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Abstract

This thesis has been written under the supervision of my mentor Prof. dr. Julka
Knezevi¢-Miljanovi¢ at the University of Belgrade in the academic year 2014-2015.
The aim of this study is to investigate Hyers-Ulam stability of some types of
differential equations, and to study a generalized Hyers-Ulam stability and as
well as a special case of the Hyers-Ulam stability problem, which is called the
superstability. Therefore, when there is a differential equation, we answer the
three main questions:

1- Does this equation have Hyers -Ulam stability?

2- What are the conditions under which the differential equation has stability ?
3- What is a Hyers-Ulam constant of the differential equation?

The thesis is divided into three chapters. Chapter 1 is divided into 3 sections. In
this chapter, we introduce some sufficient conditions under which each solution
of the linear differential equation u”(¢) + (1 4 v(t))u(t) = 0 is bounded. Apart
from this we prove the Hyers-Ulam stability of it and the nonlinear differential
equations of the form u”(t) + F(t,u(t)) = 0, by using the Gronwall lemma and
we prove the Hyers-Ulam stability of the second-order linear differential equations
with boundary conditions. In addition to that we establish the superstability
of linear differential equations of second-order and higher order with continuous
coefficients and with constant coefficients, respectively. Chapter 2 is divided into
2 sections. In this chapter, by using the Laplace transform method we prove

that the linear differential equation of the nth-order y™(t) + Z ary®(t) = f(t)

has the generalized Hyers-Ulam stability. And we prove also the Hyers-Ulam-
Rassias stability of the second-order linear differential equations with initial and
boundary conditions, as well as linear differential equations of higher order in the
form of 4™ (z) + B(z)y(x) = 0, with initial conditions. Furthermore, we establish
the generalized superstability of differential equations of nth-order with initial
conditions and investigate the generalized superstability of differential equations
of second-order in the form of y”(z)+p(z)y' (x)+q(x)y(xz) = 0. Chapter 3 is divided
into 2 sections. In this chapter, by applying the fixed point alternative method,
we give a necessary and sufficient condition in order that the first order linear
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system of differential equations 2(t) + A(t)z(t) + B(t) = 0 has the Hyers-Ulam-
Rassias stability and find Hyers-Ulam stability constant under those conditions.
In addition to that, we apply this result to a second-order differential equation
g(t) + f(t)y(t) + g(t)y(t) + h(t) = 0. Also, we apply it to differential equations
with constant coefficient in the same sense of proofs. And we give a sufficient
condition in order that the first order nonlinear system of differential equations
has Hyers-Ulam stability and Hyers-Ulam-Rassias stability. In addition, we present
the relation between practical stability and Hyers-Ulam stability and also Hyers-
Ulam-Rassias stability.

Scientific field (naucna oblast): Mathematics (matematika)(34A40, 34A12, 34D10)
Narrow scientific field (uZa naucna oblast): Differential Equations (Diferencijalne
jednacine)

UDC:517.937(043.3)
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Introduction

This subject dates back to the talk given by the Polish-American mathematician
Ulam at the University of Wisconsin in 1940 (see [40]). In that talk, Ulam asked
whether an approximate solution of a functional equation must be near an exact
solution of that equation. This asking of Ulam is stated as follows:

Theorem 0.0.1. Let Gy be a group and let Gy be a metric group with a metric
d(.,.). Given e >0, does there exist a 6 > 0 such that if a function h : Gy — Go
satisfies the inequality d(h(zy).h(z)h(y)) < & for all x,y € Gy, then there is a
homomorphism H : G; — G with d(h(z), H(z)) < € for allz € Gy ¢

One year later, a partial answer to this question was given by D. H. Hyers [5] for
additive functions defined on Banach spaces:

Theorem 0.0.2. Let f: X7 — X5 be a function between Banach spaces such that

1f(z+y) = fz) = fWIl <9,
for some & > 0 and for all x,y € X;. Then the limit
A(z) = limy 027" f(2 )
exists for each x € Xy, and A : X1 — X5 is the unique additive function such that
/() = Al@)]| <6

for every x € Xy. Moreover, if f(tx) is continuous in t for each fived x € X, then

the function A is linear.

This result is called the Hyers-Ulam Stability of additive Cauchy equation g(x +
y) = g(x)+g(y). After Hyers’s result, many mathematicians have extended Ulam’s
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problem to other functional equations and generalized Hyers’s result in various
directions (see [6, 32, 38, 44]).

Ten years after the publication of Hyerss theorem, D. G. Bourgin extended the
theorem of Hyers and stated it in his paper [4] without proof. Unfortunately, it
seems that this result of Bourgin failed to receive attention from mathematicians
at that time. No one has made use of this result for a long time.

In 1978, Rassias [44] introduced a new functional inequality that we call Cauchy-
Rassias inequality and succeeded in extending the result of Hyers, by weakening
the condition for the Cauchy differences to unbounded map as follows:

Theorem 0.0.3. Let f : X;1 — X5 be a function between Banach spaces. If f

satisfies the functional inequality

1z +y) = @) = F)ll < O=[” + [lyl]")

for some 8 >0, p with 0 < p < 1 and for any x,y € X, then there exists a unique
additive function A : X1 — X5 such that

20

I1£() =A@ < 5=

[l

for each x € Xy. If, in addition, f(tx) is continuous in t for each fized v € X,

then the function A is linear.

The stability phenomenon of this kind is called the Generalized Hyers-Ulam Sta-
bility (or Hyers-Ulam-Rassias stability). A generalization of Ulam’s problem was
recently proposed by replacing functional equations with differential equations:
The differential equation ¢(f,y,%/,...,4"™) = 0 has Hyers-Ulam stability if for
given ¢ > 0 and a function y such that |o(f,9,9/,...,y"™)| < e, there exists
a solution y, of the differential equation such that |y(t) — ya.(t)] < K(e) and
lim._,o K'(¢) = 0. If the preceding statement is also true when we replace ¢ and
K(g) by ¢(t) and ®(t), where ¢, & are appropriate functions not depending on y
and y, explicitly, then we say that the corresponding differential equation has the
generalized Hyers-Ulam stability (or Hyers-Ulam-Rassias stability).

Obloza seems to be the first author who has investigated the Hyers-Ulam stability
of linear differential equations (see [21, 22]). Thereafter, Alsina and Ger published
their paper [3], which handles the Hyers-Ulam stability of the linear differential
equation y'(t) = y(t): If a differentiable function y(t) is a solution of the inequality
ly'(t) — y(t)| < e for any t € (a,00), then there exists a constant ¢ such that
ly(t) — cet| < 3e for all ¢ € (a,00). Since then, this problem now known as
the problem of Hyers-Ulam stability - has been extensively investigated for the
algebraic, functional, differential, integral, and operator equations.
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Those previous results were extended to the Hyers-Ulam stability of linear differ-
ential equations of first order [33-37, 42, 43].

Rus investigated the Hyers-Ulam stability of differential and integral equations
using the Gronwall lemma and the technique of weakly Picard operators (see [13,
14]). Recently, The results given in [36, 42, 45] have been generalized by Cimpean
and Popa [10] and by Popa and Rasa [8, 9] for the linear differential equations.
In 1979, J.Baker, J. Lawrence and F. Zorzitto[16] proved a new type of stability
of the exponential equation f(z + y) = f(z)f(y). More precisely, they proved
that if a complex-valued mapping f defined on a normed vector space satisfies
the inequality |f(z +y) — f(x)f(y)| < § for some given § > 0 and for all x,y,
then either f is bounded or f is exponential. Such a phenomenon is called the
superstability of the exponential equation, which is a special kind of Hyers-Ulam
stability. It seems that the results of P. Gavruta, S. Jung and Y. Li [23] are the
earliest one concerning the superstability of differential equations.

This thesis is about stability of some types of differential equations, where we
introduce this thesis in three chapters.

Chapter one is titled by Hyers-Ulam stability of Differential Equations. This
chapter consists of three sections. In section 1.1, we introduce some sufficient
conditions under which each solution of the linear differential equation (1.1.2) is
bounded. As well as we prove the Hyers-Ulam stability of the linear differential
equations of the form (1.1.2). In section 1.2, we prove the Hyers-Ulam stability
of the nonlinear differential equations of the form (1.2.1) by using the Gronwall
lemma. In section 1.3, we prove the Hyers-Ulam stability of the second-order linear
differential equations with boundary conditions. Furthermore, the superstability
of linear differential equations with constant coefficients.

Chapter two is titled by Generlaized Hyers-Ulam stability of Differential equa-
tions. This chapter consists of two sections. In section 2.1, by using the Laplace
transform method, we prove that the linear differential equation of the nth-order

V0 + 3 oy () = £(1
k=0

has the generalized Hyers-Ulam stability, where «y is a scalar, y and f are n times
continuously differentiable and of exponential order, respectively. In section 2.2,
we establish the generalized superstability of differential equations of nth-order
with initial conditions and investigate the generalized superstability of differen-
tial equations of second-order in the form of y”(z) + p(x)y'(z) + q(z)y(z) = 0.
In additional, we prove the Hyers-Ulam-Rassias stability of the second-order lin-
ear differential equations with initial and boundary conditions as well as linear
differential equations of higher order in the form of

y™ (@) + B(a)y(z) =0,
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with initial conditions

y(a) =y (a) ==y V() =0,

where n € Nt y € C"[a,b], 3 € C°a,b], —oo < a < b < +o00.

Chapter three is titled by Hyers-Ulam stability of system of differential equa-
tions. This chapter consists of two sections. In section 3.1, by applying the fixed
point alternative method, we give a necessary and sufficient condition in order that
the first order linear system of differential equations 2(t) + A(t)z(t) + B(t) = 0
has the Hyers-Ulam-Rassias stability and find Hyers-Ulam stability constant un-
der those conditions. In addition to that, we apply this result to a second order
differential equation §j(t) + f(¢)y(t) + g(t)y(t) + h(t) = 0. Also, we apply it to dif-
ferential equations with constant coefficient in the same sense of proofs. In section
3.2, we give a sufficient condition in order that the first order nonlinear system of
differential equations has Hyers-Ulam stability and Hyers-Ulam-Rassias stability.
In addition, we present the relation between practical stability and Hyers-Ulam
stability and also Hyers-Ulam-Rassias stability.
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Chapter 1

Hyers-Ulam Stability of

Differential Equations

1.1 Hyers-Ulam Stability of Linear Differential

Equations

1.1.1 Boundedness of Solutions of a Second Order Differential Equation

In this subsection, we first introduce and prove a lemma which is a kind of the
Gronwall inequality.

Lemma 1.1.1. /28] Let u,v : [0,00) — [0,00) be integrable functions, ¢ > 0 be a

constant, and let to > 0 be given. If u satisfies the inequality

u(t) < c—l—/ u(T)v(r)dr (1.1.1)

to

u(t) < coxp ( /t:v(T)dT>

Proof. It follows from (1.1.1) that

u(t)v(t)
c+ ft'; u(T)v(r)dr

for all t > to, then

for all t > t,.

<w(t)
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for all t > ty. Integrating both sides of the last inequality from ¢, to ¢, we obtain

In <c+/totu(7)v(7)d7> “lne< /t:v(f)m
c+ /t:u(T)v(T)dT < cexp ( /t:v(T)dT)

for each t > to, which together with (1.1.1) implies that

u(t) < coxp ( /t:v(T)dT>

for all t > t,. [

or

In the following theorem, using Lemma 1.1.1, we investigate sufficient conditions
under which every solution of the differential equation

u"(t) + (1 +(t)u(t) =0 (1.1.2)

is bounded.

Theorem 1.1.2. [28] Let 1) : [0,00) — R be a differentiable function. Every solu-
tion u : [0,00) — R of the linear differential equation (1.1.2) is bounded provided
that [° |0/ (t)]dt < oo and (t) = 0 as t — oo,

Proof. First, we choose t; large enough so that 1 +¢(¢t) > 1/2 for all ¢t > t,.
Multiplying (1.1.2) by «/(¢) and integrating it from t, to ¢, we obtain

1 / 2 1 2 ! / o
U (t)* + §u(t) + /to Y(r)u(r)u'(T)dr = ¢4

for all t > ty. Integrating by parts, this yields

S0P+ Su(t) + () ——/ e — 0 (1.1.3)

for any ¢ > ;. Then it follows from (1.1.3) that

1

7Y u(t)? < =/ (t)* + L lu(zf)2 < —u'(t)* + %(1 + (1)) u(t)’

1 1

2 2 2 -2
1 ! / 2

=cy + 5 (T u(T)dT

to
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for all ¢ > ty. Thus, it holds that

u(t)? < dey + 2/15 U (T)u(T)2dr < 4ley| + Z/t [/ (7) |u(T)?dr (1.1.4)

for any t > t,.
In view of Lemma 1.1.1, (1.1.4) and our hypothesis, there exists a constant M; > 0
such that

u(t)? < 4|cy| exp </t2|¢’(7)|d7) < M?

to
for all t > t5. On the other hand, since u is continuous, there exists a constant
M; > 0 such that |u(t)] < M, for all 0 <t < ¢, which completes the proof. [

Corollary 1.1.3. /28] Let ¢ : [0,00) — R be a differentiable function satisfying
o(t) — 1 ast — oo. Ewvery solution u : [0,00) — R of the linear differential

equation
W' () + d(t)u(t) =0 (1.1.5)

is bounded provided [ |¢/(t)]dt < occ.

1.1.2 Hyers-Ulam Stability of Linear Differential Equations of Second Or-

der

Given constants L > 0 and ty > 0, let U(L;ty) denote the set of all functions
u: [tg,00) — R with the following properties:

(1) u is twice continuously differentiable;
(i2) u(to) = u'(to) = 0;
) ftzo |/ (7)|dT < L.

We now prove the Hyers-Ulam stability of the linear differential equation (1.1.2)
by using the Gronwall inequality.

Theorem 1.1.4. [28] Given constants L > 0 and ty > 0, assume that
Y [tg,00) — R is a differentiable function with C = ftzo |Y'(T)|dT < oo and
A= infysy, ¥(t) > —1. If a function w € U(L;ty) satisfies the inequality

[ (t) + (1+0(t)u)| <e (1.1.6)
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for all t > tg and for some ¢ > 0, then there exist a solution uy € U(L;ty) of the
differential equation (1.1.2) and a constant K > 0 such that

u(t) —uo(t)| < Kv/e (1.1.7)

2L (¢
1+ 2P o+ )

Proof. We multiply (1.1.6) with |«/(t)] to get

—elu/ ()] < o' ()" () + u(t)u'(t) + (Hult)u'(t) < elu'(t)]

for all t > to. If we integrate each term of the last inequalities from ¢y to ¢, then
it follows from (i7) that

—5/ e |df<;u( + u /¢ )dng/tw(r)uT

for any t > t,.
Integrating by parts and using (iii), we have

for any t > ty, where

—eL < %u'(t)2 + ; (t)*+ @Z) — —/ V' (T)u(r)?dr < eL (1.1.8)

for all t > t,.
Since 14+ A > 0 holds for all ¢ > tg, it follows from (1.1.8) that

1+ A
2

1+)\

u(t < Sl (6 + 5 (14 (1) ulr)?

L2 1
4 (t Z
R 2

<eL+ = / V' (T)u(T)*dr

u(t)? <

<el+g / () u(r)?dr

2L€
t2<
t? < 25+ 1 [ Wl
for any t > t.

Applying Lemma 1.1.1, we obtain

u(t)’ < 12L€ (1 + A/ (T )

or
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for all ¢ > ty. Hence, it holds that
C ) 2Le

[u(®)] < eXp(z(l ) V1

for any ¢ > t5. Obviously, ug(t) = 0 satisfies the equation (1.1.2) and the conditions
(1), (#i), and (i7i) such that

[u(t) — uo(t)] < Kv/e

for all t > tg, where K = 12+L eXp(z(liA))' -

If we set ¢(t) := 1+1)(t), then the following corollary is an immediate consequence
of Theorem 1.1.4.

Corollary 1.1.5. [28] Given constants L > 0 and ty > 0, assume that
¢ @ [to,00) — R is a differentiable function with C : ft |¢/(T)|dT < oo and
A= infisy 0(t) > 0. If a function w € U(L;ty) satisfies the inequality

‘u"(t) + Qﬁ(t)u(t)‘ <e

for all t > tg and for some ¢ > 0, then there exist a solution uy € U(L;ty) of the
differential equation (1.1.5) and a constant K > 0 such that

[u(t) — uo(t)] < Kv/e

for any t > ty, where K := exp(%) %

Example 1.1.1. [28] Let ¢ : [0,00) — R be a constant function defined by

o(t) == a for allt > 0 and for a constant a > 0. Then, we have

C = [71¢(1)|dr =0 and X = infy>o ¢(t) = a. Assume that a twice continuously
differentiable function u : [0,00) — R satisfies u(0) = u'(0) = 0, [7|u/(7)|dT < L,

and
’u )+ o(t)u ’—‘u —l—au()‘gs

for all t > 0 and for some ¢ > 0 and L > 0. According to Corollary 1.1.5, there
exists a solution ug : [0,00) — R of the differential equation, y"(t) + ay(t) = 0,

such that
2L
u(t) — wo0)] < /e
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for any t > 0.
Indeed, if we define a function u : [0,00) — R by

cosvat + ————sinvy/at — a,

2x
u(t) = T )

Va(t+1)?
Va

where we set o = mL, then u satisfies the conditions stated in the first part

of this example, as we see in the following. It follows from the definition of u that

u'(t)—(( 20 20 >)cos\/_t—((\/aa L )sin\/at

t+1)2 (t+ t+1)2  a(t+1)3
and hence, we get u(0) = u'(0) = 0. Moreover, we obtain
2
0] < Y+ (2 2) i
(t+1)2 Vva (t+1)3
and

/Ooo |/ (7)|dr = /00o (2T++—\1/)52ad7+/000 (% - 2) ﬁcﬁ
=(2++Va)a+ (%—1)(1
=L

For any given € > 0, if we choose the constant o such that 0 < o < m,

then we can easily see that

‘u"(t) + au(t)‘

<|(- o+ eV

1 12 .
+((t+1)3 +%(t+1>4>asm\/5t—aa

S((tfw‘(tfl)‘*)“(% it 12>)O‘”O‘
a\/5+4a—|—2\/5+12a

Ja

<e

for any t > 0.
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Theorem 1.1.6. /28] Given constants L > 0 and ty > 0, assume that

Y [tg,00) — (0,00) is a monotone increasing and differentiable function. If a
function uw € U(L;ty) satisfies the inequality (1.1.6) for all t > ty and for some
e > 0, then there exists a solution ug € U(L;ty) of the differential equation (1.1.2)
such that

2Le
u(t) = w(t)] < 4/ 25

(1.1.9)

for any t > t,.
Proof. We multiply (1.1.6) with |u/(¢)| to get
—elu'(t)] < W' (t)u” (t) + w(t)u' (t) + Pu(t)u'(t) < el (t)]

for all £ > ty. If we integrate each term of the last inequalities from ¢, to ¢, then
it follows from (i7) that

—g/ e |dT<;u< 4 u /w (T)dfgg/t|u'(7)|d7

for any t > t,.
Integrating by parts, the last inequalities together with (iii) yield

—ngéu’(t)2+%u() + w ——/ V' (T)u(r)*dr < €L

for all t > tg. Then we have

1//(7) (7_)2 w(T) dr

W o)

1 )2
Z )odr + <
2 _2/1/) el <elL +

for any t > t,.
Applying Lemma 1.1.1, we obtain

WL\ )
e dT) = L)

for all ¢ > t, since 1 : [to,00) — (0,00) is a monotone increasing function. Hence,
it holds that

%W)u(t? < eLexp (

2Le
lu(t)] < Wt

for any ¢ > to. Obviously, uy(t) = 0 satisfies the equation (1.1.2), ug € U(L;ty),
as well as the inequality (1.1.9) for all ¢ > . O
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Corollary 1.1.7. [28] Given constants L > 0 and ty > 0, assume that
¢ [to,00) — (1,00) is a monotone increasing and differentiable function with
o(to) = 2. If a function uw € U(L;ty) satisfies the inequality

‘u"(t) + gb(t)u(t)‘ <e

for all t >ty and for some € > 0, then there ezists a solution ug € U(L;ty) of the
differential equation (1.1.5) such that

lu(t) — uo(t)| < V2Le
for any t > tq.
If we set ¢(t) := —1(t), then the following corollary is an immediate consequence
of Theorem 1.1.6.

Corollary 1.1.8. [28] Given constants L > 0 and ty > 0, assume that
¢ [to,00) — (—00,0) is a monotone decreasing and differentiable function with
o(to) = —1. If a function u € U(L;ty) satisfies the inequality

[u"(t) + (1 — o(t)u(t)| < e

for all t > tg and for some € > 0, then there exists a solution ug € U(L;ty) of the

differential equation
u"(t) + (1= o(t))u(t) =0
such that
lu(t) —up(t)| < V2Le
for any t > ty.

Example 1.1.2. /28] Let ¢ : [0,00) — (—00,0) be a monotone decreasing function
defined by ¢(t) :=e* —2 for allt > 0. Then, we have ¢(0) = —1. Assume that a
twice continuously differentiable function u : [0, 00) — R satisfies u(0) = «/(0) = 0,
J7 W (r)|dr < L, and

}u”(t) + (1 — qb(t))u(t)‘ = |u”(t) + (3 — e_t)u(t)| <e



Algifiary  Hyers-Ulam Sability of The Solutions of Differential Equations 9

for all t > 0 and for some € > 0 and L > 0. According to Corollary 1.1.8, there
exists a solution ug : [0,00) — R of the differential equation,
y'(t)+ (3 —e")y(t) =0, such that

Jult) — uo(t)] < V2Le

for any t > 0.
Indeed, if we define a function u : [0,00) — R by
u(t) :== L S 1o cost — g,
(t+1)3 2(t+1)? 2

2
43’

in the first part of this example, as we see in the following. It follows from the
definition of u that

where « is a real number with |a| < then u satisfies the conditions stated

u'(t) = __sa sint — 1o sint
(t+1)* 2(t+1)2
and hence, we get u(0) = u'(0) = 0. Moreover, we obtain
‘ ’ 3|a| 1 |af
- T3 (t+1)?

and

> > 3o 1 o
"(M)dr < —d ———————dr =L )
/0 ‘u(7’)|7_/0 1) T+/0 e T < 00

We can see that

[u"(t) + (3 — e ")u(t)]

< 12« - 3o - (4 _t) -
—sint — ——— cos —e sin
“(t+1)° (t+1)4 (t+1)3
2—et  « cost 3—et
— «
2 (t+1)?

12|« 3| 4|l |a] 3
< + el

(t+1)p  (@+D*  (t+1)3 (t+1)2 2

43
< —laf

2
<e

for any t > 0.
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1.2 Hyers-Ulam Stability of Nonlinear Differen-
tial Equations of Second Order

In the following theorems, we investigate the Hyers-Ulam stability of the nonlinear
differential equation

u"(t) + F(t,u(t)) = 0. (1.2.1)
Theorem 1.2.1. /28] Given constants L > 0 and ty > 0, assume that F : [ty, 00) X
R — (0,00) is a function satisfying F'(t,u(t))/F(t,u(t)) > 0 and F(t,0) =1 for
allt >ty and u € U(L;ty). If a function u : [ty,00) — [0,00) satisfies u € U(L;to)
and the inequality

[W"(t) + F(t,ut)| <e (1.2.2)

for allt >ty and for some € > 0, then there exists a solution uy : [ty, 00) — [0, 00)
of the differential equation (1.2.2) such that

lu(t) — uo(t)| < Le
for any t > t,.
Proof. We multiply (1.2.2) with |u/(¢)| to get
—elu' ()] < W' (H)u" () + F (¢, u(t)u'(t) < elu'(t)]

for all £ > ty. If we integrate each term of the last inequalities from ¢, to ¢, then
it follows from (i7) that

—5/ W (7)]dr < u() /F(T,u(r))u'(T)dTSa/t:|u’(7')|d7'

for any t > t,.
Integrating by parts and using (i), the last inequalities yield

—el < %u’(zﬁ)2 + F(t,u(t))u(t) — / F'(r,u(T))u(r)dr < eL

to
for all t > ty. Then we have

F(t,u(t)u(t) <eL+ [ F'(1,u(r))u(r)dr
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for any t > t.
Applying Lemma 1.1.1, we obtain

F(t,u(t))u(t) < eLexp (/t ];é:’—z((:))))dT) =cLF(t,u(t))

0

for all t > ty. Hence, it holds that |u(t)| < Le for any t > tog. Obviously, ug(t) =0
satisfies the equation (1.2.1) and uy € U(L;tg) such that

lu(t) —uop(t)| < Le
for all t > t,. O

In the following theorem, we investigate the Hyers-Ulam stability of the Emden-
Fowler nonlinear differential equation of second order

u'(t) + h(t)u(t)* =0 (1.2.3)
for the case where « is a positive odd integer.

Theorem 1.2.2. [28] Given constants L > 0 and ty > 0, assume that h : [tg, 00) —
(0,00) is a differentiable function. Let o be an odd integer larger than 0. If a

function u : [ty,00) — [0,00) satisfies u € U(L;ty) and the inequality
|[W(t) + h(t)u(t)*]| < e (1.2.4)

for all't >ty and for some € > 0, then there exists a solution ug : [tg, 00) — [0,00)
of the differential equation (1.2.3) such that

Le \'?
ult) - w1 < (155 )
for any t > to, where 8 :=a + 1.

Proof. We multiply (1.2.4) with |«/(2)] to get
—elu'(t)] < v (H)u" (1) + h(D)u(t) ' (t) < elu'(t)]

for all ¢ > ty. If we integrate each term of the last inequalities from ¢y to ¢, then
it follows from (i7) that

—e/t |u'(7)|dT < %u'(t)2+/t h(T)u(T)u' (7)dr Se/t |u/(7)|dT
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for any t > t.
Integrating by parts and using (7i7), the last inequalities yield

1 u(t)oHrl t u(7_>a+1
_ < _ / 2 NS / N <
&?L_2u(t) +h(t)a+1 /th(r) OH_ldT_&?L

for all ¢t > ty. for all t > ty. Then we have

t a+1 t a+1
U( ) S €L+/ h/(,]_)u(T)
a+1 to a+1

W), ()
§6L+/to h(T)h(T) ) dr

h(t) dr

for any t > t,.
Applying Lemma 1.1.1, we obtain

0" < ey ([ M) <o M0

o+

for all ¢t > tg, from which we have

u =

for all ¢t > tg. Hence, it holds that

ﬁLa)I/ﬁ

o) < (i

for any ¢t > to, where we set § = o+ 1. Obviously, ug(t) = 0 satisfies the equation

(1.2.3) and ug € U(L;ty). Moreover, we get

u(t) — uo(t)] < (%)1/5

for all ¢t > t,.

O

Given constants L > 0, M > 0, and ¢y > 0, let U(L; M;ty) denote the set of all

functions w : [tg, 00) — R with the following properties:

(7) w is twice continuously differentiable;

(i1") u(to) = u'(ty) = 0;
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(13d") |u(t)] < L for all t > to;
) S W (7)]dr < M for all t > t.

We now investigate the Hyers-Ulam stability of the differential equation of the
form

u”(t) 4 u(t) + h(t)u(t)’ =0, (1.2.5)
where [ is a positive odd integer.

Theorem 1.2.3. [28] Given constants L > 0, M > 0 and ty > 0, assume that
h: [tg,00) — [0,00) is a function satisfying C' = ft |W (T)|dT < 00. Let B be an
odd integer larger than 0. If a function u € U(L; M;ty) satisfies the inequality

|W(t) +u(t) + h(t)u(t)’| < e (1.2.6)

for all t >ty and for some € > 0, then there exists a solution ug : [tg,00) — R of
the differential equation (1.2.5) such that

ult) — woft) < VoI exp (2

for any t > ty.

Proof. We multiply (1.2.6) with |u/(¢)| to get

—elu/ ()] < o/ (Ou"(t) + u(t)' (8) + ~(u(t) (1) < elu'(t)]

for all £ > ty. If we integrate each term of the last inequalities from t; to ¢, then
it follows from (ii') that

e /t W(ldr < G 6P + 5uf + [ bu(nu(rr < c /t ! (7)|dr

to
for any t > t.
Integrating by parts and using (ii') and (iv’), the last inequalities yield

1
B+1

1 1 1 t
~eM < 00 + gultf + h0) )™ = 5 [ W) < e
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for all ¢ > ty. Then it follows from (#ii") that

IN
=
+
| — N~
=
2
[N}
=
S
I
—
2
iy
L
QU
\]

ﬁ

(m)? IR (7)][u(r)| "~ dr

AN
<
_l’_
DO
h
A
SN(*
o] — B2
<
—~
2
_»
=
S
QU
)

for any t > t,.
Applying Lemma 1.1.1, we obtain

torsl
to ﬁ + 1

for all ¢t > tg. Hence, it holds that

1 2CLP~1
éu(zf)2 < eM exp ( ¢ )

\h’(T)]dT) < eM exp ( 511

lu(t)| < v2Meexp (CﬁLj_ll)

for any t > t3. Obviously, ug(t) = 0 satisfies the equation (1.2.5) and wuy €
U(L; M;ty). Furthermore, we get

B-1
u(t) — uolt)] < VIME exp (%ﬁ : )

for all t > t,. ]

1.3 Hyers-Ulam Stability of Differential Equa-

tions with Boundary Conditions

Lemma 1.3.1. [29] Let I = [a,b] be a closed interval with —oco < a < b < co. If
y € C*(I,R) and y(a) = 0 = y(b), then

(b — a)2 "
< .
max [y(2)] < ——o——max |y"(z)|
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Proof. Let M := max ly(x)|. Since y(a) = 0 = y(b), there exists zq € (a, b) such
Te
that |y(x¢)| = M. By the Taylor’s theorem, we have

!

y(a) = y(xo) + y'(wo)(a — o) + 9 (a —x0)?,
) = ulao) + 9/ (o) (b — ) + LI (0 ay)?

for some &, 7 € [a,b]. Since y(a) = y(b) = 0 and 3/ (x¢) = 0, we get

2M 2M

ly"(§)] = ')l = b=z

(@ —x0)?
If 7o € (a, (a +b)/2], then we have

2M 2M SM
(CL—ZL‘Q>2 - (b—a)2 - (b_ CL)2'

V
|

If zg € [(a+b)/2,b), then we have

2M S 2M SM
(b—ZL’O)2 - (b—a)2 (b— a)g.

Hence, we obtain

8M 8
1!
> = .
N W2 G = oo R @)
Therefore,
(b — a)2 "
<
max [y(z)] < ——=—max |y"(z)],
which ends the proof. U

Lemma 1.3.2. [29] Let I = [a,b] be a closed interval with —oco < a < b < oo. If
y € C*(I,R) and y(a) = 0 = y/(a), then

(b—a)*
<
max |y(z)] < ——

1
max [y (z)].

Proof. By the Taylor’s theorem, we have

y(@) = y(a) + y'(a)(z — a) + 2
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for some ¢ € [a,b]. Since y(a) = y'(a) =0 and (z — a)? < (b — a)?, we get

|y”(£)| (b _ a)Q

<
()l < 5
for any x € I. Thus, we obtain
(b — a)2 "
<
max |y(z)| < ———max|y"(z)],
which completes the proof. O

In the following theorems, we prove the Hyers-Ulam stability of the following linear
differential equation

y'(2) + Ba)y(z) = 0 (1.3.1)

with boundary conditions
yla) =0=y(b) (1.3.2)

or with initial conditions
y(a) =0 =y'(a) (1.3.3)

where I = [a,b], y € C*(I,R), 3 € C(I,R), and —oco < a < b < oco.

Theorem 1.3.3. [29] Given a closed interval I = [a,b], let § € C(I,R) be a

function satisfying ma;<|ﬁ(:v)] < 8/(b—a)?. If a function y € C*(I,R) satisfies
IS

the inequality

" (z) + Bla)y(z)] <e, (1.3.4)

for all x € I and for some € > 0, as well as the boundary conditions in (1.3.2),
then there exist a constant K > 0 and a solution yo € C*(I,R) of the differential
equation (1.3.1) with the boundary conditions in (1.3.2) such that

ly(x) = yo(x)] < Ke

for any x € I.
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Proof. By Lemma 1.3.1, we have

(b B CL)2 "
max |y(z)| < = max|y"(z)|.

Thus, it follows from (1.3.4) that

@) < L max (@) + By + E2 max |82 max |y @)
e W)l = g AR YT 8 lmep PADIEERIYLT
(b—a)?  (b—a)?
< .
< g e+ g max|f(z)| max|y(z)|
Let C = % and K = m Obviously, yo = 0 is a solution of (1.3.1)

with the boundary conditions in (1.3.2) and

ly(x) — yo(z)| < Ke

for any x € I. O

Theorem 1.3.4. [29] Given a closed interval I = [a,b], let 5 : I — R be a
function satisfying rgngW(x)] < 2/(b—a)?. If a function y € C*(I,R) satisfies
the inequality (1.3.4) for all x € I and for some € > 0 as well as the initial
conditions in (1.3.3), then there exist a solution yo € C*(I,R) of the differential

equation (1.3.1) with the initial conditions in (1.3.3) and a constant K > 0 such
that

ly(z) —yo(x)| < Ke

for any x € I.

Proof. On account of Lemma 1.3.2, we have

(b — a)2 "
<
max |y(z)] < ————max|y"(z)].
Thus, it follows from (1.3.4) that
(b — a)2 " (b — a)2
<
max |y(z)| < ———max|y"(z) + S(z)y(z)| + max | 5(z)| max [y (z)]
)2 )2
_b—af (-a)

< 5 max |5(z)| max[y(z)]
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Let C := @ and K = m Obviously, yo = 0 is a solution of (1.3.1)

with the initial conditions in (1.3.3) and
ly(z) — yo(2)] < Ke
for all z € I. O

In the following theorems, we investigate the Hyers-Ulam stability of the differen-
tial equation

y' (@) + p(@)y () + q(z)y(x) = 0 (1.3.5)

with boundary conditions

y(a) =0=y(b) (1.3.6)

or with initial conditions

y(a) =0=1(a) (1.3.7)

where y € C*(I,R), pe CY(I,R), ¢ € C(I,R), and I = [a,b] with —co <a <b <
0.
Let us define a function g : I — R by

for all z € 1.

Theorem 1.3.5. [29] Assume that there exists a constant L > 0 with
—L < / p(r)dr < L (1.3.8)

for any x € I and malx\ﬂ(xﬂ < 8/(b—a)?. If a function y € C*(I,R) satisfies
xe
the inequality

ly" () + p(x)y'(z) + q(x)y(z)] < € (1.3.9)

for all x € I and for some ¢ > 0 as well as the boundary conditions in (1.3.6),
then there exist a constant K > 0 and a solution yy € C*(I,R) of the differential
equation (1.3.5) with the boundary conditions in (1.3.6) such that

ly(z) — yo(z)] < Kele

for any x € I.
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Proof. Suppose y € C?*(I,R) satisfies the inequality (1.3.9) for all z € I. Let us
define

u(z) ==y (x) + p(x)y'(x) + q(z)y(z), (1.3.10)

(z) == (@) exp(% /jp(f)df) (1.3.11)
for all x € I. By (1.3.10) and (1.3.11), we obtain
(o) + (ale) = 30 (ol )ale) =) exp 5 [ pirsar)

for all z € I.
Now, it follows from (1.3.8) and (1.3.9) that

< eel/?,

o)+ (a) - /(o) = Jpla? )=o)

() exp (% / mp(f)d7>

12" (2) + B(z)2(z)| < ee™?

that is,

for any « € I. Moreover, it follows from (1.3.11) that
z(a) =0 = z(b).

In view of Theorem 1.3.3, there exists a constant K > 0 and a function 2z, €
C*(I,R) such that

() + (q(x) _ %p/(x) _ ip(xf) zo(x) = 0, (1.3.12)
zo(a) = 0 = 2(b)
and
|2(z) — 2zo(z)| < Keel’? (1.3.13)
for all z € I.

We now set

vo(x) = z0(z) exp( _ %/:p(T)dT). (1.3.14)
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Then, since

1 1 [
+ Pt -5 [ o),
it follows from (1.3.12), (1.3.14), (1.3.15), and (1.3.16) that

Yo () + p(x)ys(w) + q(2)yo(z)

() + (4t0) = 30 = 390 Jante) ) exo (5 [ pirsar)

0

for all x € I. Hence, y, satisfies (1.3.5) and the boundary conditions in (1.3.6).
Finally, it follows from (1.3.8) and (1.3.13) that

(o) = (o)l = st e 5 [ o1 >_ZO< e 4 [ pirser)
~ o) =zl exp( 5 [ otrrar)
<K6€L/26Xp( %/ p(T )
< Kete
for all z € I. 0

Theorem 1.3.6. [29] Assume that there exists a constant L > 0 such that (1.3.8)
holds for all x € I. Assume moreover that max 1B(x)] < 2/(b—a)?. If a function
y € C*(I,R) satisfies the inequality (1.3.9) for all x € I and for some € > 0 as
well as the initial conditions in (1.3.7), then there exist a constant K > 0 and a
solution yy € C*(I,R) of the differential equation (1.3.5) with the initial conditions
n (1.3.7) such that

ly(z) — yo(x)| < Kele
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forany x € 1.

Proof. Suppose y € C%(I,R) satisfies the inequality (1.3.9) for any = € I. Let
us define u(z) and z(z) as in (1.3.10) and (1.3.11), respectively. By (1.3.10) and
(1.3.11), we obtain

for all x € I.
Now, it follows from (1.3.8) and (1.3.9) that

1 1

(o) + (alo) - 30/0) = (e ) (o)

< eel?,

u(z) exp (% / xp(T)dT)

2" (z) + B(x)z(x)| < cet/?

that is,

for all x € I. Furthermore, in view of (1.3.11), we have
z(a) =0=Z(a).

By Theorem 1.3.4, there exists a constant K > 0 and a function zy € C?*(I,R)
such that

and

for any = € I.
We now set
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and
Yo () =29 (2) eXp( - %/axp(f)dr) —p(x)zy() exp< - = /; p(T)dT)
- @awes( - [ pinir)
gl es( ~ 5 [ atryir)
we have

Yo () + p(z)yy(w) + q(2)yo(z)

( ( ) gp0) = 30?2 ) s 3 [ rvar)
0

for any x € I. Hence, y, satisfies (1.3.5) along with the initial conditions in (1.3.7).
Finally, it follows that

oo >exp(—§/x (- )—20< yeso( 3 [ otoyir)

ly(z) — yo(x)| =

for all z € I. O

In a similar way, we investigate the Hyers-Ulam stability of the differential equation

" k() I(z)
y'(z) + i) y'(z) + my(m) =0 (1.3.17)
with boundary conditions
y(a) =0 =y(b) (1.3.18)

or with initial conditions

y(a) =0=19(a) (1.3.19)
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where y € C*(I,R), k € C'(I,R\{0}), 1 € C(I,R), and —co < a < b < 00.
Given a closed interval I = [a, b], we set
l(z) 1dK() (k:’(x))Z
4

PO = 3@~ 2de k@) A\ M)

for all x € I.

Theorem 1.3.7. [29] Assume that there exists a constant L > 0 with

- T K (7) _
Lg/ T <L (1.3.20)

for any x € I and Iileaij( z)| < 8/(b—a)?. If a function y € C*(I,R) satisfies
the inequality

E'(x l(x

for all x € I and some ¢ > 0, as well as the boundary conditions in (1.3.18),
then there exist a constant K > 0 and a solution yy € C*(I,R) of the differential
equation (1.3.17) with the boundary conditions in (1.3.18) such that

ly(x) — yo(x)| < Kete

y"(x) +

y(:r;)‘ <eg, (1.3.21)

for any x € I.
Proof. Suppose y € C*(I,R) satisfies (1.3.21) for all z € I. Let us define

. K (x) lz)
u(r) =y (z) + (x)y( ) + k( )y( ),

k
(a exp(; / i ) (1.3.23)

for all z € I. By (1.3.22) and (1.3.23), we obtaln
7@+ (16 s i () )0 =@ (3 [ 550)

Further, it follows from (1.3.20) and (1.3.21) that

01+ (15~ s -1 (7)) -

(1.3.22)
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that is,
|2"(2) + B(w)z(z)| < ee™?
for all x € I. Moreover, it follows from (1.3.18) and (1.3.23) that
z(a) =0 = z(b).

By Theorem 1.3.3, there exists a constant K > 0 and a function zg € C?(I,R)

such that
o+ (1545804583 Y-

zo(a) =0 = 2(b)

and
|2(2) — 20(x)| < Keel/?

for any x € I.
We now set

vt =atoren( =3 [ )
Then, since

1= {3 [ 450) o -4 [ 20

and
o) =g - 5 [ o) - mawen( - 5 [ D)
(i) e (-5 [ 55
) e [0 )
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Hence, yo satisfies (1.3.17) along with the boundary conditions in (1.3.18).
Finally, it follows that

19(2) — wo(2)| = [2(a) exp( -5 [ dT) — () exp( -5 [ dr) \
= [2(z) — 2(2) exp( -2 j ’Zé:)) dT)
< Keel/? eXp( — %/j IZ((TT)) dr)
< Kele
forall z € 1. O

By a similar method as we applied to the proof of Theorem 1.3.6, we can prove
the following theorem. Hence, we omit the proof.

Theorem 1.3.8. [29] Assume that rrxl?;<|5(x)| < 2/(b— a)? and there erists a
constant L > 0 for which the inequality (1.3.20) holds for all x € I. If a function
y € C*(I,R) satisfies the inequality (1.3.21) for all x € I and for some ¢ > 0
as well as the boundary conditions in (1.3.19), then there exist a constant K > 0
and a solution yy € C*(I,R) of the differential equation (1.3.17) with the boundary
conditions in (1.3.19) such that

ly(z) — yo(z)] < Kele

for any x € I.

Now, we give the definition of superstability with initial and boundary conditions.

Definition 1.3.9. [18] Assume that for any function y € C"[a,b], if y satisfies
the differential inequality

lo(fy. 0, y™)| <e

for all x € [a,b] and for some € > 0 with initial(or boundary) conditions, then

either y is a solution of the differential equation

o(fy.9s . y™) =0 (1.3.24)
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or ly(x)| < Ke for any x € [a,b], where K is a constant not depending on y ex-
plicitly. Then, we say that Eq.(1.3.24) has superstability with initial(or boundary)
conditions.

In the following theorem, we investigate the stability of differential equation of
higher order in the form of

y ™ (z) + B(x)y(x) =0 (1.3.25)

with initial conditions

y(a) =y (a)=-- =y V(a) =0, (1.3.26)
where n € N*, y € C"[a,b], 3 € C°a,b], —oo < a < b < +o00.

Theorem 1.3.10. /18] If max |f(x)| < Ty Then (1.8.25) has the superstability
with initial conditions (1.3.26).
Proof. For every ¢ > 0, y € C?[a,b)], if |y x)+ Bz | < e and y(a) =
y(a) =---=y™Y(a) = 0. Similarly to the proof of Lemma 1.3.2,
(n—1)
(o) = o)+ o —a) 4 Lyt e

Thus e ( )

Y (g n n b—a)"

ly(x)| = - (x —a) ’ < max‘y( )(x){ —

for every x € [a, b]; so, we obtain

maxly(@)] < = fmaxly(w) + )] + O max |8(w)y(a)

(b—a  (b—a)

< e + n! max |5(z)| max |y(z)|.
Let n = (b;‘f)n max |8(z)], K = &= (1 77) It is easy to see that
ly(z)] < Ke.
Hence (1.3.25) has superstability with initial condtions (1.3.26). O

In the following theorems, we investigate the superstability of the differential equa-
tion
Y™ (@) + anay™ V(@) + -+ ary/ () + agy(x) = 0 (1.3.27)

with initial conditions

y(a) =y'(a) = =y" V() =0, (1.3.28)
where y € C"(I,C), a; € R(i =0,1,--- ,n—1), I =la,b], —00 < a <b< +o0.
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Lemma 1.3.11. [19] Assume that y € C'(I,C) and C € {z € C||z| < ;=}. If
ly'(x) — Cy(x)| < e
with y(a) = 0, then there exists a constant K > 0 such that

ly(z)| < Ke.

Proof. Let y(z) = A(x)+i-B(x), where i denotes imaginary unit and A(z), B(z) €
CY(I,R). Since y(a) = 0, we have

A(a) =0 and B(a) = 0;
By Taylor formula, we obtain

max |A(z)] < (b —a)max |A'(z) — CA(x)| + |C] - (b — a) max |A(x)|
< (b —a)max|y'(z) — Cy(z)| +[C| - (b — a) max [A(z)|
< (b—a)e+|C|- (b—a)max|A(z)]
and
max |B(z)| < (b—a)e +|C] - (b — a) max |B(x)|.
Since C € {z € C||z| < 7}, there exists a constant K such that

max |y(z)| < \/maX|A(x)\2 + max |B(z)|” < Ke.
U

Theorem 1.3.12. [19] If all the roots of the characteristic equation are in the disc
{z € Cl|z| < 3%}, then (1.3.27) has superstability with initial conditions (1.3.28).

Proof. Assume that \i, Ao, -+, A, are the roots of the characteristic equation
N4 @ A @A+ ag=0.

Define gy (z) = v'(z) — My(z) and g;(z) = gi_; () — Nigi—1(x)(i = 2,3,--- ,n—1),
thus

[9-1(2) = Agu—1(2)] = [y (@) + anay™ D (@) + -+ @y () + agy(2)] < e,

and g;(a) =0 for every 1 = 1,2,--- ,n — 1.
Since the absolute value of A, < ﬁ and g¢,-1(a) = 0, it follows from Lemma

1.3.11 that there exists a K; > 0 such that

|9n—1(2)] < Kye.
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Recall g,—1(x) = g,_o(2) — A—1gn—2(z), we have

}9:@—2(1') - /\n—lgn—2(x)’ < Kie.

By an argument similar to the above and by induction, we can show that there
exists a constant K > 0 such that

ly(z)| < Ke.

This completes the proof of our theorem. O



Chapter 2

Generlaized Hyers-Ulam Stability

of Differential Equations

2.1 Generlaized Hyers-Ulam Stability of Linear

Differential Equations

Throughout this section, F will denote either the real field R or the complex field
C. A function f : (0,00) — F is said to be of exponential order if there are
constants A, B € R such that

f(t)] < Ae'®

for all ¢ > 0. For each function f : (0,00) — F of exponential order, we define the
Laplace transform of f by

F(s) = /000 f(t)e *tdt.

There exists a unique number —oco < o < oo such that this integral converges
if R(s) > o and diverges if R(s) < o, where R(s) denotes the real part of the
(complex) number s. The number o is called the abscissa of convergence and
denoted by oy. It is well known that |F'(s)] — 0 as R(s) — co. Furthermore, f is
analytic on the open right half plane {s € C : R(s) > o} and we have

d F(s)=— /OO te ' f()dt  (R(s) > o).

ds 0

The Laplace transform of f is sometimes denoted by L(f). It is well known that
L is linear and one-to-one.
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Conversely, let f(t) be a continuous function whose Laplace transform F'(s) has
the abscissa of convergence oy, then the formula for the inverse Laplace transforms
yields
1 a+iT 1 [ A
f(t) = =— lim F(s)e*ds = %/ TR (o + iy dy

271 T—o0 a—iT

for any real constant a > oy, where the first integral is taken along the vertical line
R(s) = o and converges as an improper Riemann integral and the second integral
is used as an alternative notation for the first integral (see [1]). Hence, we have

/ f(Hetdt (R(s) > o)

LHF)) = o / et (o 1 ig)dy (o> o).

The convolution of two integrable functions f, g : (0,00) — F is defined by

= [ 1ttty
Then L(f xg) = L(f)L(g).

Lemma 2.1.1. [12] Let P(s) = . ags® and Q(s) = > Bis®, where m,n are
k=0 k=0
nonnegative integers with m < n and oy, P are scalars. Then there exists an

infinitely differentiable function g : (0,00) — F such that

and -
g(i)(O):{O (forie{0,1,...,n—m —2}),
B/ (fori=n—m—1)
where o, = max{R(s) : P(s) = 0}.

Lemma 2.1.2. [12] Given an integer n > 1, let f : (0,00) — F be a continuous
function and let P(s) be a complex polynomial of degree n. Then there exists an n
times continuously differentiable function h : (0,00) — F such that

L(f)
P(s)

£(h) = (R(s) > max{o. 7)),

where 0, = max{R(s) : P(s) = 0} and oy is the abscissa of convergence for f. In
particular, it holds that h'Y)(0) = 0 for everyi € {0,1,...,n —1}.
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Let F denote either R or C. In the following theorem, using the Laplace trans-
form method, we investigate the generalized Hyers-Ulam stability of the linear
differential equation of first order

y(1) + ay(t) = f(2). (2.1.1)

Theorem 2.1.3. [30] Let « be a constant in F and let ¢ : (0,00) — (0,00) be
an integrable function. If a continuously differentiable function y : (0,00) — F

satisfies the inequality
' () + ay(t) = f(B)] < o(t) (2.1.2)

for all t > 0, then there exists a solution y, : (0,00) — F of the differential
equation (2.1.1) such that

t
o(6) = a(t)] < e [ M)
0
for any t > 0.
Proof. If we define a function z : (0,00) — F by z(t) := ¢/(t) + ay(t) — f(t) for

each t > 0, then
y(0) + L£(f) _ L(2)

L) - TR = =5 (2.1.3)
If x(;ive set Yo(t) :=y(0)e ™ + (E_, * [)(t), where E_,(t) = e~ then y,(0) = y(0)
(g = WD) _1a0)+ 1) -

Hence, we get

L(yn(t) + aya(t)) = sLYa) — ¥a(0) + aL(ya) = L(f).

Since L is a one-to-one operator, it holds that

Ya(t) + aya(t) = f(2).

Thus, y, is a solution of (2.1.1).
Moreover, by (2.1.3) and (2.1.4), we obtain L(y) — L(ya) = L(F_a * z). Therefore,
we have

Y(t) = Ya(t) = (B x 2)(1). (2.1.5)
In view of (2.1.2), it holds that

|2(t)] < (%) (2.1.6)
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for all ¢ > 0, and it follows from the definition of convolution, (2.1.5), and (2.1.6)
that

Y1) = ya(t)] = [(E—a * 2) (1))

/0 E ot —x)z(x)dx
< /0 le”

< e~ Rt /te @2 (2)da

for all t > 0. (We remark that fg R (z)dx exists for each ¢ > 0 provided ¢ is
an integrable function.) O

a(t—z) ‘g&(l’)dl’
R

Corollary 2.1.4. [30] Let o be a constant in F and let ¢ : (0,00) — (0,00) be an
integrable function such that

t
/ RO () d < Kop(t) (2.1.7)
0

for allt > 0 and for some positive real constant K. If a continuously differentiable
function y : (0,00) — F satisfies the inequality (2.1.2) for all t > 0, then there
exists a solution y, : (0,00) — F of the differential equation (2.1.1) such that

Y1) = ya(t)] < Kep(t)

for any t > 0.

In the following remark, we show that there exists an integrable function ¢ :
(0,00) = (0, 00) satisfying the condition (2.1.7).

Remark 2.1.5. [30] Let o be a constant in F with R(o) > —1. If we define
o(t) = Ae® for all t > 0 and for some A > 0, then we have

t t
/ 6%(&)(m—t)@(x)d‘r _ / e%(a)(m—t)Aeacdl,
0 0

. 1 t —R(a)t
1+ R(a) (Ae Ae )

< ()
~ 14+ R(a) 7
for each t > 0.
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Now, we apply the Laplace transform method to the proof of the generalized
Hyers-Ulam stability of the linear differential equation of second order

y'(t) + By () + ay(t) = (D). (2.1.8)

Theorem 2.1.6. [30] Let o and [ be constants in F such that there ezist a,b € F
with a +b = —f, ab = «, and a # b. Assume that ¢ : (0,00) — (0,00) is an
integrable function. If a twice continuously differentiable function y : (0,00) — F

satisfies the inequality

[y (8) + By (1) + ay(t) — f(1)] < (1) (2.1.9)

for allt > 0, then there ezists a solution y. : (0,00) — F of the differential equation
(2.1.8) such that

Ryt .
bt w01 < 1 [ s (7 [0t

for allt > 0.

Proof. If we define a function z : (0,00) — F by z(t) := ¢"(t)+ 5y (t)+ay(t)— f(t)
for each t > 0, then we have

L(z) = (s* 4 Bs + a) L(y) — [sy(0) + By(0) + /' (0)] — L(f). (2.1.10)
In view of (2.1.10), a function yq : (0,00) — F is a solution of (2.1.8) if and only if
(2 + B5 + ) L(yo) — 590(0) — [330(0) + 4 (0)] = £(). 21.11)

Now, since s? + s+ a = (s — a)(s — b), (2.1.10) implies that

_sy(0) +[6y(0) +y' O+ £(f) _  £L(2)
£0) (s —a)(s—D) (s—a)(s—b) (2.1.12)
If we set

e(0) 1= 1OV S (3 0) + y ONEualt) + (Baax )0, (2113)

where E,;(t) := ea;:e then y.(0) = y(0). Moreover, since

aQeat . b26bt aeat - bebt d
T+ BY(0) + Y (O] + - (Banx H)(0),

eat t ebt t
(Bus* F)(1) = b/o G b/o e f(2)d
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we have
410) = 50} =2 ¢ [3y(0) +/(0)) 2=
= (a+b)y(0) + By(0) + y'(0)
=y/(0).
It follows from (2.1.13) that
£(y,) = 59e(0) + [8yc(0) + 5e(0)] + L£(f) (2.1.14)

(s —a)(s—b)

Now, (2.1.11) and (2.1.14) imply that y, is a solution of (2.1.8). Applying (2.1.12)

and (2.1.14) and considering the facts that

Y.(0) = y(0), y.(0) = ¢/(0), and L(E.p * ) = %, we obtain

L(y) — L{ye) = L(Eay * =) or cquivalently, y(t) — yu(t) = (Eap = 2)(0).

In view of (2.1.9), it holds that |z(t)| < ¢(t), and it follows from the definition of
the convolution that

y(t) = ye(B)] = [(Eap * 2)(1)]
e%(a)t t

< e
la—b| Jo

N ROt it
O a)da + i [ Op(a)ds
0

la

for any ¢ > 0. We remark that fot e M7 p(z)dx and fot e RO (1) dx exist for any
t > 0 provided ¢ is an integrable function. O

Corollary 2.1.7. [30] Let « and (3 be constants in F such that there exist a,b € F
with a +b = —f, ab = «, and a # b. Assume that ¢ : (0,00) — (0,00) is an

integrable function for which there exists a positive real constant K with
t
/ (e%(“)(t’x) + e%(b)(t’m))w(x)dx < Ko(t) (2.1.15)
0

for allt > 0. If a twice continuously differentiable function y : (0,00) — F satisfies
the inequality (2.1.9) for all t > 0, then there exists a solution y. : (0,00) — F of
the differential equation (2.1.8) such that

ly(t) = e(t)] < w(t)

o — 0]
for allt > 0.
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We now show that there exists an integrable function ¢ : (0,00) — (0, 00) which
satisfies the condition (2.1.15).

Remark 2.1.8. [30] Let o and 8 be constants in F such that there exist a,b € F
with a+b=—0, ab=a, R(a) <1, R(b) < 1, and a # b. If we define p(t) = Ae'
for all t > 0 and for some A > 0, then we get

t
/ (eé}%(a)(t—ac)_’_6§R(b)(t_m))gp(x)dl‘
0

t
— / (€§R(a)(t7w)_i_eﬂ?(b)(tf:r))Aexdx
0

A
1—3%(5)(

< (v * 1o )0

ol — €§R(a)t) + t §R(b)t)

e —€

for all t > 0.

Similarly, we apply the Laplace transform method to investigate the generalized
Hyers-Ulam stability of the linear differential equation of nth order

YO0+ 3 a0 = (1) (2.1.16)

Theorem 2.1.9. [30] Let ag, v, ..., be scalars in F with o,, = 1, where n
is an integer larger than 1. Assume that ¢ : (0,00) — (0,00) is an integrable
function of exponential order. If an n times continuously differentiable function

y: (0,00) — F satisfies the inequality

< p(t) (2.1.17)

S0+ 3 ™) - 1)

for all t > 0, then there exist real constants M > 0 and o, and a solution y. :
(0,00) = F of the differential equation (2.1.16) such that

(1) — ye(t)] < M / £ (1)

for allt >0 and o > oy.
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Proof. Applying the integration by parts repeatedly, we derive

E(y(k — gk ZkJ(Jl

for any integer £k > 0. Using this formula, we can prove that a function yq :
(0,00) — F is a solution of (2.1.16) if and only if

Zaksﬁyo Zastk J J 1)
—Z%Sﬁyo ZZO%S (()j Y )

J=1 k=j
= Poo(s)L(yo) — Z P i(s)y§ = (0), (2.1.18)
=1
where P, ;(s) := Z st for j €{0,1,...,n}.

=Jj
Let us define a functlon z:(0,00) = F by

2(t) = y™(t) + i oy ® (1) — f(t) (2.1.19)

for all £ > 0. Then, similarly as in (2.1.18), we obtain

L(z) = Poo(s)L(y) — Z P j(s)yV=D(0) = L(f)-

Hence, we get

1 - _ £L(z)
Lly) — ——— P, (s)yUD(0) + L = . 2.1.20
W)~ 55 (Z SII0)+ () | = 72 (2.1.20
Let oy be the abscissa of convergence for f, let sq,s9,...,s, be the roots of the

polynomial P, o(s), and let 0, = max{R(sx) : k € {1,2,...,n}}. For any s with
R(s) > max{oy, 0, }, we set

G(s) == - i(s) (Z P, ;(s)y"=1(0) +£(f)> . (2.1.21)
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By Lemma 2.1.2, there exists an n times continuously differentiable function f
such that

L(f)
L = 2.1.22
(fo) Pmo(s) ( )
for all s with R(s) > max{oy, 0, } and
£7(0) =0 (2.1.23)
for any 7 € {0,1,...,n —1}.
For j € {1,2,...,n}, we note that
jil .
LS
; 1 _
Pujls) _ 1 i (2.1.24)

Puo(s) 1 s1Pyols)
for every s with R(s) > max{0,0,}. Applying Lemma 2.1.1 for the case of
-1 ,
Q(s) = > axs® and P(s) = s7B,(s), we can find an infinitely differentiable

k=0
function g¢; such that

j—1
Z aksk
Lg) =2 2.1.25
0) = b (2129
and g](-k)(()) =0 for k€{0,1,...,n—1}.
Let .
—tj_l 2.1.26
fi(®) G — 1) g;(t) ( )
for j € {1,2,...,n}. Then we have
s 0 (forie{0,1,...,7—2,5,7+1,....n—1}),
£7(0) = ! (2.1.27)
1 (fori=j5—1).

If we define .
ye(t) =Dy 0) f5(1) + fold),
j=1

then the conditions (2.1.23) and (2.1.27) imply that

y(0) = y(0) (2.1.28)
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for every ¢ € {0,1,...,n — 1}. Moreover, it follows from (2.1.21) to (2.1.28) that

Zyﬂ D(0)L(f;) + L(fo)
_ J— 1) - [’(f)
Zy (83 £(9])) + Pn,O(S)
> (Z P, ;(s)y"=1(0) + E(f)) (2.1.29)

for each s with R(s) > max{0, o7, 0, }.

Now, (2.1.18) implies that y. is a solution of (2.1.16). Moreover, by (2.1.20) and
(2.1.29), we have

£0y) — Ly = ;(—8)

Applying Lemma 2.1.1 for the case of Q(s) = 1 and P(s) = P, (s), we find an
infinitely differentiable function ¢ : (0,00) — F such that

(2.1.30)

1
L(g) = 2.1.31
9= (213)
which implies that
1 1 [ , 1
= - / (et d
7 (Pn,o<s>) ) Paolatiy)

for any real constant a > o,.
Moreover, it holds that

- a+1 —x 1
ot =1 5 |1

1
a(t—x) d
e —_
o /oo Poola+iy) "

1 & 1
< _ea(t—ac) / )
T o Puola+ iy

IN

< Meot=2) (2.1.32)
for all o > o, where
1 [ 1
M=— ——dy < o0,
27-(/00|Pn0(a+zy)| Y
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because n is an integer larger than 1. By (2.1.17) and (2.1.19), it also holds that
|2(t)] < p(t) for all ¢ > 0.
In view of (2.1.30), (2.1.31), and (2.1.32), we get

L(y) = L(ye) = L(9)L(2) = L(g * 2).

Consequently, we have y(t) — y.(t) = (g * z)(t) for any ¢ > 0. Hence, it follows
from (2.1.17), (2.1.19), and (2.1.32) that

t t
(6) = lt)] = g 20 < [ lgtt = D)le(@lds <M [ (o
0 0
for all ¢ > 0 and for any real constant o > o4, which completes the proof. 0
Corollary 2.1.10. [30] Let o, vy, ..., o, be scalars in F with o, = 1, where n is

an integer larger than 1. Assume that there exist real constants o and K > 0 such

that a function ¢ : (0,00) — (0,00) satisfies

t
/ ) o(2)de < Koplt)
0

for allt > 0. Moreover, assume that the constant o, given in Theorem 2.1.9 is less
than «. If an n times continuously differentiable function y : (0,00) — F satisfies
the inequality (2.1.17) for all t > 0, then there exist a real constants M > 0 and a
solution y. : (0,00) — F of the differential equation (2.1.16) such that

ly(t) — ye(t)] < KM (1)

for allt > 0.

Remark 2.1.11. [30] Assume that o < 1. If we define o(t) = Ae' for all t > 0
and for some A > 0, then we get

t t
A
/ e p(2)da :/ =) AP dy = N (" —e) <
0 0

— 11—«

for allt > 0.



Algifiary  Hyers-Ulam Sability of The Solutions of Differential Equations 40

2.2 Generlaized Hyers-Ulam Stability of Differ-

ential Equations with boundary Conditions

2.2.1 Generalized Superstability of Differential Equations with Initial Con-
ditions

In this subsection, we investigate the generalized superstability of linear differential
equation of nth-order in the form of

Y™ (@) + B(a)y(z) =0, (2.2.1)

with initial conditions

y(a) =y (a) =---=y" V() =0, (2.2.2)

where n € N*, y € C"[a,b], 3 € C°a,b], —oo < a < b < +o00.

In addition to that we investigate the generalized superstability of differential
equations of second order in the form of y”(z) + p(z)y'(z) + ¢(x)y(x) = 0 and the
superstability of linear differential equations with constant coefficients.

First of all, we give the definition of generalized superstability with initial and
boundary conditions.

Definition 2.2.1. [19],[25] Assume that for any functiony € C"[a,b], if y satisfies
the differential inequality

le(fy.y, . y™)| < ola)

for all z € [a,b] and for some function ¢ : [a,b] — [0, 00) with initial(or boundary)

conditions, then either y is a solution of the differential equation

o(foyy....,y"™) =0 (2.2.3)

or |y(x)| < ®(x) for any x € [a,b], where ® : I — [0,00) is a function not de-
pending on y explicitly. Then, we say that Eq.(2.2.3) has generalized superstability

with initial(or boundary) conditions.

In this subsection, given the closed interval I = [a,b], we assume that ¢ : [ —
[0,00) and let M (p(z)) denote max ¢4, [p(7)| for every p € C(I,R).
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Theorem 2.2.2. [19] If |5(z)| < n!/(b—a)" for every x € I, then Fq.(2.2.1) has

generalized superstability with initial conditions (2.2.2).

Proof. Suppose that a function y € C"(1,R) satisfies the inequality

[y &) + Bay(z)] < ola). (2:2.4)
for all x € I,
By Taylor formula, we have
(n-1)(q (n)
o) =3(@) + (@) - )+t =t oy
Therefore, .
o)l =y o = o] < Mg
for every x € [a, b]. Then,
M) < M (M0 )
<M (M(y"(z))) M ((”3 ;f””)
= My )
Thus
M(y(x) < My () =
< = DN (@) + B(@) + M) My ()
< TN (o) + O )M ().

n

Let Cy =1— M max |3(z)|. It easy to see that

n

(z = a)"

M (y(a)) < M (p(a)

Moreover, |y(z)] < M (y(x)), which completes the proof of our theorem. O

In the following theorem, we investigate the generalized superstability of the dif-
ferential equation

"

y'(2) +p)y (@) + g(2)y(z) = 0 (2.2.5)
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with initial conditions

y(a) =0 =y (), (2.2.6)
where y € C?[a,b], p € Cla,b], ¢ € C%a,b], —0o < a <b< +oo0.
Theorem 2.2.3. [19] If max{q(z) — +p'(z) — 1@} < 2/(b—a)?, then (2.2.5) has
generalized superstability with initial conditions (2.2.6).

Proof. Suppose that y € C?[a, b] satisfies the inequality

y'(x) +pa)y (2) + q(2)y(e)| < (x). (2.2.7)
Let

u(z) = y' () + pla)y (x) + q(x)y(x), (2.2.8)
for all « € [a,b], and define z(x) by

xT

y(x) = z(x)exp(—%/p(T)dT). (2.2.9)

a

By a substitution (2.2.9) in (2.2.8), we obtain

From (2.2.6) and (2.2.9) we have
z(a) =0 = z(b). (2.2.10)

It follows from Theorem 2.2.2 that there exists a constant C; > 0 such that

xT

o)) < M elaean( [ aryan

a
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From (2.2.9) we have

(x —a)™ 1 [ [
)| < M wlalean(y [ piryan) | eap(— [ pirian),
Thus (2.2.5) has generalized superstability with initial conditions (2.2.6). O

2.2.2 Hyers-Ulam-Rassias Stability of Linear Differential Equations with

Boundary Conditions
Lemma 2.2.4. [2/] Let y € C"[a,b] and satisfies the initial conditions
y(a) = ¢'(a) = - =y V() =0, (22.11)

then max |y(x)| < (b_n—‘,l)n max |y (z)|.

Proof. By Taylor formula, we have

0 = o)+ @) —a) 4+ L oy e
We have (z —a)™ < (b —a)™. Therefore,
() )
o)l = [P - | < sy
for every x € [a, b]. O

In the following theorems, we prove the Hyers-Ulam-Rassias stability of the fol-
lowing linear differential equation

y'(x) + Blx)y(x) = 0 (2.2.12)

with boundary conditions
y(a) =0=y(b) (2.2.13)

or with initial conditions
y(a) =0=1y (a) (2.2.14)

where I = [a,b],y € C*(I,R), B € C(I,R), —0o < a <b< +oo0.

Given the closed interval I and a function g : I — R, define a function f: I — R
by
flx) =y (x) + B(x)y(x), (2.2.15)

for all x € I.
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Theorem 2.2.5. [24] Given the closed interval I and a function 5 : I — R,
assume that ¢ : I — [0,00) is a dicreasing (increasing) function and maz |B(x)| <
8/(b—a)% If a function y € C*(I,R) satisfies the inequality

Y (2) + Bla)y(x)| < pla), (2.2.16)
for all x € I, with boundary conditions (2.2.13) such that the function (2.2.15) is

increasing (decreasing) function then there exist a constant K > 0 and a solution
yo € C*(I,R) of the differential equation (2.2.12) with boundary conditions (2.2.13)
such that

y(x) = yo(z)| < Ko(z) (2.2.17)
for any x € I.
Proof. We have by Lemma 1.3.1 that
b—a)? "
mazx |y(z)| < ( 3 ) max‘y (m)‘
Thus
b—a)? b—a)?
maz ly(e)| < O L mar |y () + 8@ + L mas (@) mar ly(z)
b—a)? b—a)?
< O o)+ O e 5(a) ma o).
Let C = ) , K = m Obviously, yo(z) = 0 is a solution of (2.2.12)

|
with boundary condltlons (2.2.13) and

[y(x) = yo(@)] < K ().
U

Theorem 2.2.6. [24] Given the closed interval I and a function § : I — R,
assume that ¢ : I — [0,00) is a decreasing (increasing) function and mazx |B(x)| <
2/(b—a)?® If a function y € C*(I,R) satisfies the inequality (2.2.16) for all
x € I, with initial conditions (2.2.14) such that the function (2.2.15) is increasing
(decreasing) then there exist a solution yy € C*(I,R) of the differential equation
(2.2.12) and a constant K > 0 such that

ly(z) = yo(2)| < Ko(x) (2.2.18)

for any x € I.
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Proof. We have by Lemma 1.3.2 that

maz (@) < L mar|y ).
Thus
mazr lye)] < OV mar (@) + @) + O mar 8(0) mas (o)
< P2 otwy + O L a5 ma ()]
Let C = (b_Qa)2, K = #awlﬂ(ac)l Obviously, yo(z) = 0 is a solution of (2.2.12)
with initial conditions (2.2.14) and |y(z) — yo(z)| < K ¢(x). O

In the following theorems investigate the Hyers-Ulam-Rassias stability of linear
differential equation of nth - order

y(")(x) + p(x)y(x) =0, (2.2.19)

with initial conditions (2.2.11).

Given the closed interval I = [a,b] and a function 8 : I — R, define a function
f:I—Rby
f(x) =y"(2) + B(x)y(z), (2.2.20)

for all x € I.

Theorem 2.2.7. [24] Given the closed interval I and a function § : I — R,
assume that ¢ : I — [0,00) is a decreasing (increasing) function and max |B(x)| <
n!/(b—a)". If a function yo € C"[a,b] satisfies the inequality

y"(z) + B(x)y(z)| < ¢(x), (2.2.21)

for all x € I, with initial conditions (2.2.11) such that the function (2.2.20) is
increasing (decreasing) then there exist a solution yo € C™(I,R) of the differential
equation (2.2.19) and a constant K > 0 such that

ly(z) = yo(x)| < Kep(z) (2.2.22)

for any x € I.
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Proof. We have by Lemma 2.2.4 that

maz y(r)| < b ;!a)"

maz |y (z)] .

Thus

(b—a)"
n!

maz ly(x)| < (b ;'a>nmax ly"(z) + B(x)y(x)| +

< (b;—!a)”(p(w) i (b;_!a)n

maz |5(z)| maz |y(z)]

maz |B(x)| maz [y(z)]

Let C) = %, K = m Obviously, yo(x) = 0 is a solution of (2.2.19)

with initial conditions (2.2.11) and |y(x) — yo(z)| < K ¢(z). d



Chapter 3

Hyers-Ulam Stability of System

of Differential Equations

3.1 Hyers-Ulam Stability of Linear System of Dif-

ferential Equations

In this section, by applying the fixed point alternative method, we give a necessary
and sufficient condition in order that the first order linear system of differential
equations Z(t) + A(t)z(t) + B(t) = 0 has the Hyers-Ulam-Rassias stability and
find Hyers-Ulam stability constant under those conditions. In addition to that, we
apply this result to a second order differential equation

gt) + f@)y(t) + g@)y(t) + h(t) = 0.
Also, we apply to differential equations with constant coefficient in the same sense
of proofs.

3.1.1 Preliminaries and Auxiliary Results

Definition 3.1.1. ([7]./2].[47]) Let I be any interval, let z : I — R*, A: 1 —
R™" B:I — R", then

2t) + A(D)z(t) + B(t) = 0 (3.1.1)

is Hyers-Ulam-Rassias stable with respect to ¢ : I — [0,00), with, ||z(t)| =

n
> lzi(t)|, if there exists a real constant K > 0 such that for each solution s €
i=1
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CHI,R™) of inequality
12(2) + A(t)z(t) + B(1)]| < (1)
there exists a solution z € C*(I,R") of equation (3.1.1) with
ls(t) = 2(B)]l < Ke(t)
LVt e I

Definition 3.1.2. For a nonempty set X, a function d : X x X — [0, 00] is called

a generalized metric on X if and only if d satisfies :
(1) d(z,y) =0 if and only if x = y;
(17) d(z,y) = d(y,x) for all z,y € X ;

(i17) d(z,z) < d(x,y) + d(y, z) for all x,y,z € X.

Theorem 3.1.3. (The fized point alternative) [15] Let (X,d) be a generalized
complete metric space. Assume that A : X — X is a strictly contractive operator
with Lipschitz constant L < 1. If there exists a nonnegative integer k such that

d(A*x, AFz) < oo for some x € X, then the followings are true :
(a) The sequence {A"x} convergens to a fized point x* of A;

(b) x* is the unique fized point of A in

X* = {y c X/d(Akx,y) < oo} :
(¢) Ify € X*, then d(y,z*) < 7d(Ay,y).

Lemma 3.1.4. [26] For given real numbers a and b with a < b, let I = [a,b] be a
closed interval and let be

X ={f:1— R"is continuous function}, and d: X x X — [0,00] a function is
defined as follows :

d(f,g) = inf{c € [0,00]/ [|f(t) — g()|| < cp(t)V T € I}

where p(t) : I — (0,00) is a continuous function, then d is a generalized metric
on X.

Proof. By definition of a function d, then for all f,g € X
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(1) d(f,g) =0+« f(t) =g(t) for all t € I,

(2) d(f,g) = d(g, )

To prove that d(f,g) < d(f,h) +d(h,g) for all f,g,h € X.
Assume that d(f,g) > d(f,h) + d(h, g) for some f,h,g € X. Then, by definition
of d, there exists ty € I with

1f(to) —g(o)ll > {d(f,h) —d(h,g)} ¢(to)
= d(f,h)p(te) — d(h, g)e(to)
> |[f(to) = h(to) |l + [|R(t0) — g(to)ll

and this is contradiction . O

Lemma 3.1.5. [26] For given real numbers a and b with a < b, let I = [a,b] be a
closed interval and let

X ={f:1— R, is continuous function }, consider a generalized metric function
on X, d: X x X — [0,00] which is defined as follows:

d(f,g) = inf{c € [0,00]/ [|f(t) = g(B)I| < cp(t) V E € T} (3.1.2)

where p(t) : I — (0,00) is a continuous function, then (X,d) is a complete metric

space.
Proof. Let {h,} be a Cauchy sequence in (X, d). Then Ve > 0 there exist N. € N
such that d(hy,, h,) < e ¥ m,n > N.. That means that with equation (3.1.2)

Ve > 03N, € N:Vm,n > NVt € I |hn(t) — ha(t)|| < cp(t). (3.1.3)

If ¢ is fixed, equation (3.1.3) implies that {h,(¢)} is a cauchy sequence in R™.
Since R™ is complete, {h,(t)} converge for each t € I. Thus, we can define a
function h : I — R™ by A(t) = lim h,(¢).

n—oo
If we let m — oo, it then follows from (3.1.3) that

Ve>03IN. e N:Vn > NVt e l|h(t)—h,(t)|| <ep(t), (3.1.4)

that is, since ¢ is bounded on I, {h,(t)} converges uniformly to h. Hence, h is
continuous and h € X.
If we consider equation (3.1.2) and (3.1.4), then we may conclude that

Ve>03N. € N:Vn > N. d(h, hy) < e

that is, the cauchy sequence {h,(t)} converge to h in (X,d). Hence, (X,d) is
complete. 0
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3.1.2 Hyers-Ulam Stability of First Order System of Differential Equa-

tions

We will prove the Hyers-Ulam-Rassias stability for the equation (3.1.1) on the
intervals I = [a,b), where —0o < a < b < 0.

Theorem 3.1.6. [26] Let A: I — R™ " and B : I — R"*" be continuous matrices
functions and let for a positive constant N, such that [[A(t)|| > N for allt in I.
Assume that ¢ : I — [o,00) is an integrable function with the property that there
exists P in (0,1) such that

/ LA (t)der < Po(t) (3.1.5)

for allt € I. If a continuously differential function z : I — R™" wverifies the

relation :

12(2) + A(t)2(t) + B($)[| < (1) (3.1.6)

for all t in I. Then there exists a unique solution s : I — R™™ of the equation
(8.1.1) which verifies the following relation:

P

[2(t) = s(@)|| < N_NP

b(t) (3.1.7)

for allt € I and s(a) = z(a).
Proof. Let us consider the set

Q={h:1— R"/his continuous and h(a) = z(a)}
with a function d : Q x Q — [0, co] defined on 2 as

d(hl,hg) - d¢(h1,h2)
= inf{K >0, ||hi(t) — ha(t)|| < K¢(t),Vt € I}
By lemma (3.1.4) and Lemma (3.1.5), the (€,d) is generalized complete metric
space. We define the operator T': 2 — (),

t

Tht) = 2(a) — / (A(t)h(t) + B(t))dts, t € T

a
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for all A € Q. Indeed Th is a continuously differentable function on I, since A and
B are continuous functions and Th(a) = z(a). Now, let hy, ho € 2. Then we have

t

|Thi(t) = Tha(t)|| = /A(fl)(hl(tl) — ha(t1)dty)

a

IN

/ LAGOI [ (t2) = ha(t)lldtr

< d(hy, hy) / At ) (t )t

< Py(t)d(hy, ho)Vt € 1.

Therefore,
d(Thy(t) — Tho(t)) < Pd(hy, hs) (3.1.8)

Thus, the operator T is a contraction with the constant P.
By integrating the both sides of the relation (3.1.6) on [a,t] we obtain

t

2(t) — z(a) + / (A(t1)z(t1) + B(t))dt, || < %w(t) forallt 1. (3.1.9)

a

which means d(z,Tz) < £4(t) < oo. By the fixed point alternative theorem

(3.1.3) there exists an element s = lim 7™z and s is a unique fixed point of T" in
n—oo

the set A ={h € Q/d(T™z,h) < 0} .

It may be proved that A = {h € Q/d(z,h) < oco}. Therefore, the set A is inde-
pendent of ny. To prove that the function s is a solution to the equation (3.1.1),
we derive, with respect to ¢, the both sides of the following relation:

s(t)=Ts(t) YVt el

Thus,
s(t) = —A(t)s(t) — B(t)

for all ¢ € I, which implies that the function s is a solution of the equation (3.1.1)
and verifies the relation s(a) = z(a). Applying the fixed point alternative theorem
again, we obtain d(h, s) < =5d(h, Th) for all h € A.

Since z € A, we have

d(z,8) < 25d(2,Tz) < ﬁ.
Hence, ||z(t) — s(t)]| < ﬁ?ﬁ(t) for all t € I.

This inequality proves the relation (3.1.1) . O
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In the same manner it is possible to proved the following theorem of the Hyers-
Ulam-Rassias stability of the equation (3.1.1) on the interval J = (b,a] , where
—00<b<a<oo.

Theorem 3.1.7. [26] Let A : J — R™"™ and B : J — R™" be continuous ma-
trices functions and let for a positive constant N, such that | A(t)|| > N for all
teJ.

Assume that ¢ : J — [0,00) is an integrable function with the property that there
exists P € (0, 1)such that

/ [A(t) [ 4 (t1)dt < Py(t) (3.1.10)

for all t € J. If a continuously differential function z : J — R™ "™ verifies the

relation :

12(2) + A(t)2(t) + B(#)[| < 4(t) (3.1.11)

for all t € J, then there exists a unique solution s : J — R™ ™ of the equation
(8.1.1) which verifies the following relation:

P

[2(t) = s(@)|| < N_NP

b (t) (3.1.12)

forallt € J and s(a) = z(a).
The Hyers-Ulam-Rassias stability equation (3.1.1) on R will be proved by Theorem
(3.1.6) and Theorem (3.1.7).

Corollary 3.1.8. [26] Let A: R — R™™ and B : R — R"*" be continuous ma-
trices functions and let for a positive constant N, such that || A(t)|| > N for all
t € R. Assume that ) : R — [o,00) is an integrable function with the property that
there exists P € (0,1) such that

/ JA()] () dts| < Pu() (3.1.13)

for allt € R. If a continuously differential function z : R — R™ ™ verifies the

relation :

12(2) + A(t)=(t) + B(1)]| < () (3.1.14)
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for all t € R, then there exists a unique solution s : R — R™ "™ of the equation
(8.1.1) which verifies the following relation:

P
I20) - s(D)l € ez vi(®) (3115
for all t € R and s(0) = z(0).
Proof. By relation (3.1.13) we have
1Al vt < o) (3.1.16)
0

for all t > 0. Applying Theorem (3.1.6), there exists a solution of equation (3.1.1),
sp @ [0,00) — R™" which verifies relations (3.1.7) and s;(0) = z(0) . From
relation(3.1.13) we also obtain

/ JA()] () dty < Pu(t) (3.1.17)

for all t < 0. Applying Theorem (3.1.7), there exists a solution of equation (3.1.1),
Sy 1 (—00,0] — R™™ which verifies relation (3.1.12) and s3(0) = z(0). It is easy

to check if the function o
. S1 t ,t Z 0
s(t) = { ()t <0 (3.1.18)
is a continuously differentiable function on R, a solution of equation (3.1.1) on R

and it verifies relation (3.1.15). O

Corollary 3.1.9. [26] Let A # 0 be n x n constant matriz and B : R — R™"
be n X 1 a continuous matriz function (n X 1 constant matriz ). Assume that

¥ R — [o,00) is an integrable function with the property that there exists
P € (0,1) such that

/ P
O/¢(t1) < mw(t) (3.1.19)

for all t € R. If a continuously differential function z : R — R™™ verifies the

relation :

12(8) + Az(t) + B(#)[| < 9(t) ([[2(2) + Az(t) + B < (1)) (3.1.20)
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for all t € R, then there exists a unique solution s : R — R™™ of the equation
Z(t)+ Az(t) + B(t) =0 (2(t) + Az(t) + B=0)

which verifies the following relation:

P
12(t) = s < 77— ¥ (®) (3.1.21)
[A[I(1 = P)
for allt € R and s(0) = z(0).
Proof. By Corollary (3.1.8) and let N = ||A]| . O

3.1.3 Hyers-Ulam Stability of Second Order Differential Equation

In this section we will prove the Hyers-Ulam-Rassias stability for the following
scallar equation

gt) + f@y(t) + g@)y(t) + h(t) =0 (3.1.22)
In the same manner, at first we will prove the Hyers-Ulam-Rassias stability for the

equation (3.1.22) on the intervals I = [a,b) , where —0o < a < b < 0.

Theorem 3.1.10. [26] Let f,g,h : I — R be continuous functions and let for a
positive constant 0 < N < 1,

lf@®)| + |g(t)] > N for allt € I. Assume that ¢ : I — [0,00) is an integrable
function with property that there exists P € (0,1) such that

t

/ (L4 1 F(02)] + lg(t) Nt )dty < Pu(t) (3.1.23)

a

for allt € I. If a function y € C*(I,R) verifies the relation

[5(t) + F()y(t) + g(O)y(t) + h(B)] < ¥ (1) (3.1.24)

for allt € I, then there ezists a unique solution sy : I — R of equation (5.1.22),

which verifies the following relation

ly(t) — si(t)] < W(t) (3.1.25)

N(1-P)

for allt € I, and s1(a) = y(a).
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Proof. Let z;(t) = y(t), 22(t) = 21(t), Z2(t) = —f(t)22(t) — g(t)z1(2).

Let z(t) = { 28; } JA(L) = g?t) f_(;fl) } JH(t) = [ h(()t) ] , then equation(3.1.22)
transfer into
Z(t)+ A(t)z(t) + H(t) =0 (3.1.26)

for all t € I. By hypotheses ,since |f(¢)| + |g(t)] > N, then
||A(t)|| =1+ |f(t)|+ |g(t)| = N and by relation (3.1.23) we obtain

f||A ) W(t)dtr < Pi(t).

Novv, let a function y satisfy the relation (3.1.24), since
z1(t) } [ y(t) }

z(t) = =" and

=50 1= 156

)+ A=) + H() = {58]4?8) JE)] [gm%hm

Therefore,
12(t) + A(t)=z(t) + H(E)|| = [5(2) + f()g(t) + g(t)y(t) + h(t)] < ©(f). Hence, by

Theorem (3.1.6), there exists solution such s(t) = [ s1(t) } of equation (3.1.26)

Sg(t)
and s(a) = z(a) such that ||z(t) — s(t)| < N(l 5 ~A—(t) for all t € 1.
Therefore, there exists s1(t) satisfying equation (3.1.22) and s;(a) = y(a) such
that

ly(t) — s1(t)] < N P)l/z(t) for all t € I. O
In the same manner and by Theorem (3.1.7) we can prove the Hyers-Ulam-Rassias

stability for the equation (3.1.22) on the interval J = (b, a], where —oco < b < a <
0.

Theorem 3.1.11. /26] Let f,g,h : J — R be continuous functions and let for a
positive constant 0 < N < 1,

lf@&)] + 1g(t)] > N for allt € J. Assume that i) : J — [0,00) is an integrable
function with property that there exists P € (0,1) such that

a

/ (L4 1 F(02)] + lg(t) Nebt)dty < (i) (3.1.27)

t

for allt € J. If a function y € C*(J,R) verifies the relation

[5() + F()y(t) + g()y(t) + h(B)] < ¢ (2) (3.1.28)
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for allt € J. then there exists a unique solution sy : J — R of equation (3.1.22),

which verifies the following relation

P

RIEYIIA (3.1.29)

[y(t) — s1(t)] <

for allt € J, and s1(a) = y(a).
Now in the same manner Corollary (3.1.8) and by Theorems (3.1.10) and (3.1.11),
we obtain the following Corollary

Corollary 3.1.12. [26] Let f,g,h : R — R be continuous functions and let for
a positive constant 0 < N < 1, |f(t)| + |g(t)] > N for all t € R. Assume that
Y : R — [o,00) is an integrable function with property that there exists P € (0, 1)

such that .

[ 11+ Lot Dot < Po (3.130)

0
for all t in R. If a function y € C*(R,R) verifies the relation

5() + F()y(t) + g()y(1) + h(B)] < ¥ (1) (3.1.31)

for all t € R, then there exists a unique solution sy : R — R of equation (3.1.22),

which verifies the following relation

ly(t) — s1(t)] < Y(t) (3.1.32)

N(1-P)
for allt € R, and s1(0) = y(0).

Remark 3.1.13. [26] The results can be applied to all differential equations of
higher order by transferring it to system of first order.

3.2 Hyers-Ulam Stability of Nonlinear System of

Differential Equations

In 1961, the notion of practical stability was discussed in the monograph by Lasalle
and Lefschetz [17]. In which they point out that stability investigations may not as-
sure practical stability and vice versa. For example an aircraft may oscillate around
a mathematically unstable path, yet its performance may be acceptable. Motivated
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by this, Weiss and Infante introduced the concept of finite time stability[20]. There
are many studies about the relation between types of stability, Lyapunov stability
and practical stability (see [17],[31],[2]). With these results in mind, in this sec-
tion, we give a sufficient condition in order that the first order nonlinear system of
differential equations has Hyers-Ulam stability and Hyers-Ulam-Rassias stability.
In addition, we present the relation between practical stability and Hyers-Ulam
stability and also Hyers-Ulam-Rassias stability.

3.2.1 Preliminaries and Auxiliary Results

Let (B, ||.||) be a Banach space (real or complex), and let J = [ty,to + 1) for some
T >0, tyg > 0. We consider two systems: a system

i = f(t,z) Ve J (3.2.1)

where f is defined and continuous on J x B. The equilibrium state is at the origin
- f(t,0) =0,Vt € J.

A system that depends on parameter € € (0, €),(ey € (0,00)) which is said to be
perturbed system

T = f(t,z) + p(t, ). (3.2.2)

Let P be the set of all perturbations p satisfying ||p(t,z)|| = € < ¢ for all t € J
and all z, let @) be a closed and bounded set of B containing the origin and let Q)
be a subset of () .

Definition 3.2.1. Practical stability[17]

Let z*(t, g, ty) be the solution of (3.2.2) satisfying x*(to, xo,to) = xo . If for each
p € P jie. € € (0,6, g in Qo and each tg > 0 , x*(t,xo,t0) in Q for allt € J,
then the origin is said to be (Qo, Q, €o)-practically stable .

The slutions which start initially in Qo remain thereafter in Q) .

Definition 3.2.2. [39],[41] Let € be a positive real number. We consider the system
(3.2.1) with following differential inequality

l9(t) = f(ty(®)] <€,V e J (3.2.3)

The equation (3.2.1) is generalized Hyers-Ulam stability (GHUs) if for each € €
(0, €0] and for each solution y(t,t, o) € C*(J,B) of (3.2.3) there exists a solution
z € CYJ,B) of (5.2.1) with

ly(t) — z(t)] < K(e),
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where K (€) is an expression of € with lil% K()=0.
E—

Definition 3.2.3. [7],[44]
We consider the system (3.2.1) with following differential inequality

19(2) = f (& y@)] < @(t) VE € J, (3.2.4)

where @ : J — [0,00) is a continuous function. The equation (3.2.1) is generalized
Hyers-Ulam-Rassias stability (GHURSs) with respect to ¢ if there exists K > 0
such that for each solution y(t,to, zo) € C1(J,B) of (3.2.4) there exists a solution
x € CYJ,B) of (5.2.1) with

ly(t) — x(t)] < Kp(t),Vt € J

Definition 3.2.4. [31] We say that V : J x B — R is a Lyapunov function if

V(t,z) is continuous in (t,x), bounded on bounded subset of B.

3.2.2 Hyers-Ulam Stability of System of Differential Equations
Lemma 3.2.5. [27] Consider the following differential equation
= f(t,z(t)) ,t e J (3.2.5)

with initial condition
Ty = .CE(tQ) € Qo, (326)

where f is defined and continuous on J X B, and equilibrium state is at the origin:
f(t,0) =0 ,Vt € J. The system (3.2.5),(3.2.6) to be (Qo,Q, €0 )-practically stable
it is sufficient that there exists a continuous non increasing on the system (3.2.5)

solutions Lyapunov function V (t,z) such that
{reB:V(tx) <1} CQ ,teJ (3.2.7)

Qo C{x eB:V(ty,x) <1} (3.2.8)

Proof. We will prove by contradiction. Suppose that conditions (3.2.7) ,(3.2.8)

are satisfied but there are 7 € J and zy € @y such that the solution x(t) =

x(t, o, ty) of (3.2.5) leaves the set Q). From (3.2.7) follows inequality

V(7,x(7)) > lwhich contradicts the condition (3.2.8). Therefore our assumption

is false and the equilibrium of system (3.2.5),(3.2.6) is (Qo, @, €0)-practically stable
O
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Theorem 3.2.6. [27] Consider two systems: the system of differential equation
(3.2.5), (3.2.6) and the system (3.2.2) . If equilibrium of (3.2.5) (at the origin) is
(Qo, Q, €0 )-practically stable then the system (3.2.5), (3.2.6) is generalized Hyers-
Ulam stability.

Proof. Since @ is closed and bounded set then there exists real number M > 0
such that @ = {x : ||z|| < M}.

Now, let * = f(t, zo, to) satisfying (3.2.3) for arbitrary € € (0, €], then x* satisfies
(3.2.2). Since the equilibrium of (3.2.5) is (Qo, @, €)-practically stable then z* in
@, that means that ||2*|| < M. Since M > 0, € > 0 then there exists s > 0 such
that M = se .

Hence, ||z*|| < se for all t € J ,li_r)r(l) K(e) = limse = 0 . Obviously ,w(t) = 0

e—0

satisfies the equation (3.2.5) and
|lx*(t) — w(t)|| < se,Vt e J.

Hence, the equation (3.2.5) with initial condition (3.2.6) has generalized Hyers-
Ulam stability. O

Corollary 3.2.7. [27] For the system (3.2.5), (3.2.6) to be generalized Hyers-
Ulam stability it sufficient that there exists a continuous non increasing on the
system (3.2.5) solutions Lyapunov function V (t,x) such that satisfies the condi-
tions (3.2.7) and (3.2.8).

Proof. Suppose that conditions (3.2.7), (3.2.8) are satisfied, then by lemma 3.2.5

the system (3.2.5),(3.2.6) is (Qo, @, €0)-practically stable. Hence, by theorem 3.2.6
the system has generalized Hyers-Ulam stability. U

Theorem 3.2.8. [27] Consider the following differential equation
= f(t,z(t)) ,teJ (3.2.9)

with initial condition
xo = x(to) € Qo, (3.2.10)

where f is defined and continuous on J x B, and equilibrium state is at the origin
:f(t,0)=0,Vt e J

If equilibrium is (Qo, Q, €0 )-practically stable and there exists e, > 0 such that
€1 < p(t) < eVt e J then the system (3.2.9), (3.2.10) is GHURs with respect to .
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Proof. Since @ is closed and bounded set then there exists real number M > 0
such that Q = {x : ||z|| < M}.

Now, let x* = f(t, zo, to) satisfying (3.2.9), since ¢(t) < € then z* satisfies (3.2.2).
Since the equilibrium of (3.2.9) is (Qo, @, €o)-practically stable then * in @, that
mean that ||z*]| < M . Since M > 0, ¢, > 0 then there exists & > 0 such that
M = K€1 .

Then, ||z*|| < Ke for all t € J jhence ||z*]| < Kp(t) for all t € J. Obviously,
w(t) = 0 satisfies the equation (3.2.9) and

[27(t) —w(B)]| < Kep(t) ,Vt € J.

Hence, the equation (3.2.9) with initial condition (3.2.10) has generalized Hyers-
Ulam-Rassias stability. O

Corollary 3.2.9. [27] For the system (3.2.9), (3.2.10) to be generalized Hyers-
Ulam stability it sufficient that there exsist a continuous nonincreasing on the sys-

tem (3.2.9) solutions Lyapunov function V (t,x) such that satisfies the conditions
(3.2.7) and (3.2.8).

Proof. Suppose that conditions (3.2.7), (3.2.8) are satisfied, then by lemma 3.2.5
the system (3.2.9), (3.2.10) is (Qo, @, €o)-practically stable. Hence, by theorem
3.2.8 the system has generalized Hyers-Ulam-Rassias stability. 0

Theorem 3.2.10. [27] Let (B, |.||) be a Banach space (real or complez), and let
J = lto,to +T) for some T >0, ty > 0. Consider two systems : a system

i = f(t,x) vVt € J, (3.2.11)

with initial condition
z(tg) = 0 € Qo, (3.2.12)

for a set Qo, where f is defined, continuous on J x B and satisfies Lipschitz con-
dition. The equilibrium state is at the origin : f(t,0) = 0,Vt € J.
A system that depends on parameter € € (0, €], (€0 € (0,00)) which is said to be
perturbed system

T = f(t,z) + p(t,x). (3.2.13)

Let P be the set of all perturbations p satisfying ||p(t,z)|| = € < € for allt € J

and all z .
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If the system of differential equation (3.2.11), (3.2.12) has Hyers-Ulam stability
with Hyers-Ulam constant K then the origin is (Qo, Q, € )-practically stable, where
Q = {z: ||z| < Kep}, contains the origin.

Proof. Let € > 0,6 € (0,60] and let z* = f(t,z0,t0), ¥o € Qo be a so-
lution of (3.2.13), i.e. Hx* —f(t,m*)‘ < €. Since the system (3.2.11), (3.2.12)

has Hyers-Ulam stability with constant K > 0 then there exists y a solution
of (3.2.11), (3.2.12) with )

x* —yH < Ke. By uniqueness of solution then y=0.

Hence ‘ z*

< Ke < Ke¢p. Thus the equilibrium of (3.2.11), (3.2.12) is (Qo, @, €0)-
practically stable. O

Remark 3.2.11. [20] In case Qo C Q then we have expansive stability. If Q C Qg

then we have contractive stability.

Remark 3.2.12. If we have a differential equation of n-order in a Banach space By

then we reduce it to a differential equation of first order in Banach space B = BY.
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