamo ca T3B. Ll-amropurmom [45]:

Caa N 1 /tj 8u(l‘,t) . \-a
O ulx, t;) = T ), o (t; —t)~*dt
1 i Ou(x,t) o
_T(l—a)z/ g (b

k=1 Y th—1

1 J . t
~ m Z 'Ll,[ / (t] — t)iadt

tp—1
T2 —a) Zut — b)Y = (1)
T Zaj wup =t (A2 up)’ (5.20)

rze je Hu3 koeduuujenata a;j_r = (j—k+1)"*—(j —k)'~® crporo omanajyhmu:

l=ay>a;>--->ay_1>0. (521)

Cranyno anpokcuMupamo jgesu Puman-JInyBuiioB u3Bon pa3ioMibeHOr pena

o pyHEIUje u:

o5 (. 1;) = ﬁ%/{)j ue,t)(t; — )t

¢ X
= =
— =
~—~ —~
— —
.
Ll £
/\ /\\
ol o O\H_
5, 2
— =
= 3 ~
L = =
~
I
| Y
$ \/
| Q
] L
< S
- |
M2
I
Q?r I
—
8
~
- ~—
—~ —
mﬂ" MH\
L L
| |
~ ~~
~— \—T
g o
<) QL
~ S+~
N~ ——



HpI/IMeTI/IMO na ako GyHKIOUja U 3aX0BOJbaBa modyerHu yciaos u(z,0) =0, Tana
o J _
(Ato ut) (At,0+u){' 3ancra, CMEHOM § =t + T y TOCJeqHeM WHTET DAY

U TOMepameM UHIEKCa Y MOCIennoj cyMmu n3pasa (5.22) nobujamo

(Af,u )': F(ll—a (Zuk/ (t; —t)_o‘dt—Zuk/tkH(tj —s)_ads>

k=1

1 J i J . ty
= U t—t_adt— u_l/ t: —s) “ds
e ORI ey R

=1

e [ o= ()

[Touerno-rpannurn npobaem (5.1)-(5.3) anmporkcummpamo ciaenehom nM-

I THOM JTU(EPEHINjCKOM CXEMOM:

(14 Kone) Afog i — (pve)e = o (2,1) € wn X w], (5.23)
v(0,t) =0, o(l,t)=0, te€w, (5.24)
v(xz,0) =0, x € wp, (5.25)
rie je
_ x)+p(x—h
p(fv):p( ) g( ) (5.26)

anmpokcuMmalmja koedumujerra p(xr) u

ne = On(w — €) = (1)/;1 ifz"\{g} (5.27)

MpeskHa /lupakoBa (QyHKOUTja.

Bumuvo na mudepennmjcra cxema (5.23)-(5.25) Ha cBAKOM BPEMEHCKOM
clojy t; mpeacTaBsba TPOIMjarOHaJIaH CUCTEM JIMHeapHUX jenHaumsa. [los-
HATO je ma je OpOj apUTMETUYKUX OIepalrdja Koje je MOTPEeOHO M3BPIIUTHU
na OM ce pemmo CUCTEM JUHEAPHUX jeTHAUYWHA C TPOJAUjarOHAJIHOM MaTpPU-
IIOM TPOMOPHMOHAJIAH ¢ AUMEH3UjoM cucTeMa [26]. MebyTum, pememe v’/ Ha
BPEMEHCKOM CJIOjy t; €KCIIMIUTHO 3aBUCHU OJ Pellelkha Ha CBUAM IPETXOTHUM
BPEMEHCKUM cJyojeBuMa ty, k < j. Ilakne, cucrem ce MOske pemuTy noMohy
O(N M?) apurmernurux onepamuja (ymecto O(N M) 3a a = 1). Cse Bpen-
wHocTu v¥ MOpajy ce omMax cauyBaTH IITO MOMXKE OGUTU MEMOPUjCKH 3aXTEBHO,

IOoCeOHO Yy BUIIEAMMEH3NOHOM CIIYYajy.
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IlepnammumMo cnenehe nuckpeTrHe cKaJlapHE IPOU3BOJE M HOPME:

<u,v>h=<u,v>m<wh>=h;wv<x>7 ol = ol 2 = (0,003,

<u,v1h=<u,v1p<w;)=h2u<x>v<x>, []ln = 0]l g2y = (@, 0],

0 0)n = [, 0)prgpy = h Yl lln = 1ol 2y = [, 0)%,
(u,0)5 = (1, 0) oy = h Y ul@)o(@) +u(€)v(€)

TEWH

ol = [0llz2,y = (v, 0)% = [[(1 + 8he)">v]l,
(wh) h
01710y = [0ty = sl 0l 71, = (|v|§;,1(wh) + ||v||%2(wh)) ,

B 1/2
ol = 10+ 00) ™ 20sallns [0l = (s + 013)
1/2 1/2
Wiz = [ 7 D IO | Iollezun = [ 7D vt )
tEwT tEwT
1/2
lollz gy = [ 7 D0 0G0
tewT
1/2
1ol grarzig,) = | lvallizony +7 D Afo e OI2 |
tewi
1/2

loll2eguy = |7 Z(HAtowt( DIz, + 100Dl )

tewT

Jlema 5.3. Hexa je v dynxyuja defunucana na mpexncu Oy %xo0ja 3600805084

zomozene Jupuraeose epanuvne ycaose v(0) = v(l) = 0. Tada cy 3a k = 1,2

noaynopma vl ge ., v ropma ||vl g, exeusarenmmue.

Zoxas. Penamuja |v|g.(,\ =< [[v]lg1,,) cremm mpexTHo u3 muckperne $punpux-

cose mHejemnakocTu [50)]

[v]ln < \/— |[val[n- (5.28)
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IuckperHa Teopema moramama [50] maje

3
ol < /2 el

Kopucrehn Kommu-1lIBaproBy HejemnaxkocT mobujamo

[zl = (—vaz, )n < L+ Gne) ™ 2vaallall (L + Gne) 0lln = vl oy 105

W3 nocnenme Heje THAKOCTU AMPEKTHO CJIEIN

[0y = By + sl 4 1012 < (143 25 ) ol
[]
JIema 5.4. Hexa je p(x) nenpexuono dudepenyujabusna dynxyuja. Tada je
(1 + Kne) ™2 (pvz)alln = [[0ll 2y (5.29)

Joxas. ExsuBanenuuja (5.29) nuperrro ciaemu u3 Jleme 5.3 1 penpesenranuje:

_ 1 1
@%hzm@+§m%+§mw-

[]

Jlema 5.5. [I] Hexa je v gynruuja dedurnucarna Ha Mpexncu o, Koja 3600805484

yeaoe v(0) = 0. Tada eaxcu caedeha nejednarocm

) ) 1 )
v (A = & (8%, (2),)'.

Zoxasz. OueHumMo pa3iury

o J «a J
v (Do) = 5 (A, (v)e)" = gy 2wt (”J - T)
k=1
—a J J

- oy et (44 X

F@-a) = ’ 2 S

(33 Sot 3
k\2 s

= 5 aj-k(vy)” + aj—kV Ut‘)

FEZ-a\2¢7 k=1 s=k+1

54



_ J J s—1
7_2 “ 1 2+ s
=—| = a;_p(vF vy aj_por
F(? o Oé) 2 )= t t J—RrYt
k=1 s=2 k=1
rIe y3uMaMo 7la je cyMa jemHaKa HYJW aKo je TOPHma I'PaAHUIla CyMe Mama O
OHE.

YBenuMo O3HAKY
s—1

k __ s
g a;—kvf = w”.
k=1

Tagma je vi = w'/a;, vi = (W —w)/a;—s, s = 2,...,j. Caga nperxomay jen-

HaKOCT MOMKEMO 3alluCaTH KaoO

W i1 o , F2-o 1(w2)2 1J (wk-s-l_wk)Q
P {aipr =5 (A (7)) = r(z—a><5 G 28 4

J
,ws-‘,-l —ws

+ w?
5=2 Aj—s
_ 2-a ( 2 +i (wk+1) (wk)2>
2r(2— PR -
7_2—a J . _1 2 .
= or oy \ 2= Gk =05 (@) =+ (@) )>0,
k=2
jep je a;jk+1 - a.]_jk > O D

JIema 5.6. Hexa je dymnryuja v(t) degunucana na mpexcu o, u v(0) = 0. Tada

saxcu caedeha jednarxocm

M e M
P (800,090 = foms Y a0
j=1 3:1

Hoxas. V3 nepurmnuje oneparopa Ay nobujamo

<.

l—a J l—a

M M
TZ (AtojOJr (U2>f) 2 _ a Z j- k 2 — a 45— )2’
j=1

_7:1 k=1 ]:1 =

[y

OaKjJI€e 3aMEHOM penociena CyMUpama CIeau Pe3yaTart. []

IMocnemana 5.7. Hopma ||v]|gia/zq,, ) je 00bpo dedurucana.
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Hopmy HUHELQ/Q(QW MOZKEMO CMaTpaTy OUCKPETHUM AHAJOTOHOM HOPME

||U||§17a/2(Q) jep je
(1—a)T(T =t 1) * <77 % < (1 — )7 (T —t)"°

Teopema 5.8. Hexa je a € (0,1). Tada je dufepenyujcra cxema (5.23)-(5.25)

ancoaymHo CcMabuUARa U HEeHO pewemwe 3a0080.ma8a cne()ehy anpuopHy ouery:

||U||§1,a/2(QhT) < Cllfllz2(@nr)- (5.30)

Joxas. Muoxehu jennaxoct (5.23) ca hv u ropucrehn maprujanuo cymmu-

pame II0 YBOPOBUMA MpPEKE Wy HOOMjamMo

by oAl ve+ Ko, 1) Ay ve(€, 1) + (v, valw = (f,0)n.

TEWH

Ha ocuoBy meme 5.5 m e-HejeqHAKOCTU Clequ

_ 1
5 h > Al ()t 5 KAt0+( “(& 1) + (Pvz, vzl < ellvll + £

TEWH

Kopucrehu muckperny ®punpuxcoy Hejemnaroct (5.28) 3a 0 < £ < 8py masme
nooujamo
Ao llvelly + llva]li, < CIFIIR-
MHOKEReM TOCIeNmhe HEJeHAKOCTU Ca T U CyMUPAmeM MO MPEeXu w, mobu-
jamo ampuopny ouerny (5.30). []
Jlema 5.9. [55] Hexa je v(t) dynruyuja dedunucarna na mpexcu w, u v(0) = 0.
Taoda eaxncu caedeha Hejednarocm
M

J a J

TZU (At,oﬁt) > 1—a Tz;v

Jj=1

Jloxas. 3anummmo anpokKCUMAalujy M3BOJa pasioMibeHor pena « (5.20) Ha

cinenehu HauymHe

J T ! -1
(AgOJrvf) - 2 _ a Z aj— k vt — ot )
k=1

Q

-1
= 1_‘(2 — a aj_k_l — aj_k)vk . (531)
k=1
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[TomuOEMMO jemraroct (5.20) ca 71! u cymmupajmo no j = 1,2,..., M. Taxko

nobujamo
M Sl M j—1
TZUJ(A30+U{)j = T2—a) Z [UJ - Z (@j_f—1 — @j—) v ] v’
j=1 j=1 k=1
Sl [M , M it
- I'2—a) Z (U]) - Z vt (@j—k-1— aj—k)]
Lj=1 j=2 k=1

AV
—
=l
3

5

|l\.')
N | —
M=

Lj=1 71=2 k=1
1— [ M M
T ; 1
= Taay |2 ) 52 () (@ —ap)
Lj=1 Jj=2
1 2
"9 (v*)" (a0 - aM—k)]
k=1
B 7_1—Oc i ( j)2 aj,l + CLM,J'
T T(2-a) & ! 2

Y
S
=3
ol
I
(=
—~
.
~
[\
v
—

—1 S
| |
\Q/ Q
)
—~
ot
S
~—

o

j=1 J=1
rae CMO Ha Kpajy MCKOPUCTUIN HejeTHAKOCT
tar tar -« l1—o
—o —« -« 11— 1—ay T T
ty—1 thr—1 1—-a 11—«

Teopema 5.10. Hexa je p(x) € C0,1]. Tada je dufepenyujcra crema (5.23)-
(5.25) ancoaymmo cmabuana u meno pewene 3a00805a8a caedehy anpuopHy
oyeny:
~1/2
0]l 72 gy < C (1 + Képe)™ fHB(QhT). (5.32)

Joxasz. Tlomuroskmmo cramapro (5.23) ca — (14 Kdue) ' (pvz),. Haron mapmu-

jaJIHOT cyMupama 100ujaMo HejeTHAKOCT

(Afo, v, Bvsly, + || (1+ Kone) ™2 (pua)a |, = (—(1+ Kone) ™ (Bvs)e £),

1 1
< 5 10+ K)ol + 5 11+ K621l
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KOja je €KBUBAJIEHTHA Ca
(Ut B80) 2 Poa)all, +2 (Aff iz pa],, < |1+ Ko 1. (5.33)

Camano, muOxehn (5.23) cranapuo ca Afy vy u kopucrehu Komm-IlTsaprosy

HejeTHAKOCT m00ujaMo
11+ Koue) 2 A5 v, +2 (A% v, pvs], < [[(1+ Kdue) ™ 2f|, . (5.34)

N3 mejennaxoctu (5.33) u (5.34) cama OQUPEKTHO ciienu

TN K1) Az el 7 3T (U Kb el
tewr tewr (5 . 35)
+4TZ t0+vtx,pv$ <27'ZH (14 Képne) 1/2th
tewr tewr
N3 nema 5.3 u 5.5 cimenu na je
T Z (Ag0+vfj,ﬁvf:|h = h7_ Z Zﬁvi AtCTOJr'Ut_i» Z O
tewr xew;[ tC€wr
Kopucrehu nemy 5.4 u ekBUBaAJICHI]Y HOPMU
(14 Kone) 2 A2 vi|, = [|(1+ 0ne) 2 A7 v, = || Afo, tHLQ o)
nobujamo (5.32). []

[Tpumerumo ma je (5.32) muckpeTHu aHaJIOTrOH anpuophe ouere (5.13).

5.3 Omnena Op3mHE KOHBepreHuje mupepeHnnjcKke cxeMe

Heka je u pememe mouerHo-rpannuHor npobiema (5.1)-(5.3) u Hera je v
pememe mupepennujckor npodiaema (5.23)-(5.25). I'pemra z = u — v 3a10-

BOJbABA YCJIOBE

Afo, (20)i = (D22)wi + i i#Fm, tew], (5.36)
a h - +

At 0+( ) = K + h(pzi“)x,m + wma te UJ.,- y (537)

2(0,t) =0, z(1,t)=0, teuw, (5.38)
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2(z,0) =0, z € wp, (5.39)

rae je T, =¢,

¢i = Atoj()+ (uf)z - (]jui)a:ﬂ, - fi7 Z 7é m, (540)
i ho, h
Vm = Ay, (Ug)m — K—Jrh(p Uz ) zm — mfm- (5.41)
Jennaunue (5.36) u (5.37) MoskeMO 3amucaT Kao
(1 + K(shg)AZéo+Z’{ — (]725);3 = (1 + K5h§)¢, TreEwp € wf (542)

[Ion mpernmocTaBKOM DOBOJbLHE I'IATKOCTU (DYHEIUja u U p U3 lejimopose

dopmyne modbujamo

~ 1 ,  h*, 3 Ou  h?0*u  h3Ju 4
(puf)m—ﬁ[(Qp—i-hp —i-?p +O<h) h%ﬁ-a@—f—y%ﬁ—OUZ) —

, h?, 5 ou  h*u  h3Pu A
(2p — hp' + Pt O(h )) (h—ax o T 39 O(h )H
0 ( Ou

= (p%) + O(h?).

Passujamem puz; y Tejnopos pen oko tauke & — h/2 nobujamo

~ au) 5 ou h o ([ Ou 9
puz| =P +O(h7) = (p—) . (p—) +O(h7)
o=t ( ox amg—t ox v=t0 2 oxr \' Ox o= 0
n
wl AL
z)x o=t h ox T=£+0 ox x=6—0
h {0 ( Ou 0 ( Ou 9
2 (a— (v3:) o O (v5) ) +OU|-
Kaxko je
ou ou N
(150~ (75) |, = om0t
0 ( Ou 0 ( Ou N
1) |2 ()|, ~2ie0 —2rten
nobujamo
] < | AR uz — 9F,u| + O(h?). (5.43)
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Jlema 5.11. [55] Heka je a € (0,1), w € C*[0,t] u t € w,. Tada je

1 l—« 22—«
C 2—
’ a§0+w B A30+wf‘ <7 [

— (142
Ti—a)| 12 2-a (1427)| max |u(s)]
(5.44)

Jowxaz. Ysemumo osnaky 7 =I(1 —a)(“0¢, w — Al wr). Tana je

S [ ) =yt — e

Kopucrehu Tejnopos pa3Boj ca MHTErpaJHUM OCTATKOM I00UjaMO

Z/ (/ ()t = tp-1)dt —/ttk w” (') (ty —t’)dt’) (t, —t)"“dt.

3aMeHOM penociena MHTerpalyje naJjse mobujamo

t'—tp _
n(tn) = o) Z/ <t — ) f(tn—tk)l

by =t -« (4N 34l
- (t, — tr_1) w” (t)dt',
-
ma je
In(t,)| = max |w" (¢ E (t, —t) t/_&(t — )
0<t<tn 1 —a) - T nok
t, —t'
— (b — te) At (5.45)
-

Heka je g(t) = (t, — ). Tana je

o)~ g0~ L) = 2606~ )~ 1)
T T (5.46)
= 3= a)(ta = &)t = )t = ta) 2 0

38 IPOM3BOJBHY Tauky & € (ty_1,tk) U t € (tg_1,tx). dame nobujamo

- b t—ty_ t —t 92—«
> / (g@')—#g(tk)— k g(tk_l)) dt' = [ — (1427 F

T T T 2—«
(5.47)
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SamenoMm (5.46) y (5.45) mobujamo

k=1
n—2 th
=-(1-a)) (tn— ék)“/ (' — tp)(t' = tp_y)dt
k=1 th—1
a n—2 o P
< S=a)r® Yy (t—t) 7 < (1 a)TQ/ (tn — 1) "dt
12 12 )
k=1 1
l—a,
“ 5.48
=19 7 (5.48)

Teopema 5.12. Hexa je u € C**(Q1) N C*2(Q2) N C(Q), u(€,-) € C*0,T) up €
C310,¢)NC3 (€, 1]. Tada peweme v dufepenyujere creme (5.23)-(5.25) koneepeupa
Ka pewemny u novemmno-epanuuroz npooaema (5.1)-(5.3) u saxmcu caedeha ouena

bpaune Konsepeenyuje:
lu=vllz200,.) < C(r*~* + n?). (5.49)

Joxas. Muoxehu (5.42) ca hrz, cymupajyhu no unanosuma Mpeske @y, KO-

puctehu e-Hejennakoct u gemy 5.9 mobujamo

T - ) 1 )
ey i) + B sl = ol , + Vi, )

Kopucrehu mejennaxkoct
1 1 K
12115 = llzllh + K=*(€) < 2 llzallf + Kmax [2]* < ( =+ — ) [1ze][i,
h 8 wh 8§ 4

3a MOBOJLHO MaJjio € > () mobujamo

M M
Ty Il < Cr Y I,
j=1 j=1

rue je C' = const. > 0. Pesynrar (5.49) cnemu QupeKTHO U3 TPETXOIHE HEje -
makoctu u (5.43)-(5.44). []
Teopema 5.13. Hexa je u € C**(Q1) N C*2(Q2) N C(Q), u(€,-) € C?0,T) up €
C30,£INC3[¢,1]. Tada peweme v dudepenyujcxe cxeme (5.23)-(5.25) xwoneepzupa

61



Ka peweny u novemno-epanuinoe npodaema (5.1)-(5.3) u eaxncu caedeha oyena

Op3uHe KOHBEP2ZEHUUJE:
||lu — v“él,a/2(QhT) < C(TQ*O‘ + h2),

Zlokxas. VI3Boou ce aHAJIOTHO MOKa3y Teopema 5.12 u 5.8. ]

Teopema 5.14. Hexa je u € C*2(Q1) N C*2(Q2) N C(Q), u(&,-) € C?[0,T) u p €
C30,¢)NC3 (€, 1]. Tada peweme v dufpepenyujere creme (5.23)-(5.25) koneepeupa
Ka peweny u novemmno-epanuuroz npooaema (5.1)-(5.3) u saxmcu caedeha ouena

bpaune Koneepzenyuje:

lu = vll20q,.) < C(T*™* + n?). (5.50)

Jloxas. Heka je u pememe noyerHo-rpannysor npobiaema (5.1)-(5.3) u v pe-
meme mudepeniujckor npobiaema (5.23)-(5.25). Tama rpemrka z = u — v
3amoBOJpaBa mudpepenmujcky cxemy (5.36)-(5.39). M3 anpuopsue onene (5.32)

OWPEKTHO CJIenu Oa je

10l 22 @ury = N7 Q-

Pesynrar (5.50) caenu u3 nperxonse nejequaxoctu u (5.43)-(5.44). []

Axo je mecua crpana f mpekuaHa (QyHKOMja Taga OU(PEPEHIU)CKa CXeMa
(5.23)-(5.25) Huje mobpo mepuuucana. Y ToMm ciaydajy jemHauuny (5.23)

alPOKCUMUPaMO IU(EPEHINjCKOM CXEMOM YV KOjO] je yCpeameHa JecHa CTpaHa:
(1 + Kone) Af'g,ve — (Pvz)e = T2f,  (x,t) € wp X Wi, (5.51)

rae je T, CrerynoBibeB omeparop ycpenmasama [51]:

1/2
wa(a:,t):/_ F + ha' 1) A,

1/2

1
T2 f(2,t) = T, (Tuf (2,1)) = / (1= Do+ b’ 0)do
T2 f(x,t) = 2/0(1 + ') f(x + ha',t) do’,

-1

T2 f(z,t) = 2/1(1 — ") f(x + ha' t)da’.
0

Takobe mpernocraBmaMo na koepunujeHT p(r) MOKe UMATUA MPEKUI IIPBE
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Bpcre y Tauku ¢ = { u pedunumemo Bpexuoctu p(é) u p(€ + h) Ha caenehn

Ha4MH:

p&) =p(€=0)+p§ =h)]/2,  PE+h)=[p(§+h)+pE+0)]/2.

['paHmYHe U MOYETHN YCJIOB ampOKCHMUpaMo moHOBO ca (5.24) u (5.25).
[Mokazahemo ma mudepenmujcra cxema (5.51),(5.24),(5.25) rouBeprupa

noxa caabujuM ycaoBuMma Hero mudepenimjcka cxema (5.23)-(5.25).

Teopema 5.15. Hexa je u € C**(Q)NC% ([0,T], H*(0,€))NCe ([0,T], H*(£,1))N
C (10,7, H(0,€)) N C (10, T), H¥(&, 1)) w p € H30,€) N HA(E,1). Tada pewene v
Jugepenuyujcre creme (5.51),(5.24),(5.25) xoneepzupa ka peuwseny u nowemmo-

epanunnoz npobaema (5.1)-(5.3) u saxmcu caedeha ouena bpsune Konsepzernyuje:

120 720q,) < C(T*7* + h?). (5.52)

Uokas. Heka je u pememe (5.1)-(5.3) u v pememe (5.51),(5.24),(5.25). Tana

rpemka z = u — v 3a0BOJbaBa cienehy nudpepeHnujcky cxemy

(1+ K(Shf)Ag0+zg — (pzz)e =@, TEwp,tEwW,
2(0,t) =0, 2z(1,t)=0, teuw, (5.53)
2(z,0) =0, z € wp,

rie je
=1+ Kone)p+x+¢,

o o o 0 ou B
¢ = Af,ui — at,0+u7 X = at,0+ (u—T2u), (=T (% (P %)) — (PUuz)e-

W3 teopeme 5.10 nupexkTHO mobujamo ciaenehy ampuopHY OLEHY 3a MpoO-
aem (5.53)

120l 722y < C<”¢||E2<Qm) + 111+ Kone) Xl 22 (@)

» (5.54)
(1 + Ko 2 )
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Kopucrehu nejennaxocr (5.44) mobujamo

82

8t2 <C’7’2 a||u||002 @)

~ 2—a
19l < O g 5

Kopucrehu penanuje

x+h |x/ _ (I}‘)
1- dr' =h
[0
x+h I
/ <1 — u) (2 —x)dx' =0
z—h h

nobujamo ma je

1 z+h |CL’/ . I| 1 z+h |:)3/ . JZ|
2, —— o / I - o
T:u—u / <1 : ) u(z' t)dx u(x,t)h /m_h (1 -

z+h _ //
z+h o
8uxt / / (1_]95 a:|) du !
x—‘rh ’ 82 ( /”7t) n " /
/x / / ( ) 92 dx"dx"dzx’,
3a x # &, NOK 3a x = £ uMaMmo
1 E+h  pa’ o 1"
T2y —u = —/ / (1 7 5) dulz ’t>d:v"dx'
3 13 r_ "
_l/ / (1 +2 f) 8u(8x ’t)dx"da:'
¢—h
1 E+h
8u§+0t/ / ( )das”dx
18Uf—0,t (E—f "t
o /gh / (” i )dm o

(3U(€ +0,8)  Ou(§ — 0))

ox

§+h 82 ( /”7 t) n 1 /
= / / / ( ) 92 dz"dx"dx

2 "n
/ / / ( ) 8 ( Y t) dl'/”dl'”dx,
g h 11 8$2

du(€+0,t) (f 0)
+6< Ox Ox )

(5.55)

> dz’
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Kaxko je

I+ Ko Xl =k ) I+
e}

h? 9
t

ropuctehu nperxonue narerpasue penpesenranuje u CoO0BLEBHEBY TEOPEMY

O Tpary IUPEKTHO ce moOuja OIeHa

(1 + K6ne) Xl 22

2 a [
< O mave (19500 Oll o + 106,00 D) (5.56)

< On? (Jlulogonoe + lullosommie ) -

Unan ( MOKeMO OEKOMIIOHOBaTU Ha ciaenehwu mauwmn: ( = 22:1 (x, TOE je
0%u 0%u
— T2 e o T2 T2_
Cl T (paxg) ( wp) ( fﬂal&)’
0%u
= (T?p — T2~
CQ ( zP p) < T 8x2> )
ou Ju
— T2 / . T2 / T2

(2L ) (722

1 0 1
(s = 5 (px + pz) (T’TQ@_Z - 5(“:7; +Ua:)) )
1
C6 = _4_1 (pa: _pa‘:) (Ua: - U:?:);

3a r = x; # &, NOK 3a r = ¢ aHAJIOTHO UMAaMO

1 [ %u B _0%u
G = 3 {Tg? (p@> — (T2 p) (Tg? @)1
[ @ et 2+@

=3 [0 —pte-0] (1255 + 5 [(129) - st 0] (1753,
=y 2 (v52) - @) (15

e () e ()
=y ) =] (1252 + 5 [2) -] (125,

65



1 ou 1 ou
= 5 Pz T2__ — Uz z T2+_ — Ug
oy |(50) —e) o |(50) -]
3a x # £, pyHrumoHaa (; MOKEMO 3ammcaTy Ha cienehu HAYWH

Gz, t) = w+h/x h (1_ 2" x|) (1_ |2/ —x|> o(a ) (gl7 t)d s
h2 h (“@) p(a')da’ /x_zh (1— =" — - |) “é;f;’?t)dx,,

- /( ‘x—x‘)(l_@) (") — pa')) x

x( u(@”,t) 82( )>d”dx

02
z+h z+h |:E . JJ| |J]” o :E|
— 1 I R | / /
ol L // (- (- s
33 ( ;1)
X ~ont dy"dy'dx" dx’.

Kopucrehu Komu-IlIBapiioBy HejemnakocT mobujamo

|<1| < Ch3/2 ||pHCl[:B7h,m+h} ||u<7 t) ||H3(mfh,x+h) .

3a r = ¢ aHaJsorHo mobujamo

RET WG

1‘”—5

1 / !

)( +— )p(y)
( 7) /! / 1/

X 9 dy" dy' dz" dx’'

1 j+h/j+h/: /: (1—””,;5) (1—56/,];5)19’(3/)

3 "
X gy, ) dy"dy'dx" dx’
ox3

ONaKJe cJIenu na je

G, 1)) < CRY ([Ipllere—ng 1w ) | ase—ne) + IPlloreern 1w ) aseen)) -

Cymupajyhu mo unanoBuma Mmpexe Qp, u kopuctehu noraname H? — C! 3a
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¢yHKIUje jeqHe TPOMEHJbUBE N0OMjaMo

(1 + Kone) ™l r2(un < CR* (IIplli2 0 lullcqom 3.6 (5.57)

+ 1ol ez v llulloqoryms )
dyurmmonaa (o MOKEMO OIEHUTH Ha ciiegenu HauuH
|C2| < Ch3/2||p”H2(:r7h,x+h)||u<'7t)||C2[xfh,:v+h] 3a T 7& 57

Gl < CR*2(|Ipll 2 gomllul, t) |2 erm + Dl m2e—no [, t) | c2fe-ng) 38 @ =€,

Cymupajyhu mo umasoBuma Mpexe Qp,, u kopuctehu moraname H3 — C? 3a

¢yHKNUje jeqHe NPpOMEHbUBE NOOMjaMO

(1 + Kone) ™Gl r2(uny < CR* (IIpll2 . l1ullcqom.mso.e)

(5.58)
+Ipllar2qe  lulleqo,ms ) -
Kopucrehu unTerpasny penpeseHTaIunjy
x+h z+h |I o «'U| |x// o xl
= 1———
con= g [ [ L L (-5 (-5
t
X p//(y/) aua(gQ’ )d ’dy//dxldl‘//,
dar#ém
1 3 € z' px ¥ =& 2’ — ¢
t)= — 1 1
C3(€7) hz/£ /5h/ x”(_l— h)(_I_ h)
X /! 2( ) " "
Py —==dy dy" d2' dx
E+h £+h _ "_
/ L= (-5
h
x p'(y )%d 'dy" da' da”,
nobujamo
[+ Kne) ™Gl 2,y < CR( 0:9) (5.59)

+ [Ipll mr2e ) 1wl oo, mro ey ) -
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®yuEIMMOHAN (4 3aMUIIIMO KaO

1 ou ou
_ 2,/ = _ 9 _ 2
(1= (Txp 5 (Po + px)) (Tx —&B) Can (Tx _ax)

u oueHuMO (41 nmomohy sneme Bpambia-Xunbepra. Jluneaprom cmenom z’ =
hZ + x npecankajmMo uHTepBau ¢ = (r — h,x + h) Ha E = (—1,1) n yBemumo

osnary p(Z) = p(z + hi). Tana je 3a x # ¢

cu=r ([ 0= - 2O

1y C, .
[Caal < Ch Bl gy < 5 1l s ),

®yHKIMOHAJ (41 ce aHyIuWpa Kaja je p HOJUHOM Apyror creneHa. lIpumenom

aseme bpambna-Xunbepra mobujamo

C .
Caa| < #P|H3(E),

a IMMOBPATKOM Ha CTapy TPOMEHJLUBY

1Cat| < OR3P 1plas ey,

OIHOCHO
1Cal < CR*P|plas(e) l[ul-, 8)ll o o) -

Cauuno, 3a x = £, yHRIUOHAT (4 je jemHAK:

e :% (2 /0(1 +2)p'(2)di — p(0) “5(_1)) (T’?_%)

—1
1 0
+% (2/O (1 —2)p'(2)dz - p(1) “5(0)) (Tz+£>
P 0
—a (15 ran (125

[Ipumernmo na cy (4 u CII OrpaHWYEHU JUHEAPHU (YHKIVUOHAJU OI P €
H?(—1,0), omrocuo p € H?*(0,1), xoju ce amymupajy kKana je p = 1,Z. Ilpu-
Mewyjyhnu nemy bpambia-Xunbepra u Bpahajyhwu ce Ha ctapy npoMeHIbUBY,

IocJIe OUMIJIeNHEe Majopaluje 100mjamMo:

1G] < CRY2 (Iplaze-ne lullere-ng + [plrzecrm ulloreern) -
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CyMupameM MO0 YBOPOBUMA MPEKe wy T00ujamMo

[+K0e) PGl < Ch Y Wbl lulléa
TEWR, TFE

Ch3
+ K+h (|p|%12(§—h,§)Hu||201[§—h,$] + |p|%12(§,€+h)’|U||201[£7£+h]> =1+11

[IpBu unam ce nako ouemyje kKopucrehu noraname H? — O
I < ChA(IIpl .0 el + 1P Il e)-
Kopucrehu nejennarocr (Buan [27])
1Pl 2200,y < CVEPI H1 0.1 0<e<l, (5.60)
nobujamo
|p|H2(§—h,5) < O\/EHPHH?’(O,@ n |P|H2(£,£+h) < C\/EHPHHS(g,l)-

M3 oBUX HejeIHAKOCTU KOHAYHO M00UjaMO OIEHY

(1 + K6ne) ™ Culln < 12 (Il s o) llu - ) 20,6

(5.61)
ol sen lul, 6l m2e) -

PyurnMOHAN (5 3AIUIIMMO Kao

1 ,0u 1 1
G5 = ) (pac +pg—c) (%@ - 5(% +Ux)> ) (px +p:f)C5,1a T F#E.
Tana je
1/t 0, a(l,t) —a(—1,t)
o= ([ -l - TR0 ,
OJHOCHO
C, . C .
(Gl < - Olle < Slat, Ol

OBaj ¢ymkmuonan ce anyiaupa kKana je u = 1,2,%

Bpambaa-Xumnbepra
C .
|G| < W u(-,t)| g3 (m)-

Bpahamem nHa ctape nmpoMmeHbuBe 1006MjamMo

1Gs| < Ch3/2||pHCl(é)||u(" )] 3 (e)-
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Ako je r = ¢, Tana Ha cauvyaH HauuH A0OUjaMO

G| < CRY2(|Ipllcre—ng 1w Ol aze-ne + [Plorecrmllel ) a2 eern)

CyMupameM IO YBOPOBUMA Mpexke wy, U Kopumhemem nortanama H? — O,

H?3 — H? u mejemnakoctu (5.3) mobujamo

(1 + K6ne) ™ 2Csln < CR? (P20 (-, 8) || 3 0.6)

(5.62)
HlIpll ez lul Ollase ) -
3a x # £, pyurumonaa (g MOKEMO 3amucaTu Ha cienehu HauuH
C — _1h2 (T2p//> T282_u
0 4 v Tox2 )
Ilame mobujamo
Gl <CR2|Ipll - aim [uC )l c2fe-naing, @ # &
CyMupameM 1Mo YBOPOBUMA MPEKe wy T00ujaMo
10+ K60) 2 Gall < 2 (IpllmoalluC Oll s 565
Hllpllazen llul llmse) -
Cana pesyarar (5.52) caemu u3 (5.55)-(5.63). ]

5.4 Hymepuuku eKcnepuMeHT

Ila BrcMO mCOMTAIN KOHBEPTEHIN]Y AU(PEPEHNNjCKE CXeMe, PEMIMO IPOooIeM

(5.1)-(5.3) 3a K =4m, (=3, T=1m

t2—2a 47r2t2—a

T3—20) ' TB—a)|

2t~
['3—a)

f(x,t) = sin(mx) [ + 722

+ 2 [sin(27z)| [

Taumo pememe nmpobiiema je

2t27a

u(z,t) = sin(rz)t* + ]sin(27rx)|m.
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O3HaUYMMO TpemKy y MaKCUMAJIHO] HOPMU Ca

le(h, T)|loe = |l — V|| = max (max lu — v])
wr Wh

U TPEIKy Y Ei’a/Q(QhT) HOPMU
le(h, T)|[5 = HU_UHEi‘“/Q(QhT)' (5.64)

Y Tabenu 1 cy maTu eKCIEePUMEHTAJHU PE3yJITATH 3a Pa3jnduTe BPEeMEHCKEe
KOpake T Kala je TPOCTOPHM KOPak ¢ukcupane Beaumumae h = 2713, Us
Tabesie, MOKEMO 3aKJbYUYUTU Na je pPell KOHBEPreHIMje MO BPEMEHCKOj IPO-

MEHJLUBO] jeqHaK 2 — (.

Y tabenm 2 cy maTU €KCIEPUMEHTAJHU Pe3yJTaT! 3a MAJ0 U QUKCUPAHO
7 = 27 ca pasmuunTEM mpocTOpHMM Kopamuma h. Pasmor 36or kora je
KOpHUIINEeH MHOTO MalbU KOPaK T jecTe ma OMCMO OCUTypaJu Aa JOMUHAHTHU
YTUIA] Ha ped rpemke Oyne ona mpocTopHe muckperumdanuje. VI3 tabeme
MOKEMO 3aKJBYUYUTU Oa je pel KOHBEPreHIUje MO MPOCTOPHOj] TPOMEHJHUBO)]

jemHar 2.

I'padur ampoxkcmMmpaHoOr penresna Ha BpeMEeHCKOM cJyojy t = 1 ca kopakoM
h =7 = 1/60 je npuraszan wa caunu 2, rpe je Takobhe IpUKa3aHO U TAYHO

pememe paau ynopebhuBama.

Ha ocHOBY mpuka3aHux pe3yaraTa MOKEMO BUICTU Na HYMEPUYKO PEIICHE
nobujeno n3 mudepenmujcke meme (5.23)-(5.25) 1obpo anpokcuMmUpa TAUHO

peremne.
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Tabena 1: ExcnepuMmeHTANHN PE3yATATA U e KOHBEPTEHIje IO BPEMEHCKO]
IPOMEH/BUBO] (TIOCIeama KooHa) 3a h = 2713

o 7 lennlle etz log, Jolelle
0.5 2.205968e-3 6.190359e-3 1.47
7.936232e-4 2.222931e-3 1.48
2.839064e-4 7.995761e-4 1.48
1.011713e-4 2.857433e-5 1.49
3.594643e-5 1.018082e-5
0.7 6.428188e-3 1.448575e-2 1.29
2.636782e-3 5.916592e-3 1.29
1.076979e-3 2.416312e-3 1.29
4.389248e-4 9.859266e-4 1.29
1.786251e-5 4.018979e-4
0.9 1.704275e-2 2.768540e-2 1.11
7.995080e-3 1.285650e-2 1.10
3.742127e-3 5.998412e-3 1.10
1.749317e-3 2.803601e-3 1.10
8.171687e-4 1.311121e-3
1 2.690193e-2 3.435696e-2 1.01
1.347861e-2 1.703289¢-2 1.01
6.746233e-3 8.479882e-3 1.00
3.337484e-3 4.230770e-3 1.00
1.687831e-3 2.113081e-3




Tabema 2:

TOPHOj TPOMEHBUBO] (TocIenma KoloHa) 3a 7 = 271

ExcnepuMenTasmHn pe3yiaTaTé M pel KOHBEPIEHIUje IO IPOC-

a h [le(h; 7|l le(h,T)lls logs s

0.5 24 1.449066e-2 4.464869e-2 1.99
27° 3.660336e€-3 1.120727e-2 1.98
276 9.136818e-4 2.848326e-3 1.98

277 2.285259e-4 7.218827e-4
0.7 24 1.691375e-2 5.220505e-2 1.99
27° 4.257733e-3 1.313580e-2 1.99
276 1.063423e-3 3.314222e-3 1.99

277 2.668165e-4 8.351539e-4
0.9 24 1.929084e-2 5.879114e-2 1.97
275 4.847840e-3 1.502163e-2 1.98
276 1.217797e-3 3.815850e-3 1.99

277 3.109223e-4 9.617699e-4
1 24 2.042462e-2 6.185711e-2 1.96
275 5.137748e-3 1.595421e-2 1.97
276 1.303556e-3 4.073481e-3 1.98

277 3.447313e-4 1.029635e-3
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u(x,t)

—— Exact solution
O  Numerical solution
OC} 1 1 1 \.)
0 0.2 0.4 0.6 0.8 1
X axis

Caura 1: Pememe Ha BpemenckoMm ciojy t =13a h=7=1/60 u o = 0.7
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6 Jemmauwmna cynepmudy3uje ca KOHIEHTPUCAHUM
KAIlaIMTeTOM

Heka je Q= (0,1), I =(0,7) u Q = Q x I. Ilocmarpamo cuenehy jensauumy
3a l <a<2:

14 Ko - glotu - o (s05E ) = St 0e@ ()

Ca 'PAHNYHUM U1 IIOYETHUM YCJIOBUMAa.

u(0,t) =0, w(l,t)=0, Vtel, (6.2)
ou
u(z,0) =0, E(m,()) =0, VreQ, (6.3)

rae je K mosurusHa kKoHcTanTa u 0(r) lupakosBa muctpubyumja. Ciaudno
Kao KOoJX mpobiema cybmudysuje ca KOHIEHTPUCAHUM KAITAIUTETOM, jeIHa-

uynaa (6.1) je eKBUBAJICHTHA ca:

- g (M05e ) = St O EOOUED) X (6.)

IOK Ccy 3a x = £ ucnymenu cienehu ycioBu KOHjyramuje

[u] e = w(€ +0,t) —u(§ —0,t) =0,

(6.5)

ou N
|:p 8_3;} . = Kat70+u(£, t)

[IpernocraBimamo na ¢yHKIUja p(r) 3aT0BObBABA YCIOBE PEryJIapHOCTU

(5.8). IledpmHMmEMO IPOCTOPE KAO y TMOTIAABBY H.1.

Heka je A HeorpanuveH, caMOKOH]yrOBaH, MO3UTUBHO Ae(GUHUTAH OmMepa-
Top unju je nomen D(A) ryct y peamnom Xwunbeproom npocropy H koju je
cHaOIEBEH CKaJlapHUM Npon3BoaoM (-,-) u HopmoM || - ||. Tanma Gununeapun
pysrmmonas (u,v)s := (Au,v), u,v € D(A) 3am0BOBABA AKCHOME CKAIAPHOT
nponsBoa, a BeiawdmHa ||ull4 = (u, u)il/2 AKCHOME HOpMe. 3aTBOPEHE CKyIa
D(A) y mvopmu || - |4 HA3UBAMO €HEPreTCKUM IPOCTOpPOM omeparopa A m 03-
HavyaBamo ra ca H,. Ilpoctop H, je TyCcTO U HENPEKUIHO MOTOMJbeH y H.

Oneparop A mma jemuncTBenm KBanpatHu kopen AY? u Bamm D(AY?) = Hy
u (u,v)s = (AY?u, AY?v) 3a cako u,v € D(A).
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Cuauuno, 3atBopemem ckyna D(A™!) y mopmu | - [|4-1 Koja je urmykoBaHa
CKaJlapHUM TIpou3BoJoM (u,v)s-1 = (A7'u,v) mobujamo eHepremku mpoCTOp
Hj-1. Tana je npocrop H = H' Henperuauo u rycto norommen y H)y = H -1

1 KaskeMo na npocropu Hy, H u H,-1 ynre 'esmpannoBy TpPojry
Hy— H<— Hy-.
Cranapau Ipou3BOX (-, ) MOMKEMO HEIPEKUAHO NPOAy:RuTH Ha Hy X Ha-1, a

omepaTop A ce mpomy:kyje Tako ma A: Hy — Hy-1.

Iepnrmmumo ciaenehe omeparope

Au = —% (p(x)%) ., Bu=[1+Ki(x—¢&)u(z,1).

Omneparop A npecankasa ckyn D(A) = H2(Q) N HY(Q) y L2(Q). Axo je uc-
nywen ycaos (5.8), omepatop A je mMO3UTUBHO HePUHUTAH, CAMOKOH]yTOBaH

OIepaToOp U BaKu

(u,U)A:/O p(a) (z)v'(z)dz 38 w,ve H(Q)

1
[l :/ p@) (@) Pdr = Jullm@ sa wwe H0,1),
0

ma MoseMo yserw ma je Ha = HY().

Omnepatop B je caMOKOHjyroBaH, MO3UTWUBHO AePUHUTAH OIEPATOP, IIa
BesnunHa (u,v)p = (Bu,v) 3a10BObaBa AKCHUOME CKAJAPHOI IPOM3BOAA U

BaiKNn

(u,v)B:/O u(x)v(x)dr + Ku(§)v(§).

Omnepatop B ce medumnume wHa npocrtopy Hp koju ce mobuja 3aTBOpEHmEM

npocropa C§°(2) y HOpMu
lulls = llullZ2) + Ku*(§) < lfulliz) + u?(€) = lullf g

na MoxkeMo crasuTu na je Hp = L?(). 3a onepatop B ,meratusHa’ HOpMAa

3a710BOJbaBa peJlaIu]jy

ullp—r = (B~ 'u,u)V? = sup [, 0)]
07£U€HB ||U||B
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OuuriaenHo Baku peJraiuja
Hy=H'Q) < C[0,1] — L*(Q) = Hp.
Cana jemnaumny (6.1) MoskeMO 3amucarut Kao

Bofyu+Au=f, (z,t)€Q. (6.6)

1/2 g yBonehn o3nake

Henyjyhu va (6.6) omeparopom B~
i=B"Yu, A=B'Y2AB7Y? f=PB7\f (6.7)

npobiem (6.1)-(6.3) ce cBoan Ha

0,0+ Ai=f, (z,t)€Q, (6.8)
a(0,t) =0, a(l,t)=0, tel, (6.9)
u(z,0) =0, %(m,O) =0, ze. (6.10)

Omnepatop A je caMOKOHjyroBaH, IO3UTUBHO Ne(PUHUTAH JIMHEAPAH OIEePaTOP

na H = L*(Q):
(Au,u) = (B"V2AB~Y2u,u) = (AB~?u, B~*u) > C(BB~"?u, B~"*u) = C|Jul,

3a cBako u € D(A).

6.1 AmnpwuopHe oreHe

Teopema 6.1. Hexa je a € (1,2), f € L*(Q) u neka cy ucnymwenu yeaosu (5.8).
Tada je npobaem (6.1)-(6.3) dobpo nocmasmwen y npocmopy CT (I, LX(Q)) N

HED2(1 HY(Q)) u mezoso pewene 3adosomasa caedely anpuophy oueny

a=1 Jy

L0s 5y <l fllz2@- (6.11)

L2(Q)

a—1 _
nax 1050, ullz2() + H

Joxas. Hera je = a—1. Tana je dfp,u = %850+u. MuoskemeM jenHavnHe

(6.1) ca 28£0+u 7 IapuujaaHuM UHTerpajbemeM 1o obmactu () mobujamo

0 ou ou
— |10 0, ul? 2 (p—, 0. =2(f,0;
ot || t,0+u||L2(Q) + <p or’ t’0+8ZL‘ @) (f7 t,0+u>L2 (Q)>
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NurerpamemeM nociaenme jenHakoctu y rpanunama ox 0 mo t, rme je t < T
kopumhemem neme 3.9, ocobuna (4.7), (4.8) u (5.8) u onemuBameM IecHe

crpare nomohy Komu-IIIBapiioBe HejeqnakocTu, 1obujamo

B gau 2
1050, )13 ) +2p0 cos = afé+a
L L2((0,00),L2(2))
<oy o,u(-;0)]I5, o 2072 H@fo+UHL2 Q1)

< 2T max H t0.U u(-, t)HL2(Q)HfHL2(Q)

<2VT max 197, b0t Ol 72 1 fll 2@ (6.12)

rae je @, = (0,1) x (0,t). W3ocraBmameM Apyror MO3UTUBHOr cabupka Ha

JIEBOj cTpaHU moOujamo

max |07, ull 20y < 2VT | fll120) (6.13)

t€[0,T]

CauvHO, M30CTaB/bAHEM IPBOT MO3UTUBHOT CabMPKa Ha JIEBOj CTpAaHU HEje -

makoctu (6.12), yaumajyhu ¢t =T u ropucrehu oueny (6.13) mobujamo

ou ou 2T

2 2

' 3%+8— < ' 3%+8— < —7r/3||f||L2 (6.14)
Tl 2@ T L2((0,00),22(2)) Po cos

Pesynrar (6.11) caemn u3 (6.13) u (6.14). []

Teopema 6.2. Hexa je a € (1,2), f € L*(Q) u nexa cy ucnywenu ycaosu (5.8).
Tada je npobaem (6.1)-(6.3) dobpo nocmaswen y npocmopy ﬁfl(a+1)/2(], L2(Q)) N

C(I, Hl(Q)) U HEe2Z0BO pewene 3600805080 CAeOehy anPUOPHY OUEHY

Jlokxas. Hera je § =a — 1. V3 ocobune (3.15) cnenu na 3a GyHKUUjy u KOja

a+1

>
0, 5. u

04

< Cllf iz (6.15)

ou
07 || ()

~ + max
L2(Q) t€[0,T]

3a10BOJbaBa moveTHu ycaoB u(z,0) = 0 Bakn

0 ou
&afmru =0,

64 —
O o u = 0+ 5t

MuoskemeMm jemnnaumue (6.1) ca 2%—? U TapINjaJHUM HHTErPaJbemheM IO
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obnacrtu ) mobujamo

ou Ou ou 0%*u du
5 g Ou Odu 9 e =9 — .
(8“” ot Gt) Py (paﬂf’ 55’33t> 12(@) (f’ at)

NurerpamemeMm npeTxonue jemnarkoctu y rpanunama on 0 mo t, roe je t <T',
kopumhemem sneme 3.9, ocobuna (4.7), (4.8) u (5.8) u ouemuBameM mecHe

cTpaHe jeJHAKOCTU Ca £-HejemHaKomny modujamMo

2

2 cos —B ’ (9%28u + Po Qul-,1)
ot r@) 0r |l 120 (6.16)
< Mpllmiey [ 200 o ]8“ R
ox 12(Q) ot Q) %€ (@)

rae je Q; = (0,1) x (0,t). Ha ocuoBy nocanenurne (4.10) u reopeme (3.1) caenu

na je
2
ou B/2 AB/2 au
ot = |[%or " Prol ot
L2(Q4) L2(Q+)
<( tﬁ/2 )2 B/Qau 2
—A\T(B/2+1) 00t || 2 g,
TB/2 2 5/28u 2
<\ = vy (6.17)
rp/2+1) Ot || 12(g)
Bupajyhu € = % COS % nobujamo
ou
— <C ) 6.18
tre%l;f(} ox L2(Q) B ||fHL2(Q) ( )

rae je C = (2epg)~ /2.

CranyHo, mM30CTaB/HAKEM APYTOr MO3UTUBHOT cabWpKa HA JIEBOj CTPAHU

Hejeqaakoctu (6.16) m Oupajyhm t = T, 3a ¢ = %Cos% nobuja ce
oleHa 5
20U
eS| <clfla, (6.19)
L2(@Q)
rae je C' = (2 cos %)_1/2. Pesyarar (6.15) cnenu u3 (6.18) u (6.19). ]

Teopema 6.3. Hexa je o € (1,2), g € L*(Q) u nexa cy ucnymenu ycaosu (5.8).
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Taoa pewemwe npobaema

0 ( Ou dg(z,1)
1+ Ko(x—§)|0p,u— - |p- | = 2
14 Ko - gl o () =2 @oeQ ©20)
ca epanurum U novemnum ycaosuma (6.2) u (6.3) sadosomasa caedehy anpu-
OpHY 0UEHY

tgﬁ% HU”Z2(Q) < Cllglizz2

1/2

Joxas. Tlpso memyjmo omeparopom B~Y? ma jenmakoct (6.20), a 3aTuMm mom-

- 0u
noskuMo ca A~'— wu ummrerpasumo no obaactu ). Ysomehu oznare (6.7),

ot

nobujamo

ou 0u 10 1,909 0u oli} ou
B s = | B~YV2ZL 22 — [ A1229 A 1/2
(8“)*615 0t>A1 201l ( oz at>g1 ( oz’ 8t)L2(Q)’

rae je 0G/0r = B~'20g/0x u B = a — 1. Ilase, aHAJOTHAM IIOCTYIIKOM Kao Y

nokasy Teopeme 6.2 mobujamo

2cos — b /

W/

/3/2au
t ,04

_ 2 _ 2
dt + [[al-, )l 720y < 1l 0) 720

ox

g 1
au( llE
S

(6.21)

1 (7T 2
dt + —

+2¢
A’,l 26

ot

A*l

Y3umajyhu € = % 8

cos 7> u kopucrehu ocobumny
pollulld, < lulli < llpllz=llull,,
rae je Agu = —%, MTOBPATKOM Ha CTape MPOMeHJbUBE Ho0OMjaMo aa je

7

max Ju(-t L2 @ <

dt < Clglzzg

[

Teopema 6.4. Hexa je o € (1,2), g(z,0) € Hy-1 uw g € L*((0,T); Hg-1) u nexa

cy ucnywenu yeaosu (5.8). Tada pewemwe npobaema

o 0 ( Ou dg
1+ Koo - 050 - 5 (150) = 5 (6.22)

ca 2PanuNHUM U novemmnum ycaosuma (6.2) u (6.3) zadosomasa caedehy anpu-
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OPHY OUEHY

T
gy < € (It OB+ [ ottt

1/2

Joxas. Henyjmo ¢ onmeparopom B~'/? ma jemmakoct (6.22) m 3anummmo je y

00JIIKY
0,8 -~ -
E(at,oﬂ —§)+ Au =0, (6.23)

rae je § = B™Y2g u f = a — 1, nok cy ocraje o3Hake nedunucane ca (6.7).

[omuOENMO jenuaunny (6.23) ca A=1(9)]

Q. Hobujamo

0.l — §) 1 MHTErpaJnuMo 1o 06IacTu
) +

10 S N N N
55”&50& - 9”1221:1 + (@, 850+U>L2(Q) = (Q,U)m(n).

Nurerpamemem nocnenme jenuakoctu 1mo t on 0 mo T um xopumhemem e-

Heje THAKOCTU T00ujamo
1075, 3¢ T) = §(- T)II5 +20085—7T|!<3’B/2~||2 < llg(z,0)]%
t,04%\ " AN A-1 9 t,0+u L2(Q) = g\z, A-1
_ L.
+2€HUH%Q(Q) + 2_H9H%2(Q)'
€
N3zocraBmajyhu npBu mo3uTuBHU cabupak ca JieBe CTpPaHe HejeIHAKOCTU U

kopuctehm ocobuny

B2~ ~
18,722y = Cllill22(g),

3a DOBOJLHO MaJIO £, HOBPATKOM Ha CTape IPOMEHJ/bUBE HOOMjamMO

T
gy < € (It OB+ [ ottt

6.2 AmnpokcuManuja MeToOOM KOHAUHHUX PAa3JInKa

Y obmactu Q = [0,1] x [0, 7] yBOAMMO paBHOMEPHY MPE&EY Kao Yy OJCIKY 5.2.

KamyTos u3Bo pasimoMmmeHor pena « € (1,2) 3a t = t; MOKeMO aIPOKCUMU-

parn Ha ciaenehwu Hauwms [55]:

o 1 L[t QPu(x, s o
Cat,0+u(x7 tj) = —F( /t —@(82 )(tj —s)'7%ds
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rue je
aj =0 —k+1)*=(—k)?**>0.

Kopucrehu anporcumarujy

du(z, by ]
uiot = Qo o) oy L (M;’; ) | oultict)

5 5 )+m¥)

u (6.24), KanmyTos m3Bon pasmommenor pema o € (1,2) cama 3a t = tj_q)

AlPOKCUMUPAMO Ca

C j— 1/2 Coaa ,.j Coaa ,,j—1
05, u —( I’ + “OF v )

(33 ) 3]
3-a) [Zaj ity + 2 (g?)t] (6.25)

Cramuno, Puman-JImyBunos m3Bon pasnommeHor pema « € (1,2) 3a t =

DN | =

~ oG —a)

ti—1i/2, 3 = 1,2,..., M ampokcummpamo ca
o« i 1 0 0 .
T (atat gl 1)
(at0+ )

aj—2 1
a] kut aj e 1ut Z - U

T2 d ko Q-2 9 Gj-1 1 i3 4
— —F(3—a) ;aj_kutt+ . ui + = U — - u | . (6.26)
HonajemMo HOBM cil0] t_1 = —T U Oe(pUHUIIEMO
ou(x, —) ou\
—1 9
— pr— P— O ————————— — pr— 0.
u(z,—7) =u , T (8t>

OBaj moctymnak je ompaBIaH TUMe HITO (YHKIN]Y ¥ KOja 3aJ0BOJbaBa IIOUETHE
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ycaoBe(6.3) MOKEMO HENPEKUIHO HPOLY:KATU HYJIOM HO NPOMEHJBUBO] t HA

naTepBaJ (—oo, 7).

Cana cy amporcnManuje (6.25) u (6.26) eKBUBaJICHTHE M MOMKEMO UX 3a-

nucaTy Ha cienehu HauuwH
C i— 12 a 7j—1 2 a— 1 N a—1. \J
rae je omeparop Afjm neUuHUCAH Yy OAEJBKY 5.2. YBeIUMO O3HAKY

vl it
2

1—)3_

Kopucrtuhemo cienehu CrexkaoBmeB omepaTop yCcpeamaBama

1/2
Tf (o t) — / Fat+rt)dtl =T f(a,t +7/2).

—-1/2

Hexka je Hj; xoHaYHOIMMEH3MOHU XUJIOEPTOB IPOCTOP Ca CKAJAPHUM IPO-
u3BOIOM (-, ), m HOpMOM || - ||p. Hera cy A, m Bj CaMOKOHjyroBaHU IMO3-
UTUBHU JUHEADHU omneparopu y Hj, KOju He 3aBuce On NPOMEHJbUBE t, y
ommreM ciydajy HexkomyrtartuBHu. Ca Hy,, roe je A, = A}, o3mauaBamo
npocrop Hyu, = Hj, ca ckamapauM npousBonoM (v, w)s, = (Apv, w), 1 HOpMOM

0] 4, = (Ao, 0),/>.

Hexra je p € C(Q). Iouerno-rpammuru npobaem (6.1)-(6.3) ampokcummu-

pamo cienehoM nudepeHInjCKOM CXEeMOM:

B, (Atam1 ) + Apv? = 7,

(6.28)

jzla"'7M7 T € W,
v(0,t) =0, wv(l,t)=0, te€w, (6.29)
v(x,0) =0, =0, z€dup, (6.30)

rme je
¢ =TT f(x, (8 +t-1)/2),  Awv = —(vz)e,  Buo = [1+ Ko v

IOK Cy p U Ope mepurncanu ca (5.26) u (5.27), pecHekTUBHO.
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Ilepuunmenmo cinenehe eneprercke HOpMe:

oI, = (Anv, )y = h Y~ poi(z) = |[vll7,

TEWH
oI5, = (Brv,v)n = h Y v*(2) + Ko*(€) =< v,
TEWH
2 _ B—l _ h h2 2
ol = (Bilv.om =h 3 (e),
wewh\{f}
9]l pea-1/2t 11y = T2 QZGM llvC O -

Teopema 6.5. Aufepernyujera crema (6.28)-(6.30) je ancoaymmo cmabuana u

BENO Pewene 3600806080 ANPUOPHY OUEHY

M
e [[(agten) | + 191 fion) S CTL N (63D
<

Jokas. Tommommvo jemmaroct (6.28) cranapro ca 7 (A2 vr) + (Afg vl ™)

. t,04
=27 (Ago_j@[)]. Ilobujamo

12
|zt

1 2 j—1
/ A1“3+ t)j

2 . . . j
27 (A, (g ) =2r (o (i) )

Ha ocuoBy seme 5.5 je

(. (552, = (A0, (s am)) = 5 (st (14i), )

Cymupamem 1o j on 1 mo k, k < M, mobujamo
1/2 ( Aa—1, \F||? - a1y 41/2-112)’ a1y 41/2-12)
HBh (At,0+U£) Hh+2 ((At,0+||Ah UHh) - <At,0+”"4h UHh) )
j=1

< B2 (A v OH +27-Z< (Agtve)’)

(6.32)

h

pyrm unan ¢ 1eBe cTpaHe je HEHEraTWBAH Ha OCHOBY JieMe 5.6, NIOK je mpBU

YJaH ca JecHe CTpaHe jeqHak Hyau 300r mOdyeTHOT ycjaoBa. Tako mobujamo
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k
- TZ( . ] B1/2 (At0+ t) +B1/2 (At0+ t)]_1>h

. M
Y5,
€ “

7j=1

2

IN

+ Te max ’Bip AO‘ 1 )

1<j<M £04 Y

Ysumajyhu makcuMmywMm JsieBe crpase no k, 3a m1oBosbHO Mauo € (¢ < 1/T) no-

oujamo

max ’B}/Q (A5 Ly (6.33)

1<k<M 104 Y

k 2 C N B2,
<
‘h_ T;H he ¥

Crasmajyhu y (6.32) k = M wu usocraBmajyhu OpBM NO3UTUBAH 4YJIaH Ca
JeBe cTpase, HoOUjaMo

M J Jj—1
2 (Aé‘fo‘: ) - (Aﬁaf )
j=1

Ouemyjyhu mecHy cTpaHy Ha UCTU HAYWH KAO y MPETXOMHOM CIIyUajy, CTaB-

A,ll/ 25 A,l/ 5

< 2TZ (¢ (as5tw)’)

majyhu, na npumep ¢ = 1, u kopucrehu mejennarocr (6.33), nobujamo

—1 2\’ -1 2\~
(o) - (o)

Kopucrehu nemy 5.6 mobujamo

A% A%

M=

J=1

M
<Crt Z HB,:lﬂgpj
=1

. a2 IR A e & 1/24]|?
> | (aialaell) - (a4 h) PR
p 7_ —a 7.2—@ M
0 y
> ZaM eI L[
j=1
= CozH77|’B(a71>/2(wj7H1(wh))’
OaKJI€e Majbe CJenn
(/A CTZHB—W j (6.34)

Cabupamem nejennarkoctu (6.33) u (6.34) nobujamo anpuopny omeny (6.31).
]

[Tpumerumo na je anpuopsa oneHa (6.31) IMCKPETHU aHAJOIOH AlpUOPHE
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ounene (6.11).

Teopema 6.6. Aufepernyujera crema (6.28)-(6.30) je ancoaymmo cmabuana u

WEHO PEWEBE 30400806080 AGNPUOPHY OUENY

||”t’||?3<a—1>/2(w7+,zz(wh pax, [va]]7 < CZ ||90||B—1 (6.35)

Joxas. Tlomuokumo jemuakoct (6.28) ckamapuo ca 27v;. Hobujamo
27 (Bh (Afj&:vg){,vg)h + 27 (Apv,vz),, = 27 (@, vp),, -

Cymupamem o j ox 1 mo k, k < M, mobujamo

+272 ¢, vl), . (6.36)

k

20 3" (B (sgw)] o), + [ < Ay
j=1

Kopucrehu e-mejenqnakoct u semy 5.9 necHy cTpaHy MOKEMO OIEHUTHU Ca

—1—7'52 HBU2 J

k
2 2_a .
h+ T E Bh t0+Ut t’ t)h
J=1

k

27'2 @’ ,’Ut h<£ZHB 1/2

Jj=1

Ms

S
e

1

J

3a mosomuo Mano £ > 0 (2 —el'(2 — a)T* ! > 0) uz mejemmaroctu (6.36)

nobujamo ma je

k
o 2
T Z (Bh(At‘fa:vg)%, v%)h + HA,ILNUIC i (6.37)
=1

2 - 1/2
<C HB‘ j
‘h - szl he ¥

3a k < M.

Iame, kopucrehu seme 5.5 u 5.6 umamo na je
k 1 k ;
- a 1/2
T3 (B ), 257D (Ato: (1B3/2wil) )
1/2
Zak 1B vl

N3ocrasmameM apyror cabupka ca jese crpane HejemHakoctu (6.37) u Ou-
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pajvhu k = M mobujamo

1/2 —1/2
||B / UtHg(a /2 < O”Bh / QOH%P(Q,”)‘ (6.38)

(wi L2 (wn))

CramyHo, M30CTaB/bameM IPBOT cabupka ca jeBe cTpaHe Hejennaroctu (6.37)

1 y3UMameM MaKCUMyMa JeBe cTpaHe mo k mobujamo

1/2 k2 -1/2 12
max polbl < max 434 < O1B el (659
Hase, n3 vejennarkoctu (6.38) u (6.39) caemu ouena (6.35). []

6.3 Omena Op3uHe KOHBepreHIUje MIPEPEHIjCKe CXeMe

Heka je u pememe mouerHo-rpanngaor mpobiaema (6.1)-(6.3) u v pememe
nudepenimjckor npobiaema (6.28)-(6.25). Tanga rpemka z = u—v 3aI0BObLABA

jemTHaKOCT
By (A, 20)7 + AnZ = = + By (A5 )] + At =t 7, (6.40)
rme je
o =LT.f (.t +7/2) =T, T, f(x,1)

oz \Pp

«@ _ 3 8u
=T (980, u); + Kone (Of0 ), — T, T, <3_x <p£)> .

=T, T 0 u+ KT, Tpo(x — §) 07, u — T, T ( ; ( @»

Cama je rpemka oacenama jeqHAKA

b= — T2 (05 w), — Kone (905 u) + T, T2 ( <p ))
1+ Kol (Afg, ur), — (Puz)e + (95, w)e — (075, w)i
= (95, (u = T2u)) + [L+ Kone] (A2, ur — 975, ) .

ez (2 (62)) - gun,

Ilakne, rpemka 2z = u — v 3am0BosbaBa cienehy mudepeHnujcKky cxemy
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Br(Afg 20l + 4wz = Bpxd + 1l + ¢,

(6.41)

j=12...,. M, x¢€uw,
2(0,t) =0, z(1,t)=0, tew,, (6.42)
2(2,0) =0, z(x,0)=0, z€w, (6.43)

rme je

a— a— a— — = au _
X = At,O:ut_ - 8t,0+1u> n= 8t,0+1 (u - Ta?u) nu (=1T,T, (p%) — Pugz.

Jlema 6.7. [55] Hexa je o € (1,2), w € C3[0,t] ut € w,. Tada je

(A5 ur)e — 00| < 07 max ()] (6.44)
Teopema 6.8. Hexka je u € C*3(Q) N C¢ ([0,T], H*(0,£)) N C2 ([0, T], H*(&,1)) N
C ([0,T], H3(0,£)) N C ([0, T], H*(&,1)) uw p € H*(0,€) N H3(E,1). Tada pewewe v
Jugepenyujcre creme (6.28)-(6.30) xoneepzupa xa peweny u NOYEMHO-2PAHUY-
noe npobaema (6.1)-(6.3) u saxcu caedeha ouena bpaune Konsepzenyuje:

max H (A;“O’lz;)j

2
2 3—a 2
1§]§M + ;L + |’Z"B(a71)/2(wj,H1(wh)) S C(T + h/ ) (6.45)

/oxasz. Aupuopna oreHa

st oy <O S (I s+ ).

Jj=1

— J
max H(Af‘o '2¢)
1<j<M o

je muperTHa mocienuna orexe (6.31).

Amnasnoruo onenu (5.56), mobujamo

||(1 + K5h§>_1/27]{”L2(Qhr) < Ch? (“UHC_?_([O,T],HQ(O,E)) + ||uHCj’r‘([O,T],H2(§,1))> . (646)

dyurmumonas y ouewyjemo nmomohy (6.44):

3

atg < CTs_aHUHCo,S(Q).

||~ 3—a
HXt”LQ(QhT) S Cr tlerf(?%} ;2[%?1{]
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MzBpmmmMo caenehy mexoMmosnnujy ¢yHKIMOHAIA ('

7
gx = Z gka
k=1

rie je

0%u 0%
G =T T2< 8 2> —(T:fp) (T Tga 2)
82
Pu
(3= (T Tja . um)

ou ou
_ =2 (il 2,/ 27"

. 2 /_1 B 2(9“
1 ,0u 1
G6 = 5 (P2 + p3) <T T;,;(9 — 2(ux+uz)) ,

1

3a T # &, NOK je 3a x =&

a- 5| (vgs) - @) (171255
e (420) - (2]

(2= %[(Tﬁ‘p) —p(¢—0)] (T Tﬁ‘?i)

w5 L2) sl o) (17125,
= gote—0) (1 Sh - m S8 ) bt o) (11 gL -1 D)
- 5| (vor) - @) (11 )]

vy | (w5 ) - 2o (et )|
G= gl ) (012 G ) 5 [2) -] (1725 ).
Il o] () 1]
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G=0
Ha ocuoBy pesynrara u3 omesmka 5.3 mMaMo na je

|Cl| < Ch'g/szHCl[a:—h,x—i-h]||T;§_u('7t)HH?’(a:—h,x-i-h)? T 7&5

1G] < R ([Ipllere-ng 1T ul, )| mse-ne + IPlorieern| T wl Ol mseern) -

3a x = {. Cymwmpajyhu mo unanoBuma Mpexe (, m kopuctehu moramame

H? — C! 3a ¢pysEnuje jemse mpoMenmpuBe D0OMjaMO

(1 + Kone) il r2(un < CR (IIplliz 0 llullcqom.mso.e)

+ Ipll e vyl ullogom, ey ) -

AHATOrHUM TOCTYTIKOM HOOUjaMo

(1 + Kdne) 7 2Gllr2anny < CR2(11PN 200 1wl oo, me0.6)

+ Ipll a2 v llullogom, m e -

3ai=2,3,...,7. Cana pesyarar (6.45) cremu n3 (6.46)-(6.48).

Jlema 6.9. /lupepenyujcra crema
Bh(AZéO_:Z{)%—}-Ath :Vg, =12 ..M, x¢€uw,

2(0,t) =0, =z(1,t)=0, te€w,,
Z(LL’,O) = 07 Z? = 07 x E("—')h’

304008050804 ANPUOPHY OUEHY

_ —1/2
12l172(uy < CUBL 210 acr + [Vl 50).

(6.47)

(6.48)

(6.49)

(6.50)

Uoxaz. Henyjmo Ha jemmarkoct (6.49) omeparopom B;lm, a 3aTUM je IIOM-

HOKUMO Ca, 2h7’g}:1 (Afo+§g - §j>, rne je A, = B,:l/QAhB,Zl/Q, zZ = B,i/Qz, U=
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B;lﬂy u f=a—1. CymupameM M0 YBOPOBUMA MPEKE Wy, T00MjaMo

2r (A% 208 = 0, AL E = 7) _, +2r(F, Al B — ) = 0.

h

Kopucrehu penanujy

o7 ((Afa 00— 74, Ao~ ), = AL Z =)~ A 5~

1,04t £,04°F t0+t HA;lv
h

U £-HEjeTHAKOCT n0o0umjaMo

~ ~ 1 ~F— =1 =1 =45 =4
1A, 27 = )5 = (A, 2 = #7527 (2, Ay 2 = 27(F, i)

_ . T .
< 2e7||P7 |7 + — || ||3.
< 27|77 [lh + 5127l
Cymupamem 1o j 3a j = 1,2, ..., M u kopumhemem ocobune (5.9) caemu na je

Y 270 o
1A% 2" = M5+ )Ilz 122,y < 170,20 — 7% + 26117 |I22(q,

(1=
1
+52 17 22

MN3ocTaBmameM IPBOT MO3UTUBHOI UJaHa Ca JeBe CTpaHe HejeTHAaKOCTH, 3a

e =TPT(1 — B)/2 mobujamo ampuopry ouery (6.50). ]
Jlema 6.10. /[ugepenyujcra crema
Br(Afg )l + A2 = ¢, j=1,2,.,M, z€uw, (6.51)

2(0,t) =0, =z(1,t)=0, t€w,,
2(2,0) =0, 20=0, z €y,

30400805080 ANPUOPHY OUENY

~1/2
12720, < ClAg 6l L2(@un, (6.52)
20e je Aopv = —Vzg.

Joxas. Henyjmo ma jemnarkoct (6.51) omeparopom B,Zl/Q, a 3aTUM je IOM-
HOKHMO Ca QTthglég, rue je ﬁh = B;l/zAhB}:l/z, zZ= B,1L/2z. Hakon cymmpama

IO YBOPOBUMA MpPEXKE W), UCKOPUCTUMO £-HEjeIHAKOCT, yuMe moOujaMo ma je
27 (A2 Z)7. 2 t)A IR = 1275 < 27ell A1 + —gl\Aﬁli%Hi,
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rae je gf;: B;I/ng. Hakon cymupama mo j on 1 mo k < M, Ha OCHOBY Jeme

5.9, 3a ¢ = g, = (k7)°T'(1 — B)/2 nobujamo

[ . P
E%Q®TEJMJQ%M+HfMsru—ﬁxmw§]m;”wﬁ

J=1 J=1

<T(1- BT A, 29 220, -

N3ocraBmmameM IpBOT MO3UTUBHOT CAOUPKA HA JIEBO] CTPAHU MPETXOTHE He-
jemHaKOCTH, 3aTUM MHOKEH-eM ca T U cymupameM mo k om 1 mo M, ropwi-

hemem ocobure ||v||4, < [|v] 4, BoOujamo ampuophy omeny (6.52). []

Teopema 6.11. Jupepenyujcra cxema (6.41)-(6.43) zadosomasa anpuopny oye-
RY

—~1/2

1220,y < C <||X||Z2(Q,W) + 1By, "nllr2qn.) + ||C||L2(th>) : (6.53)

Joxas. Ioka3s cinemu nupextHo u3 aeMa 6.9, 6.10 u vejemnaroctu ||7]12(q,,)

<
||U||L2(Qh‘r) D

Teopema 6.12. Hexa je u € C*(I,C(Q))NCY (I, H*(0,€))NCY (I, H*(&,1))N
L2((0,), H(0,€)) N L2((0,T), H¥(0,€) N H2((0, T), H'(0, £) N (0, T), H(0,€))
up € H*0,8) N H*(&,1). Tada peweme v dufepenyujckoe npobaema (6.28)-
(6.30) xoneepeupa peweny u nowemno-eparuiroz npobaema (6.1)-(6.3) u samxncu

caedehu oyena bpaure KoMBeEPZEHUUjE

Loxas. a Oucmo ompemmium Op3MHY KOHBEpPTeHIMje IUPEPEHINjCKE CXeMe
(6.28)-(6.30), HOBOWHO je ma OUEHUMO NeCHy cTpaHy HejemHakoctu (6.53).

N3 onena (5.55) u (5.56) caemu na je

2

3—a 3— _
HX”Z?(QM) <Cr tg&%(] gél[%i(] W <Cr ¢ ||U||Co,2(Q) (6.55)
u
(1 + Kne) ™"l 2@y,
< Ch* max (||ata,o_+lu('at)HH2(o,§) + ||3§<i1u(~,t)||m(g,1)) (6.56)

te[0,7

< Ch? (HuHCi’l([O,T],HQ(O,g)) + ||U||c$*1([o,T},H2(g,1))) :
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dyurmmonaa ( MOKEMO OeKOMIOHOBaTU Ha ciaenehm vauwmu: ¢ = (1+(+(s,

G =TT, <gz) (T )(T T;gx>
G=(T,p—p) (T{TJ%)

(1Tt a).

[Tpecmurajmo momer e = {2/ o —h <2’ <z} ma E={s: -1 <s <0}

rme je

aureapuoMm cmenoM r’ = hs + x. Tanma je

0 ou(s 0 O (s
G=1 ( [ st 2D [ s [ (2 %) ,

rae je p(s) = p(hs + ) n a(s,t) = u(hs + x,t).

dyurmMonaa (; MOKEMO OIEHUTU Ha ciiegehu HauyuH

9 1 1/2 0 2 1/2
1G] <+ (/ |ﬁ(8)|2d8) / ds
h \Jo .
2/(2q) ~ 2q/(¢—2) (¢-2)/(29)
<2 ( / POCE ds) / ) .
h 1
2

ou(s,t)

-
t s

L 9s

EHprl(E 1T U||W2 (B)s

2

rae je ¢ > 2. Iakune, (; je orpanndeH OunnHeapaH (YHKIMOHAJ apryMeHaTa p
n u. Hame, pynrnmonasn (; ce anyaupa kana je p = 1 nimm @ = 1,s. Kopucrehn

ounuHeapHy Bep3ujy Jjeme bpambaa-Xuabepra mobujamo

2 .
|C1(~T7t)| < E ’p|qu(E) ‘Zﬁ u('>t)|w22q (E)’ q>2,

q—2

OQHOCHO, IIOBPATKOM Ha CTapy IPOMEHJLUBY

G, )] < 202 [plyyy oy [T u )]s, (-
m

CYMI/Ipa,I-BeM IIO0 UBOPOBUMa MPEKE Wy 1 IPUMEHOM XeJI,Z[epOBe Heje,ﬂHaKOCTI/I
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naJbe modbujamo

I t)ln < OB (||p||w;<o,g) T3 Dllwe,, 0.0 + IPlwgenll T ul Ollwe, (5,1)) :
q=2 q=2

2q
q—2
Ha ocuoBy teopeme 2.17 Baske cieneha moramnama

W5 a,b) = W, (a,b) 3a s>5/2—1/q

W3 (a,b) — ngq/(q_Q)(a, b) 3a s>2+1/q,

rae ce moxke yseru (a,b) =(0,£), omnocuo (a,b) = (&, 1). Hame, craBmajyhn

s = 3 mobujamo

16:C Olln < CB* (Ilpll 200 1T u( )l ma0.e) + Pl 2 1T ul Ol maen) -
Opmatne, cymupameM MO YBOPOBUMA MpPEKe w, T00UjaMo

16021y <CB2 (Pl 20, 1l 2 0.1y 2130, (6.57)

1ol m2ee ) 1l 2201y, 12 €.1))) -

dyurmmonan (; MOKEMO IpEeNCTAaBUTU Ha cienehu HaUWH

_ _ . 0u _0u
CzZ(Txp—P) <Tt T, %):@,1 (Tt T, %>

Tana je

o) =+ [ ot = L) —pte =) = 5 (2 [ o) s = -1 - 50)).

-1

®yHKIMOHAT (21 je OTpAHUYEH JMHEAPaH QYHKIMOHAJ apryMmenta p € H?(E),
jep je

max, 5(s)] < V2Bl ) < V25l 2
Ocum Tora, (o1 ce aHynupa Kajga FOA je D IOJMHOM IpPBOT cremeHa. llpu-
Mewnyjyhu gemy Bpambia-Xwunbepra m Bpahajyhu ce Ha cTapy He3aBUCHY

IPOMEHJbUBY, TOCJIE OYEBUAHE Majopalrje nobujamo

_OJu

(Gl )] < CHpla=ge) || T3 5

C(@)
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CyMupameM MO0 YBOPOBUMA MPEKe wy T00ujamMo

_Ou ou
Gt <O (|p|Hz<o,@\ Pl bl | T 5 )
C0,¢] clen)
ou ou
SChz (HPHH%O@) T ('3 + ||P||H2(§,1) T (9 ) .
H(0,€) H(€,1)

Opmatne, cymupameM IO YBOPOBUMA MpPeEkKe w, T00ujaMo
2
1621l z2(@ury <CB (IIpllz2 0.0 1ull 207, 1130.0) (6.58)

+Ipll 2 e 0y 1wl 2oy, 3 6,1y)) -

dyurmuonan (3 mpencTaBuMoO Ha ciaenehu HAUYWH:

(3= (T T_gx :c) =D Gs,1-

ou :
YBemumo ozmarky w =T, 2. Tana je

Gi=Tw—w

Ia CJINYHO Kao IPUIMKOM OICHE WiIaHa (21 MOKEMO 3aKBbYUNTH Ja je

83
Goa (@, 8)] < CF*(w(@, ) p2grpy < CT2h V2 || .
Ozt L2((z—h,z)x (t—7,t))
CymupameM 1Mo YBOpOBUMA Mpeske (Qp, mobujamo
Il ol |25+ olloren || 22
3 LQ(QM) = Pliciog Oz 8t2 (o) Plicieq) O atz 2(@a)

<Cr? (HPHHlm,s))||U||H2<(0,T>,H1(o,a>> + ||PHH1<5,1>||U||H2<<07T>,H1<fs, »)
(6.59)

Capna pesyarar (6.54) cremu n3 (6.55)-(6.59).

6.4 HymepuuKu eKCIiepuMeHT

Panu npoBepe ocobuna cTabUIHOCTU 1 KOBEPTEHIj€e TPEAI0KEHE HYMEPUYKE

MeToze, pemteH je npobiem (6.1)-(6.3) 3a K =27
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Fa ) = th [sin(mc) <% 4 w2> + 41| sin(2ma) [ <r (5t_a2a) o (:”_2 a)ﬂ |

Tauyno pememe npobiiema je

AlpA—o

u(z,t) = sin(mz)t* + ]sin(27r:c)|m.

CnuuHo Ka0 y moraassmpy 5.2, y Tabenu 3 Ccy NPUKA3AHU EKCIEPUMEHTAJTIHU
pe3yITaTH! 3a pa3ndnuTe BpEMEHCKe KOPakKe T Kala je IPOCTOPHU KOPaK (PUK-
cupan h = 2713, Ha ocHOBY mpukazaHuX pesyjTaTa MOEKe Ce 3aKBYUYUTH O

je pen KOHBepPreHIUje IO BPEMEHCKO] IPOMEHJLUBO] jeTHAK 3 — .

Y rabemu 4 cy IpUKa3zaHM HYMEPUUKHM Pe3ylITaTH 3a (UKCHpaHo T = 274
ca paznauuutuM Kopamnmma h. Moske ce 3akmbyunTu na je pen KOHBEPTEHIU)e

10 IPOCTOPHOj IPOMEHJLUBO] jeTHAK 2.

Exact solution
*  Numerical solution

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

X axis

Cnura 3: Pememe Ha BpemeHnckoM ciojy t=13a h=7=1/60 u o = 1.7
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Tabena 3: ExcHepUMEHTAJHU Pe3yJaTaTH W peJl KOHBEPTEHIje IO BPEMCH-
CKOj IpoMeHJbUBOj (mocyemma KojoHa) 3a h = 2714,

a T HZ”LQ(QhT) log, ||z[2jgi?;

1.9 275 7.1321e — 02 1.09
26 3.3545e — 02 1.09
27 1.5727¢ — 02 1.10
278 7.3561e — 03 1.10
279 3.4358e — 03 1.10
2-10 1.6035¢ — 03

1.7 275 3.0943e — 02 1.26
26 1.2924e — 02 1.27
27 5.3416e — 03 1.28
278 2.1927e — 03 1.29
279 8.9616¢e — 04 1.29
2-10 3.6529¢ — 04

1.5 275 1.2254e — 02 1.42
26 4.5871e — 03 1.44
277 1.6873¢ — 03 1.46
278 6.1307e — 04 1.47
279 2.2090e — 04 1.48
2-10 7.9126e — 05

1.1 275 1.3096e — 03 2.00
26 3.283be — 04 1.97
27 8.4045e — 05 1.94
278 2.1977e — 05 1.91
279 5.8550e — 06 1.89
2-10 1.5770e — 06
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Tabena 4: ExcnepuMmeHTas HU PE3yATaTU U KOHBEPIEHIMja IO TPOCTOPHO]

MpOMeHLUBO] (TMocaema KoJloHa) 3a 7 = 2712,

« h el log ey

1.9 273 1.7565e — 01 2.02
24 4.3162e — 02 2.01
275 1.0724e — 02 2.01
276 2.6581e — 03 2.04
27 6.4707¢ — 04

1.7 273 1.4041e — 01 2.02
24 3.4517e — 02 2.01
27° 8.5901e — 03 2.00
276 2.1423e — 03 2.01
277 2.3254e — 04

1.5 273 1.1526e — 01 2.02
24 2.8358e — 02 2.01
275 7.0611e — 03 2.00
276 1.7631e — 03 2.00
277 4.4020e — 04

1.00 273 3.1844e — 3 2.00
24 7.9355e — 4 2.00
275 1.9823e — 4 2.00
276 4.9547¢ — 5 2.00
277 1.2386e — 5
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7 3akispyudak

[TouerHO-rpaHNUHN TpOOJIEMU Ca M3BOAMMA PA3JOMJLEHOT pena IOYeNHn Cy
WHTEH3UBHO A& Ce€ M3yYaBajy TEK y MOCJIEAmUX ABANECETAK TOOWHA, Kalad je
YCTAHOBJbEHA HWXOBA IIMPOKA NPUMEHA y MHXEHEePCKUM npobievMuma. Y
OUCEPTalNjU ce aHaJIu3Upa IU(y3UOHO-TaJacCHa jeIHAUNHA Ca U3BOJOM pa3-
JIOMJLEHOT pefa 110 BPEMEHCKOj] IPOMEHJLMBO] KOja Ka0 KOe(PUIjEHT CaIP:KUA
HupaxoBy muctpubynujy. Ilpenusnuje, ucnuryje ce jennaumna cyomudysuje
U jenHaumHa cynepaudysuje ca KOHIEHTpucaHuM kamanureroM. C o03mupom
@ MMaMO yJIa3HU NoJaTak Koju Huje (yurmuja (Beh je cunrymapma mmc-

TpUbynMja), pelmemne ce MOpa TPaKUTHA Y HIPOCTOPUMA COBOJLEBCKOT THUIA.

Ilokazana je eramucTeHIja TeHEePAJUCAHUX pellema. 3a jeIHaduHy cyO-
nudysuje m3BelgeHe Cy JnOBe anpuopHe orene. IIpBoM on mUX je moka3aHa
ersucrennuja pemema y npocropy HY*/2(Q), rae je o pex u3Boma pasioMibe-
HOT pena. Jlpyrom ampruopHOM OIEHOM MOKA3aHA je er3UCTEHIUja PeIlema 13
IIPOCTOPAa Pa3JIOMJLEHOT pea JJQF’O‘(Q). 3a 1/2 < o < 1 mpocrop J¢ je exBuBa-
nenTaH npocropy CobosveBa H[', OOIHOCHO UMaMO TpAar, IIa je IOYETHU yCJIOB
nobpo meduHMCAH. 3a jemqHAUMHY Ccymepaudy3uje U3BeId CMO alpPUOPHE
onere y mpocropuma C¢~ (I, L2(Q)) N H@D/2(I, HY(Q)) u H*™/2(1, L2(Q)) N

C(I, HY(Q)). U3 BUX CIeOu jeAMHCTBEHOCT PEIICHA.

IIpennoxene cy MMOIUIVTHE AUPEPEHINjCKE CXeMe 3a pellaBame Ipoo-
JeMa cyomudysuje u cynepaudysuje ca KOHIEHTPUCAHUM KamanuTeToM. [loka-
3aHa je CTAOWIHOCT ¥ WCIUTUBAHA je Op3MHA KOHBepreHnuje. Y Ccaydvajy
IIPOCTOPHE IPOMEHJLUBE, NOKa3aHa je KOHBEPreHIrja pena 2 3a pelena IiaT-
rkoctu H?® mo mpocTopHOj mpoMeHUBOj, Kom obe jemHaunHe. 3a jeIHAUNHY
cyomdy3uje ca KOHIEHTPUCAHUM KalalUTETOM je HOKA3aH pelx KOHBEPIeH-
nvje 2 — o MO BPEMEHCKO] MPOMEHJEUMBO] Ca AOCTA jaKUM 3aXTE€BOM Ja PeI-
ema Oymy OBa IIyTa HEIPEKUIHO MuepeHnrjabuina mo IPOMEHJLUBO] ¢, MaKo
V3BEIeHN HYMEPUYKN eKCIEePUMEHTH IOKAa3y]y WUCTU pel M 3a Pellemha HILKE

TJIaTKOCTHU.

Y cayuajy cynepaudysuje ca KOHIEHTPUCAHUM KallallUTETOM, NOKA3aH je
pel KOHBepreHnuje 3 —q 10 BPEMEHCKO] IPOMEHJbMBO] 3a pellema Koja Cy ABa
myTa HEMPEKUIHO mudepeHnujabunna mo t. 3a HIWKY TJIATKOCT HYMEPUUKU

E€KCIePUMEHTH He NOKa3y]y KOHBEPTEHMI[jYy TOI pela.

On 3mavaja Ou Omiao mocMmaTpary jemHaunHe cyOaudyswuje m cynepau-

¢y3uje Kama je MOYETHU YCJIOB IPOM3BOJbHA (GYHKIWja. Y TOM CilIydajy HUCY
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ekBuBaJieHTHU RamyToB 1 Puman-JIuyBumos u3Bomn, na Ou ce je xHAYMHE MOPa-
Jie mocMaTparu onsojero. llouerHo-rpanudau npobIeM y KOMe ce T0jaBJbyje
Puman-JInyBuioB n3BOI O BPEMEHCKO] MMPOMEHJ/BUBOj 3aHUMJBUB j€ CAMO Ca
TEOPUjCKe Tauvke TJIeTUINTa, jep Ce KO TAKBUX HpobJieMa IMOYETHU yCJIOBU
3amajy ca

%i_{% (‘330_fu(x,t) =up(z), k=12,..n,

rae je n — 1 < a < n, unja Pusmukra MHTepIpeTanyja Huje yTBpheHa.
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Mpunor 1.

U3jaBa o ayTopcTBY

NMoTtnucaHn-a AnekcaHgpa [Jenuvh

O6poj ynuca  2010/2009

UsjaBrbyjem
0a je AOKTOpCKa aucepTalmja nog HacrnoBom

OundysnoHo-TanacHa jegHa4ymMHa pasnoMIibLEHOr peaa ca KOHLEHTPUCAHUM
KanauuTeToM U H-eHa anpokcuMauuvia MeTooM KOHaYHUX pasnuka

e pesynTaT CONCTBEHOr UCTPaXMBAYKor paga,

e [a npensioxkeHa gucepTtauuja y LENVMHN HU y AenoBuma Huje buna npeanoxeHa
3a pobujake OWNO koje AvnIioMe Mpema CTyaujCKUM nporpaMmuMma Apyrux
BMCOKOLLKOJICKMX YCTaHOBA,

e [1a Cy pe3ynTtatu KOPeKTHO HaBeEeHUN N

e [a HMCaM KpLuMo/na ayTopcka npaBa M KOPWUCTUO WHTENEKTYamnHy CBOjUHY
APYrux nuua.

MoTtnuc gokropaHaa

Y Beorpagy, 8. 2. 2016.

Adewsy




Mpunor 2.

U3jaBa 0 MICTOBETHOCTU WITaMMaHe U efIeKTPOHCKe
Bep3nje AOKTOPCKOr paaa

Mme n npeanme aytopa Anekcangpa [envh

Bpoj ynuca  2010/2009
Cryavjckm nporpam  Matematuka

Hacnos paga OundysmnoHo-TanacHa jeaHaymMHa pas3nomMibLEeHOr peaa ca
KOHLIEHTPUCAHUM KanaunTeTOM U heHa anpoKcuMaLlmja METOAOM KOHaYHUX pasfnnka

MeHTOp ap bouiko JoBaHoBuWh, pefoBHU Npodecop

NMoTnncaxHu AnekcaHgpa Hdenuvh

u3jaerbyjemM ga je wramnaHa Bep3uja MOr JOKTOPCKOr pagda MCTOBETHA E€NEKTPOHCKO)
BEp3Mju Kojy caM npefao/na 3a objaBrbuBawe Ha noptany  AurntanHor
peno3sutopujyma YHuBep3uTeTa y beorpagy.

[JosBorbaBam ga ce objaBe MOju NWYHM Modauu BesaHu 3a Aobujame akagemckor
3Batba [OKTOpa Hayka, kao LUTO Cy MMe M Npe3ume, roguHa 1 Mecto pohera 1 gatym
onbpaHe paga.

OBM nuyHM nogaum Mory ce o00jaBUTM Ha MpPEXHUM CTpaHuuama gurutanHe
6mbnnoTeke, y enekTPoOHCKOM KaTanory uy nybnukauvjama YHusep3auteTa y beorpaay.

MoTtnuc poktopaHaa

Y Beorpagy, 8. 2. 2016.

A ogemj?




Mpunor 3.

UsjaBa o kopuwhemwy

Osnawhyjem YHusepautetcky 6ubnuoteky ,Csetosap Mapkosuh® ga y [OurmutanHu
peno3nTtopujym YHuBepauTeTa y beorpagy yHece MoOjy OOKTOPCKYy AucepTtaumjy nog
HacrnoBoM:

OundysmnoHo-TanacHa jegHa4ymMHa pasnoMIibLEHOr peaa ca KOHLEHTPUCAHUM
KanauuTeToM U H-eHa anpokcuMauuvja MeTooM KOHaYHUX pasnuka

Koja je Moje ayTopcKo gero.

OucepTaumjy ca ceumM npunosmma npegao/na cam y enekTpoHCKoM hopmaty norogHom
3a TpajHO apxuBMpa-E.

Mojy OOKTOpCKY AncepTtauujy noxpamweHy y [urutanHu penosvtopujym YHuBepsuTeTa
y Bbeorpagy mory ga kopucte CBW KOju NowTyjy oapende cagpxkaHe y ogabpaHom tuny
nuueHue KpeaTtusHe 3ajegHuue (Creative Commons) 3a Kojy cam ce oany4mo/na.

1. AyTopcTBO

2. AyTopCTBO - HEKOMepLMjanHo

3. AyTopcTBO — HEKOMepuujanHo — 6e3 npepaae

4. AyTOpCTBO — HEKOMEpUWMjanHo — AenUTU No4 UCTUM YCrioBUMa
5. AytopctBo — 6e3 npepage
@-AyTopCTBo — [enuTu nog UCTum ycrnosuma

(MonMmo ga 3aoKpyXxute camo jedHy OA LecT noHyheHux nuueHuu, Kpatak onuc
NUUeHUM gart je Ha nonehuHun nucra).

MoTtnuc gokTtopaHaa

Y Beorpagy, 8. 2. 2016.

Adewich




1. AytopctBo - [lo3BorbaBaTte yMHOXaBake, OUCTpUOyLMjy U jaBHO caoniiTaBake
Aena, v npepage, ako ce HaBeJe MMe ayTopa Ha Ha4dvH ofpefeH of cTpaHe ayTtopa
nUnu gaesaoua nuueHue, Yak n 'y komepuujanHe cepxe. OBo je HajcrnobogHuja og CBUx
nnueHun.

2. AyTOpCTBO — HekoMepuujanHo. [Jo3BorbaBate YMHOXaBakwe, OUCTPpUbyLuunjy 1 jaBHO
caonwTaBawe Aena, v npepage, ako ce HaBege MmMe aytopa Ha HauvH oapeheH o
CTpaHe aytopa unu gasaoua nuueHue. OBa nuueHua He [03BOSfbaBa KomepuujanHy
ynoTtpeby gena.

3. AyTOpCTBO - HekomepuujanHo — 6e3 npepage. [o3BorbaBaTte YMHOXaBahe,
ANCcTpnbyunjy n jaBHO caonwTaBawe pAena, 6e3 npomeHa, npeobnvkoBawa Wnu
ynotpebe gena y CBOM Jefny, akO Ce HaBede MMe ayTopa Ha HavuH oppeheH o
CTpaHe aytopa vnu gasaoua nuueHue. OBa nuueHua He 003BOSfbaBa KoMepuujanHy
ynoTtpeby gena. Y ogHocy Ha CBe ocTane nuvueHue, OBOM fMLEHLOM Ce orpaHuyaBa
Hajsehu obum npasa Kopuwhewa gena.

4. AyTOpCTBO - HekoMepuujanHo — AenuTu Mnog uctum ycriosuma. [los3sorbasaTte
YMHOXaBake, AMCTpMOYyLMjy 1 jaBHO caonwiTaBawe gerna, u npepage, ako ce HaBede
MMe ayTopa Ha HauvH oapeheH oA cTpaHe ayTopa uMnu Aasaoua nuueHue M ako ce
npepaga Aauctpubyvmpa nog WCTOM wnuM cnuyHoMm nuueHuoMm. OBa nuvueHua He
[03BOrbaBa komepuujanHy ynotpeby fena n npepaja.

5. AytopctBo — 6e3 npepage. [o3BorbaBate yMHOXaBake, OUCTpUOyuMjy U jaBHO
caonwTaBawe gena, 6e3 npomeHa, npeobrnMkoBarwa Unn ynotpebe gena y cBom geny,
ako ce HaBefe MMe ayTopa Ha HauvH ogapefeH o cTpaHe ayTopa unu aasaoua
nuueHue. OBa nuueHua 403BOrbaBa komepuujandy ynotpeby gena.

6. AyTopcTBO - [JenuTu nog WcTMM ycrnosuma. [lo3BorbaBaTe YMHOXaBake,
AMCTpUBYLMjy 1 jaBHO caoniwiTaBake Aena, U npepaje, ako ce HaBede MMe aytopa Ha
HauuMH oapeheH o cTpaHe ayTopa WNM faBaoua JMUEHLE M ako ce npepaga
AUCTpMOYyMpa nog WCTOM WM CrnMYHOM nuueHuoMm. OBa nuueHua [o3BorbaBa
komepuujanHy ynoTpeby aena v npepaga. CnuyHa je codTBEPCKMM nNuLeHuama,
OOHOCHO N1LEHLIaMa OTBOPEHOT Koaa.
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